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Preface

“I think there’s a revolution in mathematics around the corner. I think
that . . . people will look back on the fin-de-siècle of the twentieth century
and say ‘Then is when it happened’ (just like we look back at the Greeks
for inventing the concept of proof and at the nineteenth century for making
analysis rigorous). I really believe that. And it amazes me that no one
seems to notice.

“Never before have the Platonic mathematical world and the physical
world been this similar, this close. Is it strange that I expect leakage be-
tween these two worlds? That I think the proof strings will find their way
to the computer memories?. . .

“What I expect is that some kind of computer system will be created,
a proof checker, that all mathematicians will start using tocheck their
work, their proofs, their mathematics. I have no idea what shape such a
system will take. But I expect some system to come into being that is past
some threshold so that it is practical enough for real work, and then quite
suddenly some kind of ‘phase transition’ will occur and everyone will be
using that system.”

–Freek Wiedijk [49]
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Preface ix

Alecos: Christos has a problem with the ‘foundational quest’!

Christos: Wrong! I have two problems with yourversionof it! One, it
didn’t fail and, two, it wasn’t a tragedy! Granted, there aresome tragic
parts! But the ending is happy, as in the ‘Oresteia’!

Apostolos: Happy for whom? Cantor, going insane? Gödel starving him-
self to death out of paranoia? Hilbert or Russell and their psychotic sons?
Or Frege with–

Christos: ‘The meaning is in the ending!’ you said so yourself! So, follow
the quest for ten more years and you get a brand-new triumphant finale
with the creation of the computer, which is the quest’s real hero! Your
problem is, simply, that you see it as a story of people!

Apostolos: Well, stories do tend to be about people!

Christos: So, choose the right people! And show what they really did! All
we learn of the great von Neumann is he said ‘It’s over’ when heheard
Gödel!

Alecos: But it was over in a sense, wasn’t it? Pop went Hilbert’s ‘no ig-
norabimus’!

Christos: But then came the quest’s jeune premier, its parsifal . . . Alan
Turing! He said ‘Ok, we can’t prove everything! So, let’s seewhat we can
prove!’ and to define proof, he invented, in 1936, a theoretical machine
which contains all the ideas of the computer!. . . which, after the war, he
and von Neumann, the quest’s proudest sons, brought to full life!

–Doxiadis and Papadimitriou, Logicomix [10]
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“Despite the unusual nature of the proof, the editors of the Annals of
Mathematics agreed to publish it, provided it was accepted by a panel of
twelve referees. In 2003, after four years of work, the head of the referee’s
panel Gábor Fejes Tóth (son of László Fejes Tóth) reported that the panel
were ‘99% certain’ of the correctness of the proof.”

– Wikipedia entry on the Kepler conjecture

“Sometimes fixing a 1 percent defect takes 500 percent effort.”

– Joel Spolsky, Joel on Software [42]

“Every one fully persuaded is a fool.”

– Barthasar Gracián, the Art of Worldly Wisdom [17]
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Preface xi

The Kepler Conjecture

In 1611, Johannes Kepler wrote a booklet in which he assertedthat the familiar
cannonball arrangement of congruent balls in space achieves the highest pos-
sible density. This assertion has become known as the Keplerconjecture. This
book presents a proof.

As early as 1831, Gauss established a special case of the conjecture, by prov-
ing that the cannonball arrangement is optimal among alllattices[14]. Later in
the nineteenth century, Thue solved the corresponding problem in two dimen-
sions, showing that the hexagonal arrangement of disks in the plane achieves
optimal density [45] and [46]. Hilbert, in his famous list ofmathematical prob-
lems, made the Kepler conjecture part of his eighteenth problem. In 1953, Fejes
Tóth formulated a general strategy to confirm the Kepler conjecture, but lacked
the computational resources to carry it out [12]. The conjecture was finally re-
solved in 1998, even though the full proof was not published until 2006 [22].
Section 1.1 gives additional historical background.

The Kepler conjecture has become a test of the capability of computers to
deliver a reliable mathematical proof. The original proof involved many long
computer calculations that led a team of referees to exhaustion. This book has
redesigned the proof in a way that makes the correctness of the computer proof
as transparent as possible.

Formal Proofs

After all is said and done, a proof is only as reliable as the processes that are
used to verify its correctness. The ultimate standard of proof is a formal proof,
which is nothing other than an unbroken chain of logical inferences from an
explicit set of axioms. While this may be the mathematical ideal of proof,
actual mathematical practice generally deviates significantly from the ideal.

In recent years, as part of this project, I have been increasingly preoccupied
by the processes that mathematicians rely on to ensure the correctness of com-
plex proofs. A century ago, Russell’s paradox and other antinomies threatened
set theory with fires of destruction. Researchers from Fregeto Gödel solved
the problem of rigor in mathematics and found a theoretical solution but did
not extinguish the fire at the foundations of mathematics because they omitted
the practical implementation. Some, such as Bourbaki, haveeven gone so far
as to claim that “formalized mathematics cannot in practicebe written down
in full” and call such a project “absolutely unrealizable” [7, pp. 10–11].

While it is true that formal proofs may be too long to print, computers –
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which do not have the same limitations as paper – have become the natural host
of formal mathematics. In recent decades, logicians and computer scientists
have reworked the foundations of mathematics, putting themin an efficient
form designed for real use on real computers.

For the first time in history, it is possible to generate and verify every single
logical inference of major mathematical theorems. This hasnow been done for
many theorems, including the four-color theorem, the primenumber theorem,
the Jordan curve theorem, the Brouwer fixed point theorem, and the funda-
mental theorem of calculus. Freek Wiedijk reports that 87% of a list of one
hundred famous theorems have now been checked formally [50]. The list of
remaining theorems contains two particular challenges: the independence of
the Continuum hypothesis and Fermat’s Last theorem.

Some mathematicians remain skeptical of the process because computers
have been used to generate and verify the logical inferences. Computers are no-
toriously imperfect, with flaws ranging from software bugs to defective chips.
Even if a computer verifies the inferences, who verifies the verifier, or then ver-
ifies the verifier of the verifier? Indeed, it would be unscientific of us to place
an unmerited trust in computers.

The choice comes down to two competing verification processes. The first
is the traditional process of referees, which depends largely on the luck of the
draw – some referees are meticulous, while others are careless. The second
process is formal computer verification, which is less dependent on the whims
of a particular referee. In my view, the choice between the conventional process
by human referee and computer verification is as evident as the choice between
a sundial and an atomic clock in science.

The standard of proof I have adopted is the highest scientificstandard avail-
able by current technology. The introduction of steel in architecture is not a
mere reinforcement of wood and stone; it changes the world ofstructural pos-
sibilities. There is no longer any reason to limit proofs to ten thousand pages
when our technology supports a million pages.

The style of formal proofs is different from that of conventional ones. It is
easier to formalize several short snappy proofs than a few intricate ones. Hu-
mans enjoy surprising new perspectives, but computers benefit from repetition
and standardization. Despite these differences, I have sought proofs that might
bring pleasure to the human reader while providing precise instructions for the
implementation in silicon.
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Conventions

To make formalization proceed more smoothly, long proofs have been broken
into a sequence of smaller claims. Each claim starts a new paragraph and is set
in italics. The second sentence of the paragraph begins withthe wordindeed
when the proof of the claim is direct and with the wordotherwisewhen the
proof is indirect by contradiction.

Lemmas and theorems that are marked with an asterisk appear out of the
natural logical sequence. Care should be taken to avoid logical gaps when they
are cited.

The pronounweis used inclusively for the author and reader as we work our
way through the proofs in this book. The pronounI refers to the author alone.

The asterisk∗ is used as a wildcard symbol in patterns. It replaces a term in
contexts where the name of the term is not relevant. It can also denote a bound
variable. For example, the functionf (∗, y) of a single variable is obtained from
f by evaluating the second argument at a fixed valuey.

The union of the familyX of sets is written as
⋃

X or as
⋃

x∈X x without
any difference in meaning. The first form is preferred because of its economy.
We also use both expressions

⋂

X and
⋂

x∈X x for the intersection of a family
of sets.

The documentation of the computer calculations for the Kepler conjecture
has evolved over time. The 1998 preprint version of the proofof the Kepler
conjecture contains long appendices that list hundreds of calculations that en-
ter into the proof. These appendices were cut from the published version of the
proof because it is more useful to store the computer part of the proof at a com-
puter code repository that is permanent, versioned, and freely available. The
computer code and documentation are housed atGoogle Code project host-
ing. Separate documentation, which is available at the projectsite, describes
the computer calculations that appear in this book. When this book uses an
external calculation, it is marked in italic font as acomputer calculation1 [21].

A Blueprint

The book is a blueprint for formal proofs because it gives thedesign of the
formal proof to be constructed. The parts of this book that cover the text por-
tions of the proof of the Kepler conjecture are being formally verified in the
proof assistant HOL Light. I dream of a fully formally verified solution to the

1 [notation] This explains notation.
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proof that includes the computer portions of the proof as well. Details about
and credits for this large team effort appear in Appendix A.

Decisions about what to include in this book have been shapedby the list
of theorems already available in the library of the proof assistantHOL Light.
For example, this book accepts basic point-set topology andmeasure theory
because they have been formalized by Harrison [26].

The book is divided into three parts, the first of which describes the major
ideas, methods, and organization of the proof.

The part on foundations provides background material aboutconstructions
in discrete geometry. The first of these chapters covers trigonometric identities
and basic vector geometry. The second treats volume from an elementary point
of view. The third chapter covers planar graph theory from a purely combina-
torial perspective. The fourth chapter continues with planar graphs, now from
a geometric perspective.

The final part of the book gives the solution to the packing problem. The first
of these chapters gives a top-level overview of the major steps of the proof,
describing how the problem can be reduced from a problem withinfinitely
many variables to one in finitely many variables. The remaining chapters in
this part flesh out the proof.

The final section of the book views dense sphere packings froma larger
perspective. It resolves another longstanding conjecturein discrete geometry:
Bezdek’s strong dodecahedral conjecture.

Simplifications

Many simplifications of the original proof have been found over the past sev-
eral years. These simplifications are published here for thefirst time. Gonthier
has reworked the proof of the four-color theorem to avoid theuse of the Jordan
curve theorem, using instead the much simpler notion of Möbius contour from
the theory of hypermaps. I have followed Gonthier’s lead.

The optimality of the face-centered cubic packing is an assertion about infi-
nite space-filling packings. For computational purposes, it is useful to reduce
the sphere packing problem to finite packings. Acorrection termis associ-
ated with each different reduction from infinite packings to finite packings.
Ferguson and I worked together to produce the original proofof the Kepler
conjecture. The two of us considered a large number of different correction
terms, seeking one that would simplify the computations as much as possible.
In a discussion of the solution of the packing problem, I wrote that “correction
terms are extremely flexible and easy to construct, and soon Samuel Fergu-
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son and I realized that every time we encountered difficulties in solving the
minimization problem, we could adjustf [the correction term] to skirt the dif-
ficulty. . . . If I were to revise the proof to produce a simpler one, the first thing
I would do would be to change the correction term once again. It is the key
to a simpler proof” [19]. Marchal has recently found a simplecorrection term,
giving a new way to reduce from infinite packings to finite packings [31]. This
book implements his reduction step.

There are many other improvements of the proof that are not visible in the
book because they are implemented in computer code, including a reduction
of the number of lines of computer code from over 187,000 to about 10,000.
Needless to say, the quickest way to be sure that a block of computer code will
not execute a bug is to delete the code altogether.

Thomas C. Hales
Pittsburgh, PA
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Close Packing

1.1 History

This section gives a brief history of the study of dense sphere packings. Fur-
ther details appear at [43] and [20]. The early history of sphere packings is
concerned with the face-centered cubic (FCC) packing, a familiar pyramid ar-
rangement of congruent balls used to stack cannonballs at war memorials and
oranges at fruit stands (Figure 1.1).

Figure 1.1[DHQRILO] The face-centered cubic (FCC) packing.

1.1.1 Sanskrit sources

The study of the mathematical properties of the FCC packing can be traced1

to a Sanskrit work (thēAryabhat.̄ ıya ofĀryabhat.a) composed around 499 CE.
The following passage gives the formula for the number of balls in a pyramid

1 I am obliged to Plofker [35].
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pile with triangular base as a function of the number of ballsalong an edge of
the pyramid [40].

For a series [lit. “heap”] with a common difference and first term of 1,
the product of three [terms successively] increased by 1 from the total, or
else the cube of [the total] plus 1 diminished by [its] root, divided by 6, is
the total of the pile [lit. “solid heap”].

In modern notation, the passage gives two formulas for the number of balls
in a pyramid withn balls along an edge (Figure 1.2):

n(n+ 1)(n+ 2)
6

=
(n+ 1)3 − (n+ 1)

6
. (1.1)

Figure 1.2[KSOEMIZ] Derivation of Sanskrit formula (1.1). A cannonball
packing can be converted to unit cubes in a staircase alignedalong the rear
column. Six staircase shapes fill an (n+ 1)3 cube without its diagonal ofn+ 1
unit cubes, or a rectangle of dimensionsn by n+ 1 byn+ 2.
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1.1.2 Harriot and Kepler

The modern mathematical study of spheres and their close packings can be
traced to Harriot. His work – unpublished, unedited, and largely undated –
shows a preoccupation with sphere packings. He seems to havefirst taken an
interest in packings at the prompting of Sir Walter Raleigh.At the time, Harriot
was Raleigh’s mathematical assistant, and Raleigh gave himthe problem of
determining formulas for the number of cannonballs in regularly stacked piles.
Harriot interpreted the number of balls in a pyramid as an entry in Pascal’s
triangle2 (Figure 1.3). Through his study of triangular and pyramidalnumbers,
Harriot later discovered finite difference interpolation [3]. Shirley, Harriot’s
biographer, writes that it was his study of cannonball arrangements in the late
sixteenth century that “led him inevitably to the corpuscular or atomic theory
of matter originally deriving from Lucretius and Epicurus”[39, p. 242].

Kepler became involved in sphere packings through his correspondence with
Harriot around 1606–1607 on the topic of optics. Harriot, the atomist, at-
tempted to understand reflection and refraction of light in atomic terms. Kepler
favored a more classical explanation of reflection and refraction in terms of
what Kargon describes as “the union of two opposing qualities – transparence
and opacity” [27, p.26]. Harriot was stunned that Kepler would be satisfied by
such reasons.

Despite Kepler’s initial reluctance to adopt an atomic theory, he was even-
tually swayed and published an essay in 1611 that explores the consequences
of a theory of matter composed of small spherical particles.Kepler’s essay
describes the FCC packing and asserts that “the packing willbe the tightest
possible, so that in no other arrangement could more pelletsbe stuffed into
the same container” [28]. This assertion has come to be knownas the Kepler
conjecture. This book gives a proof of this conjecture.

1.1.3 Newton and Gregory

The next episode in the history of this problem, a debate between Isaac Newton
and David Gregory, centered on the question of how many congruent balls can
be arranged to touch a given ball. The analogous question in two dimensions is
readily answered; six pennies, but no more, can be arranged to touch a central
penny. In three dimensions, Newton said that the maximum wastwelve balls,
but Gregory claimed that thirteen might be possible.

The Newton–Gregory problem was not solved until centuries later (Fig-
ure 1.4). The first proper proof was obtained by van der Waerden and Schütte in

2 Harriot was well-versed in Pascal’s triangle long before Pascal.
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Figure 1.3[BDCABIA] The binomial coefficient
(

d+n
n

)

gives the general for-
mula for the number of balls in ad-dimensional pyramid of siden + 1. As
Harriot observed, the recursion of Pascal’s triangle

(

d+n
n

)

=
(

d+(n−1)
n−1

)

+
(

(d−1)+n
n

)

can be interpreted as a partition of a pyramid of siden+ 1 into a pyramid of
siden resting on a pyramidal base of siden+ 1 in dimensiond − 1.

1953 [38]. An elementary proof appears in Leech [30]. Although a connection
between the Newton–Gregory problem and Kepler’s problem isnot obvious,
Fejes Tóth successfully linked the problems in 1953 [12].

1.2 Face-Centered Cubic

The FCC packing is the familiar pyramid arrangement of ballson a square
base as well as a pyramid arrangement on a triangular base. The two packings
differ only in their orientation in space. Figure 1.5 shows how the triangular
base packing fits between the peaks of two adjacent square based pyramids.

Density, defined as a ratio of volumes, is insensitive to changes of scale. For
convenience, it is sufficient to consider balls of unit radius. This means that the
distance between centers of balls in a packing is always at least 2. We identify
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Figure 1.4[PTFTWZM] Newton’s claim – twelve is the maximum number of
congruent balls that can be tangent to a given congruent ball– was confirmed
in the 1953. Musin and Tarasov only recently proved that the arrangement
shown here is the unique arrangement of thirteen congruent balls that shrinks
the thirteen by the least possible amount to permit tangency[32]. Each node
of the graph represents one of the thirteen balls and each edge represents a
pair of touching balls. The node at the center of the graph corresponds to the
uppermost ball in the second frame. The other twelve balls are perturbations
of the FCC tangent arrangement.

Figure 1.5[NTNKMGO] The pyramid on a square base is the same lattice
packing as the pyramid on a triangular base. The only differences are the
orientation of the lattice in space and the exposed facets ofthe lattice. Their
orientation and exposed facets are matched as shown.

a packing with its setV of centers. For our purposes, a packing is just a set of
points inR3 in which the elements are separated by distances of at least 2.

The density of a packing is the ratio of the volume occupied bythe balls to
the volume of a large container. The purpose of a finite container is to prevent
the volumes from becoming infinite. To eliminate the distortion of the packing
caused by the shape of the its boundary, we take the limit of the densities within
an increasing sequence of spherically shaped containers, as the diameter tends
to infinity.

The FCC packing is obtained from a cubic lattice, by inserting a ball at each
of the eight extreme points of each cube and then inserting a another ball at
the center of each of the six facets of each cube (Figure 1.6).The nameface-
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centered cubiccomes from this construction. The edge of each cube is
√

8, and
the diagonal of each facet is 4. The density of the packing as awhole is equal
to the density within a single cube. The cube has volume

√
83 and contains a

total of four balls: half a ball along each of six facets and one eighth a ball at
each of eight corners. Thus, the density within one cube is

4(4π/3)
√

83
=

π
√

18
.

Figure 1.6[TCFVGTS] The intersection of the FCC packing with a cube of
side

√
8. The nameface-centered cubiccomes from this depiction. The cube

has volume
√

83 and contains a total of four balls (eight eighths from the
corners and six halves from the facets), giving density 4(4π/3)/

√
83 = π/

√
18.

The densityπ/
√

18 of the packing is the ratio of the volume 4π/3 of a ball
to the volume of a fundamental domain of the FCC lattice. The volume of
the fundamental domain is therefore 4

√
2. A fundamental domain of the FCC

lattice is a parallelepiped that can be dissected into two regular tetrahedra and
one regular octahedron (Figure 1.7). The FCC packing is thenan alternating
tiling by tetrahedra and octahedra in 2:1 ratio. A tetrahedron scaled by a factor
of two consists of one tetrahedron at each extreme point and one octahedron
in the center (Figure 1.8). By similarity, the total volume is 8 = 23 times the
volume of each smaller tetrahedron. This dissection exhibits the volume of a
regular octahedron as exactly four times the volume of a regular tetrahedron of
the same edge length. As a result, the volume of a regular tetrahedron of side
2 is 1/6 the volume of the fundamental domain, or 2

√
2/3.

The density of the FCC packing is the weighted density of the densities of
the tetrahedron and octahedron. Writeδtet andδoct for these densities. Explic-
itly, δtet is the ratio of the volume of the part within the tetrahedron of the unit
balls (at the four extreme points) to the full volume of the tetrahedron. As tetra-
hedra fill 1/3 of volume of the fundamental domain and an octahedron fills the
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Figure 1.7[SEYIMIE] The fundamental domain of the FCC lattice can be
partitioned into two regular tetrahedra and a regular octahedron. The funda-
mental domain tiles space. Tetrahedra and octahedra tile space in the ratio
2:1.

Figure 1.8[AZGXQWC] A regular tetrahedron whose edge is two units can
be partitioned into four unit-edge tetrahedra and one unit-edge octahedron
at its center. Similarly, a regular octahedron whose edge istwo units can be
partitioned into six unit-edge octahedra and eight unit-edge tetrahedra.

other 2/3,
π
√

18
=

1
3
δtet +

2
3
δoct.

As above, we identify a packing with the setV of centers of the balls. The
Voronoi cellof a pointv in a packingV is defined as the set of all points inR3

(or more generally inRn) that are at least as close tov as to any other point ofV
(Figure 1.9). Each Voronoi cell of the FCC packing is a rhombic dodecahedron
(Figure 1.10), which is constructed from an inscribed cube by placing a square
based pyramid (with height half as great as an edge of its square base) on each
of the six facets.

Rhombic dodecahedra, being the Voronoi cells of the FCC packing, tile
space. In each rhombic dodecahedron, we may color the inscribed cube black
and the six square-based pyramids white. In the tiling, the black cubes fill
the black spaces of an infinite three-dimensional checkerboard, and the white
pyramids fill the white spaces.

A Voronoi cell contains an inscribed black cube of side
√

2 and a total of
one white cube, for a total volume of 4

√
2, which is again the volume of the
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Figure 1.9[EVIAIQP] Voronoi cells of a two-dimensional sphere packing.

Figure 1.10[PQJIJGE] The Voronoi cell of the FCC packing is a rhombic
dodecahedron. It can be constructed by placing a square-based pyramid along
each facet of an inscribed cube.

fundamental domain. The density of the FCC packing is the ratio of the volume
of a ball to the volume of its Voronoi cell, which givesπ/

√
18 yet again.

1.3 Hexagonal-Close Packing

There is a popular and persistent misconception that the FCCpacking is the
only packing with densityπ/

√
18. The hexagonal-closed packing (HCP) has

the same density.
In the FCC packing, each ball is tangent to twelve others in the same fixed

arrangement. We call it theFCC pattern. Likewise, in the HCP, each ball is
tangent to twelve others in the same arrangement (Figure 1.11). We call it
theHCP pattern. The FCC pattern and HCP patterns are different from each
other. In the FCC pattern, four different planes through the center give a regular
hexagonal cross section, while the HCP pattern has only one such plane.



i

i

1.3 Hexagonal-Close Packing 11

B

A

C

FCC

B

A

B

HCP

Figure 1.11[SGIWBEN] The patterns of twelve neighboring points in the
FCC and HCP packings. In both cases, the convex hull of the twelve points
is a polyhedron with six squares and eight triangles, but thetop layer of the
HCP pattern is rotated 60 degrees with respect to the FCC pattern. The FCC
pattern is a cuboctahedron. In the HCP pattern, there is a uniquely determined
plane of reflectional symmetry, containing six of the twelvepoints.

There are, in fact, uncountably many packings of densityπ/
√

18 in which
the tangent arrangement around each ball is either the FCC pattern or the HCP
pattern.

A hexagonal layer(Figure 1.12) is a translate of the two-dimensional hexag-
onal lattice (also known as the triangular lattice). That is, it is a translate of the
planar lattice generated by two vectors of length 2 and angle2π/3. The FCC
packing is an example of a packing built from hexagonal layers.

If L is a hexagonal layer, then a second hexagonal layerL′ can be placed
parallel to the first so that each lattice point ofL′ has distance 2 from three
different points ofL, which is the smallest possible distance from first layer.
A choice of a unit normal vectore to the plane ofL determines an upward
direction. There are two different positions in whichL′ can be closely placed
aboveL (Figure 1.12). Each successive layer (L, L′, L′′, and so forth) offers
two further choices for the placement of that layer. Runningthrough different
sequences of choices gives uncountably many packings. In each of these pack-
ings the tangent arrangement around each ball is the FCC or HCP arrangement.

As a packing is constructed, each layer may be labeledA, B, orC depending
on three possible orthogonal projections to a fixed plane with normal vector
e. Each layer carries a different label from the layers immediately above and
below it. In the FCC packing, the successive layers areA, B,C,A, B,C, and so
forth. In the HCP packing, the successive layers areA, B,A, B, and so forth. If
the vertices of a triangle are labeledA, B, andC, then the succession of labels
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C

Figure 1.12[CCQCYWU] If the centers in one hexagonal layer of a close
packing are placed at the sites markedA, then the hexagonal layer above
it will occupy all the sites markedB, or all of the sites markedC. In general,
each hexagon layer of a close packing is determined by its label A, B, or C,
which must always differ from the label of the layer below. The HCP pack-
ing is . . .ABABAB. . .. The FCC packing is. . .ABCABCABC. . .. There are
infinitely many other close packings, consisting of hexagonal layers, corre-
sponding to sequences ofA, B, C.

is a walk along the vertices of the triangle, and inequivalent walks through the
triangle describe different packings.

The different walks through a triangle give all possible packings ofinfinitely
many congruent balls in which each tangent arrangement is either the FCC
pattern or the HCP pattern [9]. To see that there are no other possibilities, we
first assume that every ball ofV is surrounded by the FCC pattern. Adjacent
FCC patterns interlock in a unique way that forcesV itself to crystallize into
the FCC packing. This completes the proof in this case.

Now we assume that a packingV contains some ball (centered atu) in the
HCP pattern. Its uniquely determined plane of reflectional symmetry contains
u and the centers of six others arranged in a regular hexagon. If v is the center
of one of the six other balls in the plane of symmetry, its tangent arrangement
of twelve balls must includeu and an additional four of the twelve balls around
u. These five centers aroundv are not a subset of the FCC pattern, but extend
uniquely to a HCP pattern. Aroundu andv, the HCP patterns have the same
plane of symmetry. In this way, as soon as some center has the HCP pattern,
the pattern propagates along the plane of symmetry to createa hexagonal layer
L.

Once a packingV contains a single hexagonal layer, the condition that each
ball be tangent to twelve others forces a hexagonal layerL′ aboveL and an-
other hexagonal layer belowL. Thus, a single hexagonal layer forces an infinite
sequence of close-packed hexagonal layers. The position ofeach layer over the
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previous layer is described by the labelsA, B, andC of the triangle. This com-
pletes the proof that the different walks through a triangle give all possibilities.

1.4 Gauss

Gauss proved that the FCC packing has the greatest density ofany lattice pack-
ing in three-dimensional Euclidean space. There is a short proof that does not
require any calculations.

Proof Start with an arbitrary latticeV in which every point has distance at
least 2 from every other. Center a unit ball at each point in the lattice. In a lattice
of greatest density, some pair of balls touch. The lattice property then forces
the balls into parallel infinite linear strings like beads ona string. Two of these
infinite parallel strings touch if the lattice is optimal. The lattice property then
constrains the strings in parallel sheets. On each sheet thetouching parallel
strings form a rhombic tiling. Each parallel sheet sits as snugly as possible on
the sheet below in an optimal lattice. In such an arrangement, a ball (centered
at v0) of one sheet touches three balls (centered atv1, v2, v3) on the next layer
down (Figure 1.13).

v1 v2

v3

Figure 1.13[AFRJFRK] At one stage of the proof that the FCC lattice is the
optimal packing among lattices, we show that an optimal lattice consists of
parallel sheets of a rhombic tiling, and that a ball from one sheet rests on three
balls centered atv1, v2, v3 in the layer below.

As the balls on each sheet form a rhombic tile, two of the distances between
v1, v2, v3, corresponding to two edges of the rhombus, are equal to 2. This
means thatv0 together with two ofv1, v2, v3 form an equilateral triangle.

From the perspective of the plane containing this equilateral triangle, the
lattice property forces this entire plane, as well as parallel planes, to be tiled
with equilateral triangles. From the earlier argument, each of these planes sits
as snugly as possible on the sheet below. A ball of one sheet touches the three



i

i

14 Close Packing

balls in an equilateral triangle on the layer below. These four balls form a
regular tetrahedron, which uniquely identifies the latticeas the FCC. �

1.5 Thue

As mentioned in the preface, Thue solved the packing problemfor congruent
disks in the plane. The optimal packing is the hexagonal packing (Figure 1.14).
The density of this packing isπ/

√
12, that is, the ratio of the area of a unit disk

to the area of a hexagon of inradius one. Thue’s theorem admits an elementary
proof that we sketch. Casselman has an interactive demo of this solution [8].

Figure 1.14[OCULYIA] The optimal packing in two dimensions.

Proof Let V be the set of centers of a collection of unit disks inR2. Take the
Voronoi cell around each disk.3 It is enough to show that each Voronoi cell has
density at mostπ/

√
12 because the limiting density of the packing in the entire

plane cannot exceed a bound on the density within a Voronoi cell.
Truncate the Voronoi cell by intersecting it with a disk of radiusr = 2/

√
3.

The density increases as the volume of the cell is made smaller, so if the trun-
cated Voronoi cell has density at mostπ/

√
12, then so does the untruncated

Voronoi cell.
There is not a pointw in the plane that has distance less thanr from three

disk centersv1, v2, v3. Otherwise, one of the three anglesγ at w formed by
pairs (vi, v j) of points is at most 2π/3, and cosγ ≥ −0.5. Thelaw of cosines
applied to the trianglew, vi, v j with angleγ and sidesa, b, andc gives the
contradiction

4 ≤ c2 = a2 + b2 − 2abcosγ ≤ a2 + b2 + ab< 3r2 = 4.

3 Voronoi cells of packings in any dimensionRn are defined by the same rule as we gave above
for R3.
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Thus, the boundary of the truncated Voronoi cell consists ofcircular arcs and
chords of the circle of radiusr, as shown in Figure 1.15.

Figure 1.15[SENQMWT] This partition of the plane gives a proof of Thue’s
theorem. The disks have radius 2/

√
3. Each shaded sector and each triangle

in an arbitrary packing has density at mostπ/
√

12.

The parts of the Voronoi cell that lie within a circular sector have density
1/r2 = 3/4 < π/

√
12. A simple calculation shows that the part of a Voronoi

cell that lies within a triangle has density

θ

r2 cosθ sinθ
(1.2)

for some 0≤ θ ≤ π/6. An easy optimization gives the maximum atθ = π/6
with valueπ/

√
12. This completes the proof of Thue’s theorem. �

In some ways it it unfortunate that the problem in two dimensions is so el-
ementary. It gives only meager hints about how to solve the problem in three
dimensions such as the value of Voronoi cells and the usefulness of trunca-
tion. The optimization problem on triangles in Equation 1.2generalizes to
n-dimensions. But beyond these simple observations, littlefrom the proof of
Thue’s theorem prepares us for higher dimensions.

There are other proofs of Thue’s theorem, including one by Fejes Tóth
that uses theDelaunay triangulationof a packingV in the plane (or inn-
dimensions). A Delaunay triangulation ofV is a triangulation of Euclidean
space into simplices with extreme points inV such that no point ofV lies in
the interior of any circumscribing circle of any of the simplices (Figure 1.16).
If V is saturated,4 then a Delaunay triangulation ofV exists. Each Delaunay
4 A packingV is saturated if it is not a proper subset of any other packingV′. To maximize

density, it is useful to increase the density by saturating the packing with additional points.
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triangle in a saturated packingV has circumradius at most 2 because otherwise
an additional point can be placed at the center of the circumscribing circle,
contrary to saturation.

Figure 1.16[ANNTKZP] Delaunay triangles of a two-dimensional sphere
packing.

Proof By admitting the existence of a Delaunay triangulation, theproof of
the packing problem for saturated packingsV in two dimensions becomes ele-
mentary. Each Delaunay triangle contains a portion of a diskat each of its three
vertices. The three interior angles of a triangle sum toπ, giving half a disk per
triangle. If we show that each triangle has area at least

√
3, then it follows that

the density of the packing is at most (π/2)/
√

3 = π/
√

12. The problem thus
reduces to an area minimization problem. To decrease the area of a triangle
{v0, v1, v2}, we first replace it with a smaller similar triangle with shortest edge
(sayv1v2) of length 2. The third vertexv0 is constrained to have distance at
least 2 fromv1 andv2, and to have circumradius at most 2. The constraints on
v0 form three circular arcs as shown in Figure 1.17.

v1 v2

Figure 1.17[CCKQLLH] The horizontal segment is a fixed edge of length 2
of a Delaunay triangle. The shaded region constrains the position of the third
vertex of the Delaunay triangle. The white dots indicate thethree positions of
the third vertex that minimize the area of the Delaunay triangle.
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The minimizing triangle is determined by the pointv0 closest to the line
throughv1 andv2. There are three such triangles, each with area exactly

√
3.

This completes the proof. �

1.6 Dense Packings in a Nutshell

This section describes the proof of the Kepler conjecture ingeneral, without
getting embroiled in detail. The entire book is a blueprint with all the electri-
cal schematics, plumbing, and ventilation systems. This section is the tourist
brochure.

The Kepler conjecture asserts that no packing of congruent balls in three-
dimensional Euclidean space has density greater than the density π/

√
18 ≈

0.74048 of the FCC packing. For a contradiction, we suppose that an explicit
counterexample exists to the Kepler conjecture in the form of a packing of balls
of unit radius with density greater thanπ/

√
18. Additional balls may be added

to this packing until saturation is reached. The saturationof a counterexample
may push its density even higher.

We present the proof in four stages. Undefined terms are clarified in the
discussion that follows.

1. A geometric partition of space, adapted to a saturated counterexampleV,
reduces the problem to finite packingW that gives a counterexample to a
particular inequality. In notation established below, theparticular inequality
is L(W, 0) ≤ 12 for every finite packingW ⊂ B(0, 2.52), whereB(p, r)
denotes the open ball of radiusr centered atp. The counterexample satisfies
L(W, 0) > 12.

2. The finite packingW is transformed into another finite packing that violates
the same inequality and that has a few additional propertiesthat make it a
contraveningpacking.

3. The combinatorial structure ofW is encoded as a hypermap. A list is made
of the purely combinatorial properties ofW. A hypermap with these prop-
erties is said to betame.

4. A computer generates an explicit list, enumerating tame hypermaps up to
isomorphism. Linear programs, which are adapted to each tame hypermap
in the enumeration, certify that none of the combinatorial possibilities can
be realized geometrically as a finite packingW ⊂ R3.

From the nonexistence of a counterexampleW, it follows that there is no
saturated counterexampleV to the Kepler conjecture.
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1.6.1 geometric partition

The first stage of the proof defines a geometric partition of space and uses it to
reduce the Kepler conjecture to an optimization problem in afinite number of
variables.

We recall that a saturated packing is identified with the discrete setV of cen-
ters of the congruent balls. Also, as above, the Voronoi cellΩ(V, v) associated
with v ∈ V is the polyhedron formed by all points ofR3 that are at least as
close tov as to any otherw ∈ V.

The Voronoi cell atv can be further partitioned into Rogers simplices, each
of which is determined by a facet of the Voronoi cell, an edge of the facet, and
an extreme point of the edge. The Rogers simplex is defined to be the convex
hull of four points:v ∈ V, the closest pointv1 to v on the given facet, the closest
pointv2 to v1 on the edge, and the extreme pointv3 of the edge (Figure 1.18).

Figure 1.18[ORQISJR] Rogers simplices of a two-dimensional sphere pack-
ing. Heavy edges are facets of Voronoi cells. The Rogers simplices that are
not right triangles are shaded.

We dissect and combine the Rogers simplices somewhat further to make
them intoMarchal cells(Figure 1.19). The exact rules for the construction of
Marchal cells do not concern us here. The rules depend on which of the points
v1, . . . , v3 have distance less than

√
2 fromv.

The functionL(V, v) is defined as

L(V, v) =
∑

w∈V\{v}
L( ||w − v ||/2), (1.3)

whereL is the piecewise linear function that has a linear graph from(x, y) =
(1, 1) to (0, 1.26) and is equal to zero forx ≥ 1.26. (The constants 1.26 and
2.52= 2(1.26) appear throughout the proof as parameters used in truncation.)
The sum in the definition ofL is actually finite for every packingV because
only finitely many terms lie in the support ofL.
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Figure 1.19[ODGBUWK] Marchal cells of a two-dimensional sphere packing.

Next, a functionG : V → R is defined geometrically in terms of the vol-
umes, solid angles, and dihedral angles of Marchal cells. Wedo not give the
definition here because it is rather complex. The functionG has the following
two fundamental properties.

1. If L(V, v) ≤ 12, then

4
√

2 ≤ vol(Ω(V, v))+G(v).

2. There existsC > 0 such that the points ofV in a ballB(0, r) of radiusr ≥ 1
satisfy

∑

v∈V∩B(0,r)

G(v) < Cr2.

The constant 4
√

2 is the volume of the Voronoi cell of the FCC packing.
From these fundamental properties and from the assumption thatV is a sat-

urated counterexample, it follows thatL(V, v) > 12 for somev ∈ V. Indeed,
if L(V, v) ≤ 12 for all v ∈ V, then the fundamental properties imply that on
average the Voronoi cells ofV have volume at least that of the FCC packing,
up to a negligible error termCr2. From this, it follows that the density of the
packingV is at most that of the FCC packing.

Returning to the counterexampleV, we selectv ∈ V such thatL(V, v) > 12.
By the translational invariance of the problem, we may assume thatv = 0.
Then

L(W, 0) =
∑

w∈W
L( ||w ||/2) > 12, (1.4)

whereW is the finite set{w ∈ V : 0 < ||w || ≤ 2.52}.
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This completes the first stage of the proof. The counterexample V to the
Kepler conjecture leads to a finite packingW that satisfies (1.4).

1.6.2 contravening packing

We assume thatV is a counterexample to the Kepler conjecture and thatW ⊂
V is a finite subset that satisfies (1.4). The second stage of theproof shows
that the finite packingW can be enhanced in various ways. The result of the
enhancement is a new finite packing that is acontravening packing. At this
stage, we also makeW into a graph by defining a set of edgesE with nodes in
W.

For example, the value ofL depends only on the norms||w || , andL is a
decreasing function, so that any rearrangement of the points ofW that does not
increase the norms strengthens the inequality (1.4).

The finite packingW determines a graph (W,E) with node setW. The set of
edges is defined by{v,w} ∈ E if

2 ≤ ||v − w || ≤ 2.52.

This graph is called thestandard fanof W.
We can get a crude idea about whatW must look like by studying the set of

normalized pointsw/ ||w || in the unit sphere. These points are extreme points
of spherical polygons that partition the unit sphere. As we know that the sum
of the areas of the polygons equals the area 4π of the sphere, we can extract bits
of information aboutW from estimates of the areas of the polygons. Analysis
along these lines leads to the conclusion that some finite packing W has the
following properties.

1. W ⊂ B(0, 2.52).
2. L(W) > 12.
3. The cardinality ofW is thirteen, fourteen, or fifteen.
4. W maximizes the functionL.
5. Join pointsv/ ||v || and w/ ||w || with a geodesic arc on the unit sphere if
{v,w} ∈ E. Then the arcs do not meet except at the endpoints and give a
planar graph. Moreover, the angle between each pair of consecutive arcs at
a vertex is less thatπ. In particular, the spherical polygons cut out by the
arcs are geodesically convex.

A finite packingW with these properties is called acontraveningpacking.
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1.6.3 tame hypermap

The starting point of the third stage of the proof is a contravening packingW
and the corresponding planar graph (W,E). The result of this stage is atame
hypermap(described below).

By definition, aplanar graphis a graph that admits aplanarembedding. By
contrast, a graph, endowed with a fixed embedding into the plane, is aplane
graph. A planar graph has too little structure for our purposes because it does
not single out a particular embedding and the plane graph hastoo much struc-
ture because it gives a topological object where combinatorics alone should
suffice. A hypermap gives just the right amount of structure. It isa purely
combinatorial notion, yet encodes the relations among nodes, edges, and faces
determined by the embedding. An entire chapter of this book is about hyper-
maps.

The graph (W,E) of a contravening packingW determines a planar hyper-
map hyp(W,E). We study the following question: what purely combinatorial
properties of the hypermap hyp(W,E) can be derived from the assumption that
W is a contravening packing? For example, the cardinality of acontravening
packingW is thirteen, fourteen, or fifteen. Hence, the hypermap has thirteen,
fourteen, or fifteen nodes. Later chapters of the book revolve around the com-
binatorial properties of the hypermap.

The final chapter of the proof compiles all of these combinatorial properties
into a long list. Although the exact details of the list are not significant, the list
of combinatorial properties severely constrains the set ofpossible hypermaps.

Any hypermap satisfying all of these properties is said to betame. This list
of properties appears in Definition 8.7.

1.6.4 linear programming

The fourth and final stage completes the proof the nonexistence of the contra-
vening packingW. At the beginning of this stage, hyp(W,E) is a tame hyper-
map. The list of defining properties of a tame hypermap are sufficiently restric-
tive that an explicit finite list can be generated of every tame hypermap, up to
isomorphism. This list is generated by computer. The details of the algorithm
are described in the chapter on hypermaps.

Equipped with an explicit list of possible combinatorial structures, we move
to the proof’s end game. At this stage, because of the computer generated list of
tame hypermaps, the cardinality and combinatorial structure ofW are explicit.

Certain properties ofW (and its associated hypermap) can be encoded as a
system of linear inequalities. For each tame hypermap, a computer solves one
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or more linear programs that test for feasible solutions to the system of linear
inequalities. In each case, the computer produces a certificate that shows that
no feasible solution exists. It follows that no tame hypermap can be realized in
the form hyp(W,E). Each tame hypermap, which represents a combinatorially
feasible arrangement, is geometrical infeasible. It follows thatW, and hence
alsoV, do not exist.

As no counterexample exists, the proof of the Kepler conjecture ensues.
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Trigonometry

Summary. This part of this book, which is the first of the four founda-
tional chapters, presents a systematic development of trigonometry, vol-
ume, hypermap, and fan. There is a separate chapter on each ofthese
topics. The purpose of the this material is to build a bridge between the
foundations of mathematics, as presented in formal theoremproving sys-
tems such as HOL Light, and the solution to the packing problem.

In this chapter, trigonometry is developed analytically. Basic trigono-
metric functions are defined by their power series representations, and
calculus of a single real variable is used to develop the basic properties
of these functions. Basic vector geometry is presented.

2.1 Background Knowledge

2.1.1 formal proof

We repeat that our purpose is to give a blueprint of the formalproof of Kepler’s
conjecture that no packing of congruent balls in three-dimensional Euclidean
space has density greater than the familiar cannonball packing. The blueprint
of a formal proof is not the same as a formal proof, which is a fleeting pattern
of bits in a computer. The book describes to the reader1 how to construct the
computer code that produces and then reliably reproduces that pattern of bits.

1 “The words will be minced into atomized search-engine keywords . . . copied millions of times
by algorithms . . . scanned, rehashed, and misrepresented bycrowds. . . . And yet it is you, the
person, the rarity among my readers, I hope to reach” –Jaron Lanier [29].
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A more traditional book might take as its starting point the imagined math-
ematical background of a typical reader. The blueprint of a formal proof starts
instead with the current mathematical background of a formal proof assistant.
I surveyed the knowledge base of my formal proof assistant and compared it
with what is needed in the construction of our formal proof. It turns out that
the proof assistant already has an adequate background in real analysis, basic
topology, and plane trigonometry, including the trigonometric addition laws,
and formulas for derivatives. Since the proof assistant already has a significant
library of theorems in real analysis and point-set topology, we use background
facts in these areas wherever they help.

However, when this project began, the proof assistant lacked the background
in some of the less frequently used trigonometric identities and has had nothing
at all about spherical trigonometry. While it had adequate command of general
concepts of vector geometry inn-dimensional Euclidean space, its library on
three-dimensional analytic geometry was spotty. For example, dihedral angles
and cylindrical and spherical coordinates were missing from the system.

I imagine the typical reader to have a much stronger background in trigonom-
etry and analytic geometry than the proof assistant, which,after all, is still in
its youth. The mathematician might want to jump directly to Definition 2.35,
which specifies subsets aff± of affine space. This definition gives a compact no-
tation that encompasses many of the standard polyhedra (points, lines, planes,
rays, half-planes, half-spaces, convex hulls, affine hulls) that appear through-
out the book. From there, the reader can consult the definition of two important
polynomials∆ andυ, make a note of the unorthodox notation arc(a, b, c) for
the angle oppositec of a triangle with sides of lengthsa, b, c, stop a moment
to admire Euler’s formula for the solid angle of a spherical triangle; and then
jump directly to the final section, which introduces polar cycle.

Polar cycle is a familiar concept, wrapped in an unfamiliar way for the sake
of the proof assistant: take a finite set of points in the plane, order them by
increasing angle, and then take the cyclic permutation on the points induced
by this order. The azimuth cycle is the corresponding permutation in three di-
mensions, ordering points by increasing azimuth angle (longitude) in spherical
coordinates. Although intuitively clear, our proof assistant demands extra as-
sistance at this point.

2.1.2 real analysis

This chapter assumes general facts about real analysis at the level of a typical
undergraduate textbook. In particular, it assumes a general working knowledge
of set theory and basic properties of the set ofnatural numbers,N = {0, 1, . . .},
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and the fieldR of real numbers. By convention, 0∈ N. In real analysis, the
chapter assumes basic properties of convergence, absoluteconvergence, lim-
its, and differentiation. The termreal analysisis to be interpreted broadly to
include even the most elementary facts of real arithmetic, including results that
do not involve limits.

2.1.3 Tarski arithmetic

Certain sentences in real arithmetic can be expressed with nothing more than
the usual logical operations (the connectivesand, or, implies, logical nega-
tion); the ring operations (addition, subtraction, and multiplication) for the real
numbers; comparison ((=) and (>)) of real numbers; the constants 0 and 1;
real-valued variables; and quantifiers (universal and existential) over the real
numbers. Such sentences are said to belong to theTarski arithmetic. For exam-
ple, the sentence

∃x. x7 − 4x− 3 = 0 ∧ x > 0 (2.1)

falls within the Tarski arithmetic (after expanding the exponentx7 asx· x· x· x·
x·x·x and the constants 4= 1+1+1+1 and 3= 1+1+1). Starting with Tarski,
researchers have developed algorithms to decide the truth of any sentence in
the Tarski arithmetic [44], [6]. Although these algorithmsare generally too
slow to be of practical use, it is useful to identify such sentences. To follow
the details of proofs, reader should have the skill to solve particularly simple
problems in the Tarski arithmetic such as determining that the sentence (2.1)
is true.

2.2 Trig Identities

2.2.1 sine and cosine

The cosine and sine functions are defined2 by their infinite series:

cos(x) = 1− x2/2! + x4/4! · · · , sin(x) = x− x3/3! + x5/5! · · · . (2.2)

2 This is how the trigonometric functions were originally defined in the proof assistant HOL
Light. More recently, complex analysis has been developed in HOL Light sufficient for the
analytic proof of the prime number theorem [25]. The cosine and sine are now defined in the
system as the real and complex parts of the exponential function eix. To simplify the
exposition, this section presents the original definitions.
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sin

cos

arctan

Figure 2.1[ODPCVGH] Trigonometric and inverse trigonometric functions.

By real analysis, convergence is absolute for every real numberx. Each se-
ries can be evaluated at 0:

cos(0)= 1, sin(0)= 0. (2.3)

These series may be differentiated term by term to establish the identities:

d
dx

cos(x) = − sin(x),
d
dx

sin(x) = cos(x). (2.4)

Powers (cos(x))n and (sin(x))n are conventionally written cosn(x) and sinn(x).
If two functions are theuniquesolution of an ordinary differential equation

with given initial conditions, then the two functions are equal. This observa-
tion gives a method to prove many functional identities, including trigonomet-
ric identities. The next two lemmas take this approach, by certifying a trigono-
metric identity with a functionf that satisfies the ordinary differential equation
f ′ = 0 with initial condition f (0) = 0.

Lemma 2.5 [WPMXVYZ]

sin2(x) + cos2(x) = 1.

Proof By real analysis and (2.4), the derivative off (x) = cos2(x) + sin2(x)
is identically zero, so the function itself is constant. From (2.3), it follows that
f (x) = f (0) = 1. �

Lemma 2.6 [WNYVJPE]

sin(x+ y) = sin(x) cos(y) + cos(x) sin(y)

cos(x+ y) = cos(x) cos(y) − sin(x) sin(y).

Proof The proof is an exercise in real analysis. Fixy. Let

f (x) = (cos(x+ y) − cos(x) cos(y) + sin(x) sin(y))2

+ (sin(x+ y) − sin(x) cos(y) − cos(x) sin(y))2.

The derivative off is identically zero. The function is therefore constant. Also,
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f (0) = 0. Thus, f is identically zero. If a sum of real squares is zero, the
individual terms are zero. The identities follow. �

Lemma 2.7 [KGLLRQT] The cosine is an even function. The sine is an odd
function. That is,

cos(−x) = cos(x), sin(−x) = − sin(x).

Proof The result can be checked directly from the definition of the trigono-
metric functions as power series. A second proof can be givenby differentia-
tion, as follows. By real analysis, the derivative of

(cos(−x) − cos(x))2 + (sin(−x) + sin(x))2

is identically zero. Complete the proof as in the proof of Lemma 2.6. �

2.2.2 periodicity

It is known that the cosine has a unique root between 0 and 2. The constantπ
is defined to be twice that root. Thus, by definition

cos(π/2) = 0,

cos(x) > 0, when 0< x < π/2. (2.8)

The cosine is in fact nonnegative on the interval [0, π/2]:

cos(x) ≥ 0, 0 ≤ x ≤ π/2. (2.9)

Lemma 2.10 [CPIREMF] The sine function is nonnegative on[0, π/2] and
sin(π/2) = 1.

Proof The proof is an exercise in real analysis. The derivative of the sine is
nonnegative between 0 andπ/2. The value of the sine at 0 is 0. It follows that
sin is nonnegative on [0, π/2]. It is enough to check that sin2(π/2) equals 1.
Then sin2(π/2) = 1− cos2(π/2) = 1. �

Lemma 2.11 [SCEZKRH]

sin(π/2− x) = cos(x),

cos(π/2− x) = sin(x).

Proof Apply the addition law for the sine function (Lemma 2.6),

sin(π/2− x) = sin(π/2) cos(−x) + cos(π/2) sin(−x)
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and use sin(π/2) = 1 and cos(π/2) = 0. Then use that cos is an even function.
The second identity is similar. �

Similarly, cos(π/2+ x) = − sin(x), sin(π/2+ x) = cos(x). Further,

sin(π + x) = cos(π/2+ x)= − sin(x),

cos(π + x) = − sin(π/2+ x)= − cos(x),

sin(2π + x) = − sin(π + x) = sin(x), (2.12)

cos(2π + x) = − cos(π + x) = cos(x).

Lemma 2.13 [WIBGJRR] The sine function is nonnegative on[0, π].

Proof By Lemma 2.10, sin is nonnegative on [0, π/2]. Furthermore, forx ∈
[π/2, π],

sin(x) = − sin(−x) = sin(π − x) ≥ 0.

�

2.2.3 tangent

Definition 2.14(tangent) [BIRXGXP][tan ! tan] Let tan(x) = sin(x)/ cos(x),
when cos(x) , 0.

Lemma 2.15 [KWYPRWZ] If cos(x) , 0, cos(y) , 0, andcos(x+ y) , 0 then

tan(x+ y) =
tan(x) + tan(y)

1− tan(x) tan(y)
.

Proof Divide the first line of Lemma 2.6 by the second line of the same
lemma. Then use the definition of the tangent. �

Lemma 2.16 [KSQDZSF]

tan(π/4) = 1.

Proof

tan(π/4)= sin(π/2− π/4)/ cos(π/4) = cos(π/4)/ cos(π/4) = 1.

�

Lemma 2.17 [UTNKIAC] The functiontan is strictly increasing and one-to-
one on the domain(−π/2, π/2).

Proof By a derivative test, the tangent is strictly increasing on (−π/2, π/2). By
real arithmetic, a strictly increasing function is one-to-one. �
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2.2.4 arctangent

This section reviews the properties of the arctangent function.

Definition 2.18 (arctangent) [RIQVMHH] [arctan! atn] By the inverse
function theorem of real analysis and properties of tan, there is a unique func-
tion arctan :R→ R with image (−π/2, π/2) such that

tan(arctanx) = x. (2.19)

(See Figure 2.1.)

Additional properties of the arctangent function are exercises in real analy-
sis. If−π/2 < x < π/2, then also arctan(tan(x)) = x. In particular,

arctan(1)= arctan(tan(π/4))= π/4. (2.20)

The function arctan is differentiable with derivative

d
dx

arctan(x) =
1

1+ x2
. (2.21)

The derivative is positive, and the function arctan is strictly increasing. Proofs
in this book often need to use arctan(y/x) as x approaches 0. For this, the
following variant of arctan is preferable because it clearsthe denominator.

Definition 2.22(arctan2) [GYKGARD] [arctan2 ! atn2]

arctan2 : R2 → (−π, π].

arctan2(x, y) =























































arctan(y/x), x > 0

π/2− arctan(x/y), y > 0

π + arctan(y/x), x < 0, y ≥ 0

−π/2− arctan(x/y), y < 0

π, x = y = 0.

x

y
θ

Figure 2.2[YOXQFUB] The function arctan2 gives the polar angleθ of (x, y).

There is some overlap between cases. Nevertheless, trig identities similar to
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those already established show that this function is well-defined. For exam-
ple, to check the equality of the first two cases (x > 0 andy > 0), we com-
pute the tangent of both sides, which is sufficient, since both sides lie between
(−π/2, π/2) and tan is one-to-one:

tan(arctan(y/x)) = y/x = 1/ tan(arctan(x/y)) = tan(π/2− arctan(x/y)).

We can give a more intuitive description of the function arctan2: the polar angle
of (x, y) with the branch cut along the negative axis. That is,x = r cosθ and
y = r sinθ for somer ≥ 0, whereθ = arctan2(x, y). This definition avoids all
the case distinctions of Definition 2.22.

The ANSI C programming language implements this function asarctan2.
Note that some programming languages implement this function with the two
arguments in reverse: (y, x).

2.2.5 inverse trig

We prefer the arctangent over other inverse trigonometric functions because its
domain is the entire field of real numbers, its range is bounded, and its deriva-
tive is a rational function. Wherever angles appear in this book, the arctangent
is apt to appear as well. Other inverse trigonometric functions are generally
reduced to the arctangent. This section defines the arccos function and shows
how it can be expressed in terms of arctan2.

Definition 2.23(arccos) [QZTBJMH] [arccos! acs] By the inverse func-
tion theorem of real analysis, there exists a unique function arccosy on the
interval [−1, 1] that takes values in [0, π] and that is the inverse function of
cos:

y ∈ [−1, 1]⇒ cos(arccosy) = y

x ∈ [0, π] ⇒ arccos(cosx) = x.

Lemma 2.24 [FMGMALU] If y ∈ [−1, 1], then

sin(arccos(y)) =
√

1− y2.

Proof The range of arccos(y) is [0, π]. On this interval, sin is nonnegative.
By real analysis, it is enough to check that the squares of thetwo nonnegative
numbers are equal. It then an arithmetic consequence of the circle identity
(Lemma 2.5) and Definition 2.23. �

The following lemma shows how to rewrite arccos in terms of arctan2.
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Lemma 2.25 [OUIJTWY] If y ∈ [−1, 1], then

arccos(y) + arctan2
(

√

1− y2, y
)

= π/2.

Proof The brief justification is simply that arccos(y/z) gives one acute angle
of a right triangle with hypotenusez and sidesx andy, and arctan2(x, y) gives
the other acute angle. The two acute angles of a right triangle have sumπ/2.

A bit more detail is needed for an argument that can be turned into a formal
proof. The endpointsy = ±1 can be checked directly from definitions. Ify ∈
(−1, 1),β = arccos(y), and

α = arctan
(

y/
√

1− y2
)

= arctan2
(

√

1− y2, y
)

,

then arithmetic gives−π/2 < π/2 − β < π/2, and−π/2 < α < π/2. By the
injectivity of the function tan, it is therefore enough to check that tan(π/2−β) =
tan(α). But

tan(π/2− β) =
cos(β)
sin(β)

=
y

sin(arccos(y))
=

y
√

1− y2
= tan(α).

�

2.3 Vector Geometry

This section reviews vector geometry inRN, including products (scalar and
dot), inequalities (triangle and Cauchy–Schwarz), and hulls (convex and affine).

2.3.1 Euclidean space

Definition 2.26 (RN, vector) [KRZJIAD] [RN
! :realˆN] For any finite

setN, defineRN as the set of functionsv : N → R. Write vi for the value of
the functionv at i ∈ N. A function inRN is called avector. The zero vector0
is the function that is identically zero.

Vectors are written in a bold face:u, v, w, p, q, and so forth. As a general
notational practice, there is a general tendency to useu, v, andw to denote
vectors that are constrained to lie in some previously determined subsetV ⊂
R

N and to usep andq to denote vectors that run without restriction over all of
R

N.
No distinction is made between vectors and points inRN, and none is made

betweenRN and Euclidean space. WriteRn as an alias ofRN whenn ∈ N and
N = {0, . . . , n− 1}.
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Definition 2.27(vector addition, scalar multiplication)[WHIAXYC] [vector
addition ! (+)] [scalar multiplication ! (%)]Two standard arith-
metic operations, addition and scalar multiplication, aredefined on the setRN.
These operations are the pointwise addition and scalar multiplication of func-
tions:

(u + v)i = ui + vi .

(tu)i = tui , t ∈ R. (2.28)

Define the difference of two vectors to beu − v = u + (−1)v.

The operations onRN satisfy the axioms of avector space. In particular,
addition is commutative and associative.

Definition 2.29 (dot product) [VFPCZBI] [dot product ! (dot)] The
dot product( · ) is the bilinear binary operation onRN defined by

u · v =
∑

i∈N
uivi .

The dot product satisfies the following properties:

u · (v + w) = u · v + u · w
(u + v) · w = u · w + v · w

(tu) · w = t(u · w) = u · (tw) (2.30)

0 ≤ u · u.

Definition 2.31(norm) [XHVXJVB] [norm ! vector norm] Thenormof
a vectoru ∈ RN is

||u || =
√

u · u.

By real arithmetic,||u || = 0 if and only ifu = 0. Moreover,|| tu || = |t| ||u || .

Lemma 2.32(Cauchy–Schwarz inequality)[JJKJALK]

|u · v| ≤ ||u || ||v || .

Furthermore, the case±u · v = ||u || ||v || of equality holds exactly when||v ||u =
±||u ||v (with matching signs).
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Proof This is an exercise in real arithmetic. Letw = ||v ||u ± ||u ||v. The ex-
pansion ofw · w gives

0 ≤ w · w = 2||u ||2 ||v ||2 ± 2||u || ||v ||(u · v) = 2||u || ||v ||( ||u || ||v || ± (u · v)).

If 2 ||u || ||v || = 0, thenu or v is zero, and the result easily ensues. Otherwise
divide both sides of the inequality by the positive number 2||u || ||v || to get the
result. �

Lemma 2.33(triangle inequality) [OIPLPTM]

||u + v || ≤ ||u || + ||v || .

Equality holds exactly when||v ||u = ||u ||v.

Proof This is an exercise in real arithmetic. Both sides are nonnegative; it is
enough to compare the squares of both sides. By the Cauchy–Schwarz inequal-
ity,

||u + v ||2 = u · u + 2u · v + v · v ≤ u · u + 2||u || ||v || + v · v = ( ||u || + ||v ||)2.

The case of equality follows from the case of equality in the Cauchy–Schwarz
inequality. �

2.3.2 affine geometry

Most of the following definitions apply ton-dimensional Euclidean space;
however, this book uses them only in two and three dimensions. The first def-
inition gives the affine span of a finite set. For example, the affine span of two
distinct points is a line; the affine span of three independent points is a plane.
By placing additional positivity constraints on the linearcombinations, the def-
initions extend to a large assortment of other geometric objects such as rays,
half-planes, convex hulls, and cones. Each of these comes intwo versions: an
open version defined by strict inequality and a closed version defined by weak
inequality. For example, the closed half-plane includes a bounding line and the
open half-plane does not. In this chapter, open and closed are not topological
notions; rather, they indicate the semialgebraic conditions of strict and weak
inequality.

Definition 2.34 (affine hull) [KVLZSAQ] [aff ! (hull) affine]A set
A ⊂ RN is affine, if for every finite nonempty subsetS ⊂ A and every function
t : S→ R such that

∑

v∈S t(v) = 1, we have
∑

v∈S
t(v)v ∈ A.
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Theaffine hull, aff(S), of a setS ⊂ RN is the smallest affine set containingS.
That is, the affine hull ofS is the intersection of all affine sets containingS.

Definition 2.35(affine) [BYFLKYM] [aff± ! aff ge, aff le] [aff0
± !

aff gt, aff lt] If V = {v1, v2, . . . , vk} andV′ = {vk+1, . . . , vn} are finite
subsets ofRN, then set

aff±(V,V′) = {t1v1 + · · · tnvn : t1 + · · · + tn = 1,±t j ≥ 0, for j > k},
aff0
±(V,V

′) = {t1v1 + · · · tnvn : t1 + · · · + tn = 1,±t j > 0, for j > k}.

To lighten the notation for singleton sets, abbreviate aff±({v},V′) to aff±(v,V′).

Figure 2.3[ITGCYIF] When card(V) + card(V′) − 1 ∈ {1,2}, the set
aff+(V,V′) is a segment, ray, or line; simplex, blade, half-plane, or plane.

Remark2.36 Whenn+ 1 = card(V) + card(V′), the generic set aff+(V,V′) is
ann-dimensional polyhedron bounded by card(V′) hyperplanes. For example,
n = 1, gives a segment, a ray, or a line (Figure 2.3). Whenn = 2, the set is
a 2-simplex, a planar wedge bounded by two lines, a half-plane, or a plane.
Whenn = 3, the set is a 3-simplex; an unbounded connected region in space
bounded by one, two, or three intersecting planes; or all ofR

3.

Definition 2.37 (convex hull) [OWECYNV] [conv ! (hull) convex] A
subsetC ⊂ RN is convex, if for everyv,w ∈ C and everyt ∈ [0, 1],

tv + (1− t)w ∈ C.

If S ⊂ RN, then let conv(S) be the smallest convex set (or equivalently, the
intersection of all convex sets) containingS. It is called theconvex hull.

When the set is finite, the convex hull takes the following form.

Lemma 2.38 [GDCZMLO] If V = {v1, v2, . . . , vn} ⊂ RN, then

convV = aff+ (∅,V).



i

i

2.3 Vector Geometry 37

Lemma 2.39 [UIVNNRR] If V ⊂ RN is finite, thenaff±(V,∅) = aff0
±(V,∅) is

the affine hull of V.

Proof Both proofs are left as exercises for the reader. �

In the following definition of a cone, the pointv is the apex, andV is a gen-
erating set for the positive directions. In the special casethatV is a singleton
{w}, the cone gives a ray originating atv and passing throughw. Later chapters
call a set of the form aff+(v, {u1, u2}) a blade. Blades are planar sets bounded
by two rays originating atv.

Definition 2.40(line, collinear, parallel) [SWKFLBJ][line ! line] [collinear

! collinear] [parallel ! parallel] Any set of the form aff{v,w}
is a line whenv , w. A set that is contained in some aff{v,w} is collinear. If
{0, v,w} is collinear, thenv andw are said to beparallel. Also, {v,w} is said to
be a parallel set.

Definition 2.41(plane, half plane, coplanar)[JLWZFBH][plane ! plane]

[half-plane ! closed half plane, open half plane] [coplanar !

coplanar] An affine hull A = aff{u, v,w} is a planewhen {u, v,w} is not
collinear. A set aff±({u, v}, {w}) is ahalf-planewhen{u, v,w} is not collinear.
A set that is contained in some aff{u, v,w} is coplanar.

Definition 2.42(half space) [OAUVFPS][half space ! closed half space,

open half space]A set aff±({u, v,w}, {v′}) is ahalf-space, when{u, v,w, v′}
is not coplanar. Under the substitution of aff± for aff0

±, it is called anopen half-
space.

2.3.3 parallelepiped

The following polynomial,∆, appears in many different functions related to the
geometry of three dimensions. The formula following the definition shows that
it is closely related to the square of the volume of a parallelepiped. The inter-
pretation as volume is not relevant until the next chapter, but its nonnegativity
is immediately relevant.
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Definition 2.43(∆) [AVWKGNB] [∆ ! delta x] Let

∆(x1, . . . , x6) = x1x4(−x1 + x2 + x3 − x4 + x5 + x6)

+ x2x5(x1 − x2 + x3 + x4 − x5 + x6)

+ x3x6(x1 + x2 − x3 + x4 + x5 − x6)

− x2x3x4 − x1x3x5 − x1x2x6 − x4x5x6.

Remark2.44 (Cayley–Menger determinant)[DQGHCSH] The polynomial∆
appears in the following context. Cayley and Menger found a formula for the
square of the determinantD of the matrix with rowsv1 − v0, . . . , vn − v0 for
arbitrary vectorsvi ∈ Rn. Set

xi j = ||vi − v j ||2, (2.45)

arranged as entries of a matrix [xi j ]. Write 1 for a row vector of lengthn with
entries that are all equal to 1∈ R. They found that elementary matrix manipu-
lations give an identity of determinants:

D2 =
(−1)n−1

2n

∣

∣

∣

∣

∣

∣

[xi j ] t1
1 0

∣

∣

∣

∣

∣

∣

. (2.46)

The right-hand side is a polynomial in the squares of the edgelengths.
A calculation of the determinant on the right whenn = 3 yields the polyno-

mial∆.

4D2 = ∆(x01, x02, x03, x23, x13, x12).

The left-hand side is evidently a square and the polynomial on the right is non-
negative, whenever the variablesxi j satisfy (2.45) for some vectorsv0, . . . , v3 ∈
R

3. Moreover,D and hence also∆ is positive when the set of four vectors is
not coplanar.

Background 2.47(matrix theory) Very little matrix theory is required in this
book. The next lemma is a rare exception. Its proof requires various very basic
facts about3× 3 matrices and determinants. The determinant of a product of
two matrices is the product of determinants. The transpose of a matrix A has
the same determinant as A. The determinant of a matrix A is zero if and only if
there exists a (row) vectoru such thatu A = 0.

Lemma 2.48 [CTCZHMR] Let V = {v0, v1, v2, v3} ⊂ R3. Let xi j = ||vi − v j ||2.
Then∆(xi j ) ≥ 0. Moreover, the set V is coplanar if and only if∆(xi j ) = 0.

Proof The proof is an exercise in matrix theory and real arithmetic. (The
statement also falls within the scope of Tarski arithmetic.) This lemma can
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be proved directly as follows, without recourse to the general Cayley–Menger
theorem.

Let A be the 3× 3 matrix with rowsvi − v0. ThenD2 = det(A)2 = det(A tA).
Each entry of the productA tA is a dot product (vi − v0) · (v j − v0), which can
be expressed in terms of the constantsxi j by the following identity:

2(vi − v0) · (v j − v0) = (vi − v0) · (vi − v0) + (v j − v0) · (v j − v0)

− (vi − v j) · (vi − v j)

= xi0 + x j0 − xi j . (2.49)

A computation of the determinant then gives 4D2 = ∆. Thus,D2 ≥ 0 implies
∆ ≥ 0.

Also ∆ = 0 if and only if D = 0, which holds if and only ifu A = 0 for
some vectoru. By the definition of coplanar, this holds if and only ifV is
coplanar. �

Remark2.50 [SZIHGLO] The calculation of the general Cayley–Menger for-
mula (2.46) forn + 1 points inRn is based on the same method as the 3× 3
case; the identity (2.49) gives a rewrite rule for each matrix entry of det(A tA)
as a linear combination of the variablesxi j . Row and column operations then
put the matrix in a form in which each matrix entry is a single variablexi j .

Remark2.51 [KZVHHBG] The volume of a 4-simplex inR3 is zero. This im-
plies that Cayley–Menger determinant forv0, . . . , v4 ∈ R3 is zero. This gives
a polynomial relation between the 10=

(

5
2

)

squared edge lengthsxi j . The re-
lation is quadratic in the tenth edge, sayx = x04, expressing it in terms of the
other nine. The leading coefficient of the quadratic polynomial is nonzero if
{v1, v2, v3} is not collinear.

2.4 Angle

Until now, the discussion of trigonometric functions has been purely analytic.
This section interprets them geometrically. It covers fundamental identities in
both Euclidean and spherical trigonometry, including the law of cosines, the
law of sines, the spherical law of cosines, and a beautiful formula that Euler
and Lagrange gave for the area of a spherical triangle.

If v,w are nonzero vectors, then by the Cauchy–Schwarz inequality,

−1 ≤ v · w
||v || ||w || ≤ 1.

The middle term lies in the domain of the function arccos. Thevalue of this
function is the angle in the following definition.
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Definition 2.52 (angle, arclength) [WZYUXVC] [arcV ! arcV] Let u, v,w
be vectors withu , v,w. Define

arcV(u, {v,w}) = arccos

(

(v − u) · (w − u)
||v − u || ||w − u ||

)

.

The value of this function is theangleat u formed byv andw.

u
θ

v

w

c

b

a

Figure 2.4[LIKEURF] The angleθ = arcV(u, {v,w}) = arc(a,b, c).

By the relation between arccos and arctan2 (Lemma 2.25),

arcV(0, {v,w}) = π

2
− arctan2

(
√

( ||v ||2 ||w ||2 − (v · w)2), v · w
)

. (2.53)

The notation arcV for angle comes from its interpretation as the length of a
geodesic arc on a unit sphere centered atu from pointv to w. The subscriptV
is a reminder that the function arguments are vectors. The function arc, with-
out the subscript, gives the angle as a function of the three edge lengths of a
triangle.

Definition 2.54(arc) [PQQDENV] [arc ! arclength]Define

arc(a, b, c) = arccos(
a2 + b2 − c2

2ab
).

If the triangle inequalities hold:

a+ b ≥ c, b+ c ≥ a, c+ a ≥ b

and ifa, b > 0, then

2ab= (∓a+ b+ c)(a∓ b± c) ± (a2 + b2 − c2) ≥ ±(a2 + b2 − c2)

and the argument of arccos in the definition of arc falls within its domain.
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Lemma 2.55(law of cosines) [HQTBPCM] Let u, v,w be vectors withv ,
u, w , u. Let a = ||w − u || , b = ||v − u || , and c = ||v − w || . Let γ =
arcV(u, {v,w}). Then

c2 = a2 + b2 − 2abcosγ.

Also,

arcV(u, {v,w}) = arc(a, b, c).

Proof By the definition of arcV, the definition of arccos, and (2.49),

2abcosγ = 2(w − u) · (v − u) = a2 + b2 − c2.

This identity can be solved forγ and gives the final statement of the lemma.�

Definition 2.56(υ) [OBPIOXD] [υ ! ups x] Letυ (the symbol is a Greek
upsilon, which is written with a wider stroke than a roman vee) be the polyno-
mial

υ(x, y, z) = −x2 − y2 − z2 + 2xy+ 2yz+ 2zx.

This polynomial is nonnegative under conditions describedby the following
lemma.

Lemma 2.57 [QRAAWFS] Let V = {v0, v1, v2} ⊂ R3. Let xi j = ||vi − v j ||2.
Then

υ(x01, x12, x02) ≥ 0.

Moreover, the set V is collinear if and only ifυ(xi j ) = 0.

Proof The polynomial factors

υ(a2, b2, c2) = 16s(s− a)(s− b)(s− c), (2.58)

wheres= (a+ b+ c)/2. If a, b, c are the lengths of the sides of a triangle, then
a, b, c ≥ 0 and the triangle inequality (Lemma 2.33) holds for all orderings of
sides: (b + c − a) ≥ 0 and so forth. Non-negativity 0≤ υ(a2, b2, c2) follows
from the triangle inequality applied to each factor in the factorization ofυ:
2(s− a) = (b+ c − a) ≥ 0 and so forth. The case of equality in the lemma is
the case of equality in the triangle inequality. �
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An alternative way to view nonnegativity is thatυ, like ∆, is the square of a
Cayley–Menger determinant (2.46).

0 ≤ (2D)2 = −

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

0 a2 b2 1
a2 0 c2 1
b2 c2 0 1
1 1 1 1

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

∣

= υ(a2, b2, c2).

Section 2.4.1 further identifies the determinantD as the norm of a cross prod-
uct. Volume and area are the topics of the next chapter, but itis appropriate
at this point to consider a formula for the area of a triangle.By means of for-
mula (2.58) forυ, Heron’s classical formula for the area of a triangle with sides
a, b, c can be put in the form

√

υ(a2, b2, c2)/4.

Lemma 2.59(law of sines) [UKBAHKV] Assume that a, b > 0 and a+ b ≥ c,
b+ c ≥ a, and c+ a ≥ b. Letγ = arc(a, b, c). Then

2absinγ =
√

υ(a2, b2, c2).

Proof Both sides are nonnegative, so it is enough to check that their squares
are equal. By the definition of arc, we have

4a2b2 sin2 γ = 4a2b2(1− cos2 γ) = (4a2b2 − (a2 + b2 − c2)2) = υ(a2, b2, c2).

�

Another useful relation writes arc in terms of arctan2.

arc(a, b, c) = π/2− arctan2
(√

υ(a2, b2, c2), a2 + b2 − c2
)

. (2.60)

This follows directly from Lemma 2.25 and the definitions of arc andυ.

2.4.1 cross product

This book makes infrequent use of the cross product. A definition and the most
basic properties suffice.

Definition 2.61(cross product) [FCUAGAJ] [cross product ! (cross)]

Let v = (x, y, z) andw = (x′, y′, z′). Let the cross product be defined by

v × w = (yz′ − y′z, zx′ − xz′, xy′ − yx′).
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Lemma 2.62 [KVVWPNA] Any two vectorsv,w ∈ R3 satisfy

||v × w || = ||v || ||w || sinγ,

whereγ = arcV(0, {v,w}). Also,v · (v × w) = w · (v × w) = 0.

Proof This proof is an exercise in real arithmetic and basic trigonometry.
Both the left and right sides are nonnegative, so it is enoughto compare the
squares of both sides. The square of the left-hand side is

||v × w ||2 = (yz′ − y′z)2 + (zx′ − xz′)2 + (xy′ − yx′)2

= (x2 + y2 + z2)(x′2 + y′2 + z′2) − (xx′ + yy′ + zz′)2

= ||v ||2 ||w ||2 − (v · w)2 (2.63)

= ||v ||2 ||w ||2(1− cos2 γ)

= ||v ||2 ||w ||2 sin2 γ.

The second assertion of the lemma follows by arithmetic directly from the
definitions of the dot and cross products. �

Lemma 2.64 [GZPIJUR] For anyv,w ∈ R3, the set{0, v,w} is collinear if
and only ifv × w = 0.

Proof By Equation (2.63),

v × w = 0 if and only if ||v || ||w || = |(v · w)|.

This is the case of equality in the Cauchy–Schwarz inequality, which is given
as

||v || w = ±||w || v.

This is equivalent to the collinearity of{0, v,w}. �

Lemma 2.65 [BKMUSOX]

u× v = −v× u, (u× v) ·w = (v×w) · u, (u× v)×w = (u ·w) v− (v ·w) u.

Proof These are arithmetic consequences of the definition of crossproduct.
�

2.4.2 dihedral angle

A dihedral angle of a tetrahedron is the angle formed betweentwo of its facets.
In general, the dihedral angle refers to the angle formed by two half-planes
delimited by a common line. The dihedral angle is determinedby a pair{v0, v1}
of points on the delimiting line and another pair{v2, v3} of two points on the
respective half-planes.
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Definition 2.66 (dihedral angle) [YMHELNF] [dihV ! dihV] Whenv0 ,

v1, write dihV({v0, v1}, {v2, v3}) for the angleγ ∈ [0, π] formed by

w̄2 = (w1 · w1)w2 − (w1 · w2)w1 and w̄3 = (w1 · w1)w3 − (w1 · w3)w1,

wherewi = vi − v0. We call it the dihedral angle formed byv2 andv3 along
{v0, v1}.

The subscriptV is a reminder that the dihedral angle takes vector arguments.
Later, a second version, without the subscript, computes the angle as a function
of the lengths of edges of a tetrahedron. As the notation suggests, the dihedral
angle depends only on the unordered pairs{v0, v1}, {v2, v3}.

v0v1

v2

v3

P

θ

Figure 2.5[GJRSLPT] The dihedral angleθ = dihV({v0, v1}, {v2, v3}) is cal-
culated by projection ofv2 and v3 to a planeP with normal v1 − v0. The
azimuth angle (Definition 2.79) is closely related to the dihedral angle, but
depends on the ordering (v0, v1, v2, v3) and takes values between 0 and 2π,
unlike the dihedral angle, which takes values between 0 andπ.

The dihedral angle can be interpreted as the planar angle between two rays,
obtained by projection of the two half-planes to a plane orthogonal to both of
them. Up to positive scalars,̄w2 andw̄3 are the projections ofw2 andw3 to the
plane through the origin orthogonal to the vectorw1. The dihedral angle is the
angle between the projections̄w2 andw̄3 at 0.

Remark2.67 [LHYCNII] The dihedral angle is unchanged ifw1 is replaced
with tw1 with t , 0. The dihedral angle is unchanged ifw2 is replaced with
t2w2 + t1w1 with 0 < t2 andt1 arbitrary because such points project along the
same ray. It is unchanged ifw3 is replaced witht3w3 + t1w1 with 0 < t3 and
t1 arbitrary, because such points project along the same ray. In particular, the
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dihedral angle formed byw2 andw3 along{0,w1} is the same as that formed
by w2/ ||w2 || andw3/ ||w3 || alongw1/ ||w1 || .

The dihedral angle is degenerate and is not be used whenw1 = 0, w̄2 = 0,
or w̄3 = 0. Equivalently, degeneracy occurs when{v0, v1, v2} or {v0, v1, v3} is a
collinear set.

Lemma 2.68 [HVIHVEC] Let v0, . . . , v3 ∈ R3 be given withv0 , v1. Then

dihV({v0, v1}, {v2, v3})

is the angle at0 formed byw1 × w2 andw1 × w3, wherewi = vi − v0.

Proof For anyu, v, w ∈ R3 with u · w = v · w = 0, we use Lemma 2.65 to
compute

(u × w) · (v × w) = −(u × w) · (w × v)

= −v · ((u × w) × w)

= −v · (−(w · w)u)

= (u · v)(w · w).

That is,∗ ×w preserves dot products, up to a scalar (w ·w). Thus, ifw , 0, the
angle formed byu andv is equal to the angle formed byu × w andv × w.

The dihedral angle is the angle formed by

w̄2 = (w1 · w1)w2 − (w1 · w2)w1 = (w1 × w2) × w1

w̄3 = (w1 · w1)w3 − (w1 · w3)w1 = (w1 × w3) × w1.

Let u = w1 × w2, v = w1 × w3, andw = w1. The preceding calculation shows
that the angle formed bȳw2 = u × w andw̄3 = v × w is equal to the angle
formed byu andv. The lemma ensues. �

Lemma 2.69 (spherical law of cosines) [RLXWSTK] [formal proof by
Nguyen Quang Truong]. Let γ be the dihedral angle formed byv2 and
v3 along{v0, v1}. Let a, b, and c be the angle atv0 betweenv3 andv1, v2 and
v1, andv2 andv3, respectively. Assume that{v0, v1, v2} and{v0, v1, v3} are not
collinear. Then

cosγ =
cosc− cosacosb

sinasinb
.

Remark2.70 The spherical law of cosines is the most fundamental identity of
spherical trigonometry. Aspherical triangleis a figure formed by three points
on a unit sphere, together with three minimal geodesic arcs on the sphere that
connect each pair of points. In the lemma,a, b, andc are the arclengths of
the sides of a spherical triangle with verticesv2/ ||v2 || , v3/ ||v3 || , andv1/ ||v1 || ,
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when v0 = 0. See Figure 2.6. Also,γ measures the angle of the spherical
triangle opposite the sidec.

γ
α

β

b

a c

Figure 2.6[NUPFYMD] The spherical law of cosines gives the angleγ of a
spherical triangle in terms of its edge lengthsa, b, andc. The polar form of
the spherical law of cosines gives the sidec in terms of the anglesα, β, and
γ.

Proof The proof is an exercise based on previously established trigonometric
identities. Letwi = vi − v0. An earlier remark states that the dihedral angle is
unchanged ifw2, w3, andw1 are replaced byw2/ ||w2 || , w3/ ||w3 || , w1/ ||w1 || ,
respectively. Hence, we may assume without loss of generality that ||w2 || =
||w3 || = ||w1 || = 1.

Let w̄2 andw̄3 be the vectors in Definition 2.66. The law of cosines gives

cosγ =
w̄2 · w̄3

||w̄2 || ||w̄3 ||
.

The unit normalizations ofw3,w2,w1 give

||w̄2 ||2 = w̄2·w̄2 = (w2−(w1·w2)w1)·(w2−(w1·w2)w1) = 1−(w1·w2)2 = sin2 b.

So ||w̄2 || = sinb. Similarly, ||w̄3 || = sina. These calculations give the denomi-
nator in the spherical law of cosines. An expansion of the dotproduct gives the
numerator:

w̄2 · w̄3 = (w2 − (w1 · w2)w1) · (w3 − (w1 · w3)w1)

= (w2 · w3) − (w1 · w2)(w1 · w3)

= cosc− cosacosb.

The identity ensues. �

The spherical law of cosines gives the angles of a spherical triangle as a
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function of its sides. In spherical geometry, a duality3 exists between angles
and sides of a triangle. As a result, formulas in spherical trigonometry tend
to come in pairs. The spherical law of cosines gives the angleof a spherical
triangle as a function of its edge lengths. The polar form of the formula gives
the edge length of a spherical triangle as a function of its angles. Up to signs,
the polar formula has the same form as the law of cosines.

3 In three-dimensional Euclidean space, the orthogonal complement of a plane through the
origin is a line through the origin, giving a duality betweenplanes and lines through the
origin. The intersection of each plane and line with a unit sphere at the origin yields a duality
between great circles and antipodal pairs of points (the poles of the great circle). The three
edges of a spherical triangleABC lie on three great circles that determine three antipodal pairs
of points. From each of the three pairs, a coherent choice canbe made between the two poles
(with the preferred pole closer to the opposite vertex ofABC). These three poles are the
vertices of the polar triangleA′B′C′. Each statement about the triangleABCcan be dualized
to a statement aboutA′B′C′. In particular, the edgesa, b, c and anglesα, β, γ of ABCare
related to thosea′, b′, . . . of A′B′C′ by

a+ α′ = π, a′ + α = π,

and so forth.
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Lemma 2.71(spherical law of cosines - polar form)[NLVWBBW] [formal
proof by Nguyen Quang Truong]. Let {v0, v1, v2, v3, } ⊂ R3. Letα, β, γ
be the dihedral angles:

α = dihV({v0, v2}, {v3, v1})
β = dihV({v0, v3}, {v2, v1})
γ = dihV({v0, v1}, {v3, v2}).

Let c be the angle betweenv2 andv3 at v0. Assume that{v0, v2, v1}, {v0, v2, v3},
and{v0, v3, v1} are not collinear. Then

cosc =
cosγ + cosα cosβ

sinα sinβ
.

Proof What follows is a direct computational proof that avoids polarity and
is an application of established trigonometric identities. Let a be the angle
betweenv1 andv3, and letbbe the angle betweenv1 andv2 atv0. LetA = cosa,
B = cosb, C = cosc, A′ = sina, B′ = sinb, C′ = sinc. The spherical law of
cosines gives

sin2 β = 1−
(B− AC

A′C′

)2

=
p

A′2C′2
,

wherep = 1− A2 − B2 − C2 + 2ABC. In particular,p ≥ 0. A computation of
sin2α and the remaining terms in the same way gives

sinα sinβ =
p

A′B′C′2

cosγ + cosα cosβ =
C − AB

A′B′
+

A− BC
B′C′

B− AC
A′C′

=
pC

A′B′C′2
.

The result follows by real arithmetic. �

The following lemma gives a formula for the dihedral angle ofa tetrahedron
along an edge in terms of its edge lengths. The familiar polynomialsυ and∆
appear once again.

Lemma 2.72 [OJEKOJF] [formal proof by Nguyen Quang Truong].
Let v0, v1, v2, v3 be vectors with{v0, v1, v2} not collinear, and{v0, v1, v3} not
collinear. Letγ be the dihedral angle formed byv2 andv3 along{v0, v1}. Let

(x1, . . . , x6) = (x01, x02, x03, x23, x13, x12), where xi j = ||vi − v j ||2.
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Let∆4 be the partial derivative of∆(x1, . . . , x6) with respect to x4. The dihedral
angleγ = dihV({v0, v1}, {v2, v3}) is given by

γ = arccos

(

∆4(x1, . . . , x6)
√
υ(x1, x2, x6)υ(x1, x3, x5)

)

.

It is also given by

γ =
π

2
− arctan2

(√

4x1∆(x1, . . . , x6),∆4(x1, . . . , x6)
)

.

Proof We use the notationwi , w̄i established in Definition 2.66. Letβ =
arcV(v0, {v1, v2}). The assumptions givēw2 , 0 and w̄3 , 0. By expanding
definitions and dot products and by the law of sines,

w̄2·w̄2 = (w1·w1)((w1·w1)(w2·w2)−(w1·w2)2) = x2
1x2 sin2 β =

1
4

x1υ(x1, x2, x6).

Similarly,

w̄3 · w̄3 =
1
4

x1υ(x1, x3, x5)

and by dot product formula (2.49),

w̄2 · w̄3 = (w1 · w1)((w1 · w1)(w2 · w3) − (w1 · w2)(w1 · w3))

= x1

(

x1(x2 + x3 − x1)
2

− (x1 + x2 − x6)(x1 + x3 − x5)
4

)

= x1∆4(x1, . . . , x6)/4.

The result follows in terms of arccos.
The translation to arctan2 uses the arccos-arctan2 identity (Lemma 2.25) and

the following polynomial identity

υ(x1, x2, x6)υ(x1, x3, x5) − ∆4(x1, . . . , x6)2 = 4x1∆(x1, . . . , x6).

�

2.4.3 Euler triangle

The expressionα1 + α2 + α3 − π is Girard’s formula (known first to Harriot)
for the area of a spherical triangle with anglesα1, α2, α3. We return to this
formula in the next chapter (3.24), when area and volume are treated. Although
the statement and proof do not explicitly mention area, the following lemma
can be interpreted as an alternative formula discovered by Euler and Lagrange
for the area of a spherical triangle.
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Lemma 2.73(Euler triangle) [JLPSDHF] Let v0, v1, v2, v3 be points inR3.
Let

(y1, . . . , y6) = (y01, y02, y03, y23, y13, y12), where yi j = ||vi − v j || .

Set xi = y2
i . and

p = y1y2y3 + y1(w2 · w3) + y2(w1 · w3) + y3(w1 · w2).

wherewi = vi − v0. Let

αi = dihV({v0, vi}, {v j, vk})

where{i, j, k} = {1, 2, 3}. Assume that∆(x1, . . . , x6) > 0. Then

α1 + α2 + α3 − π = π − 2 arctan2(∆(x1, . . . , x6)1/2, 2p).

Before we jump into the details of the proof, it helps to understand why a
formula of this general form should exist. Each angleαi equals a single arc-
tangent (Lemma 2.72). The addition law for arctangent, which is obtained by
inverting the additional law for the tangent (Lemma 2.15), rewrites the sum
α1+α2+α3 of arctangents as a single arctangent, or as twice a single arctangent
if the double angle formula is invoked. Euler’s formula is a precise formula for
the sum of arctangents in the form 2arctan2(· · · ).

In practice, it is easier to carry out the details of the proofby a slightly
different strategy. We can check that the derivatives of the two sides of the
identity are equal as rational functions. The domain is connected, and from
this it follows that the two sides differ by at most a constant. By calculating a
particular test value, we see that the two sides are precisely equal.

Proof This proof is an exercise in real analysis and established trigonometric
identities. According to an earlier remark, the dihedral angles are unchanged if
the vectorswi are rescaled so that||wi || = 1. By inspection, the given formula
is also unchanged under rescalings: the factorp is homogeneous of degree
three under a changewi 7→ twi for t > 0, and so is

√
∆ by the formula for

∆. Thus, without loss of generality,||wi || = 1 for i = 1, 2, 3. Consequently,
y1 = y2 = y3 = 1. It is convenient to use different notationa = x4, b = x5,
c = x6 for the other variables. The expansion of the dot products inp by the
dot product law gives

2p = 8− (a+ b+ c).

Also, the definitions of∆ andυ give

∆(x1, . . . , x6) = ∆(1, 1, 1, a, b, c) = υ(a, b, c) − abc.

Since∆ > 0 by assumption, the arctangent formula in Lemma 2.72 applies for
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the dihedral anglesαi . After this substitution (and clearing a factor of three),
the desired identity takes the formf (a, b, c) = 0, where

f (a, b, c) = −π/2−
3

∑

i=1

arctan
(

ui/
√
∆
)

+ 2 arctan
(

2p/
√
∆
)

,

for some rational functionsui of a, b, c. The aim is to prove this trig identity
holds whenever∆ > 0.

To see that the functionf does not depend ona, we fix (b, c) and differentiate
f with respect toa. The partial derivative∂ f /∂a has the formg(a, b, c)/

√
∆ for

some rational functiong of a, b, c. The denominator ofg has no real zero.
Algebraic simplification of this rational function shows that the polynomial
numerator ofg(a, b, c) is identically zero. (Euler himself did not shun brute
force [11].)

By real analysis, the derivative off is zero, and the functionf is constant
along any segment inR3 along which∆ is positive. The remaining part of
the proof constructs two segments along which∆ is positive. The first con-
nects f (a, b, c) to f (a, 2, 2), provided the variables are ordered appropriately.
The second connects (a, 2, 2) to (2, 2, 2). From this construction it follows that
f (a, b, c) = f (2, 2, 2). The last step is to evaluate the constantf (2, 2, 2). Arith-
metic gives∆ = 4, 2p = 2, u1 = u2 = u3 = 0, whena = b = c = 2. Finally,

f (a, b, c) = f (2, 2, 2)= −π/2+ 2 arctan(1)= 0.

Let us return to the construction of the two segments. By the triangle in-
equality,a = ||v2 − v3 ||2 ≤ ( ||v2 − v0 || + ||v3 − v0 ||)2 = 4. If equality holds,
then {v0, v2, v3} is collinear and{v0, . . . , v4} is coplanar. From this it follows
that∆ = 0, which is contrary to assumption. Similarly,a = 0 implies that
∆ = 0. Hence 0< a < 4. Similarly, 0< b < 4 and 0< c < 4. By thepigeon-
holeprinciple, two of the real numbersa, b, c must lie in the same subinterval
[0, 2] or [2, 4]. To fix notation, assume thatb andc lie in the same subinterval.

The polynomial∆ is positive4 on the linear segment from(a, b, c) to (a, 2, 2).
Indeed, for 0≤ t ≤ 1, Tarski arithmetic gives

∆(1, 1, 1, a,b(1− t) + 2t, c(1− t) + 2t)

= ∆(1, 1, 1, a, b, c)+ t(2− t)(a(b− 2)(c− 2)+ (b− c)2)

≥ ∆(1, 1, 1, a, b, c)

> 0.

The polynomial∆ is positive on the linear segment from(a, 2, 2) to (2, 2, 2).

4 This paragraph follows the book’s general convention of typesetting claims in italic.
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Indeed,

∆(1, 1, 1, a, 2, 2)= a(4− a) > 0.

The rest of the proof has been sketched above. �

2.5 Coordinates

This section establishes the existence and basic properties of the standard co-
ordinate systems: polar coordinates, spherical coordinates, and cylindrical co-
ordinates.

2.5.1 azimuth angle

For every pair of real numbersx andy, there are real numbersr andθ such that

x = r cosθ, y = r sinθ. (2.74)

If x andy are both zero, then taker = 0, and (2.74) holds for all choices ofθ.
If x andy are not both zero, then take 0< r, andθ is uniquely determined (up
to multiples of 2π). By convention, we take 0≤ θ < 2π.

Definition 2.75(frame, positive, adapted)[AXBTGQX][frame ! orthonormal]

A tuple (e1, e2, e3) of vectors inR3 is a frame if ei · ej and ||ei || = 1 for all i
and j. A tuple (e1, e2, e3) is positiveif (e1 × e2) · e3 = 1. A tuple (e1, e2, e3) is
adaptedto (v0, v1, v2) if

e1 = (v1 − v0)/ ||v0 − v1 || and e2 ∈ aff0
+({v0, v1}, v2).

.

Lemma 2.76(orthonormalization) [QAUQIEC]Assume that the set{v0, v1, v2} ⊂
R

3 is not collinear. Then the unique positive frame adapted to{v0, v1, v2} is
(e1, e2, e3), where

e1 = w1/ ||w1 || ,
e2 = w̄2/ ||w̄2 || , w̄2 = w2 − (e1 · w2)e1,

e3 = e1 × e2,

and wherewi = vi − v0.
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Proof It follows by basic vector arithmetic that (e1, e2, e3) is a positive frame
adapted to{v0, v1, v2}. The choices of vectorse1 and e2 are dictated by the
definition of adapted frame. The choice ofe3 is dictated by the definition of
positive frame. �

Lemma 2.77(cylindrical coordinates) [EYFCXPP][formal proof by Nguyen
Quang Truong]. Let v0 andv1 be distinct points inR3. Let (e1, e2, e3) be a
positive frame wheree1 = (v1 − v0)/ ||v1 − v0 || . Then everyp ∈ R3 that is not
in the lineaff(v0, v1) can be uniquely expressed in the form

p = v0 + r cosψe2 + r sinψe3 + h(v1 − v0),

for some0 < r, 0 ≤ ψ < 2π, h ∈ R. Furthermore, assume thatp1 andp2 do
not lie in the lineaff(v0, v1). Then there exist uniqueψ, θ, r1, r2, h1, h2 such that
0 ≤ ψ < 2π, 0 ≤ θ < 2π, 0 < r1, 0 < r2, and

p1 = v0 + r1 cosψe2 + r1 sinψe3 + h1(v1 − v0),

p2 = v0 + r2 cos(ψ + θ) e2 + r2 sin(ψ + θ) e3 + h2(v1 − v0).

Finally, the angleθ is independent of the choice ofe2, e3 giving the positive
frame.

The degenerate pointp ∈ aff{v0, v1} is excluded from the lemma. Nev-
ertheless, it too has a cylindrical coordinate representation of the formp =
v0 + h(v1 − v0) (with r = 0). Only uniqueness fails, because everyθ gives the
same representation.

Remark2.78 The reader should carefully note the indexing of the vectors in
the orthonormal frame as it appears in the cylindrical coordinate system. This
book breaks with tradition by makingh the coefficient of the frame vectore1

(rather thane3) and makes a corresponding change in spherical coordinates.
This nontraditional order is better suited to the definitionof dihedral angle, the
arguments of which are grouped in pairs dihV({v0, v1}, {v2, v3}) to emphasize
the symmetriesv0 ↔ v1 andv2 ↔ v3. Under this pairing of arguments, the
axis of the dihedral angle is the line aff{v0, v1}, which gives the directionv1−v0

of the cylinder.

Definition 2.79(azim) [UJBHGUX][azim ! azim]Define azim(v0, v1, v2, v3),
theazimuthangle (orlongitude), to be the uniquely determined angleθ given
by the previous lemma for the pointsp1 = v2 andp2 = v3. By convention, let
the azimuth angle be 0 in the degenerate cases when{v0, v1, v2} or {v0, v1, v3}
is collinear.
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The azimuth and dihedral angles are closely related (Figure2.5). The az-
imuth angle takes values between 0 and 2π, but the dihedral angle is never
greater thanπ. The following lemma reveals that the azimuth angle is an ori-
ented extension of the dihedral angle and is always equal to dih or 2π − dih.

Lemma 2.80 [QQZKTXU] [formal proof by Nguyen Quang Truong].
Letv1 , v0 be a nonzero vectors inR3. Assume thatv2 andv3 do not lie in the
line aff{v0, v1}. Let

γ = dihV({v0, v1}, {v2, v3}).

Then

cos(azim(v0, v1, v2, v3)) = cosγ.

Proof For simplicity, takewi = vi − v0. Let w̄i = (w1 · w1)wi − (w1 · wi)w1.
From the assumptions of the lemma,w̄2 , 0. Sete2 = w̄2/ ||w̄2 || . Choose a
unit vectore3 so that (e2 × e3) · w1 > 0 ande2 · e3 = w1 · e3 = 0. Writewi in
cylindrical coordinates as

w2 = r1e2 + h1w1

w3 = r2 cosθ e2 + r2 sinθ e3 + h2w1.

The definition of azim gives azim(w0,w1,w2,w3) = θ. By definition, cosγ is
the angle between̄w2 andw̄3. We compute

w̄2 = ||w̄2 ||e2

w̄3 = (w1 · w1)r2 cosθ e2 + (w1 · w1)r2 sinθ e3.

The result cosθ = cosγ is now a result of the definition of angle (Defini-
tion 2.52). �

The previous lemma identifies the cosine of the azimuth angle. The final
lemma of this subsection determines the sign of its sine.

Lemma 2.81 [JBDNJJB] [formal proof by Nguyen Quang Truong].
Write x∼ y when there exists t> 0 such that x= ty. Then

sin(azim(0, v1, v2, v3)) ∼ (v1 × v2) · v3.

Proof The relation∼ is an equivalence relation. We may assume that{0, v1, v2}
and{0, v1, v3} are not collinear sets, because otherwise both sides are zero. Let
(e1, e2, e3) be the positive frame adapted to (0, v1, v2). Write v3 = r cosθ e2 +
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r sinθ e3 + he1 in cylindrical coordinates, whereθ = azim(0, v1, v2, v3). Then
by the explicit formulas for the positive frame,

(v1 × v2) · v3 ∼ (e1 × v2) · v3

∼ (e1 × e2) · v3

= e3 · v3

= r sinθ

∼ sinθ.

�

2.5.2 zenith angle

The following lemma identifies thezenithangleφ. Because it is easily ex-
pressed in terms of the more basic function arcV, there is little need to refer to
it directly.

Lemma 2.82(zenith) [QAFHJNM][formal proof by Nguyen Quang Truong].
Let (v0, v1) be an ordered pair of distinct points inR3. Let v2 , v0. Set
φ = arcV(v0, {v2, v1}) ∈ [0, π]. Lete1 be the unit vector(v1−v0)/ ||v1 − v0 || . Let
r = ||v2 − v0 || . Thenv2 can be expressed in the form

v2 = v0 + u + r cosφ e1,

whereu ·e1 = 0. The angleφ is called the zenith angle (or latitude) ofv2 along
(v0, v1).

Proof The lemma is a direct consequence of the definition of arcV:

(v2 − v0) · e1 = r cosφ.

�

Lemma 2.83(spherical coordinates)[XPHCPNY] Assume that{v0, v1, v2} ⊂
R

3 is not a collinear set. Let(e1, e2, e3) be the positive frame adapted to(v0, v1, v2).
Then for anyp,

p = v0 + r cosθ sinφ e2 + r sinθ sinφ e3 + r cosφ e1, (2.84)
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where5

r = ||v0 − p ||
φ = zenith angle ofp along(v0, v1)

θ = azim(v0, v1, v2, p).

Proof Cylindrical coordinates give

p = v0 + r ′ cosθ e2 + r ′ sinθ e3 + he1,

for someh andr ′ = ||p − v0 − he1 || ≥ 0. The zenith angle putsp in the form

p = v0 + r ′ cosθ e2 + r ′ sinθ e3 + r cosφ e1,

where

r2 = ||p − v0 ||2

= ||p − v0 − he1 ||2 + ||he1 ||2

= (r ′)2 + r2 cos2 φ,

Since sinφ, r, andr ′ are nonnegative, it follows thatr ′ = r sinφ, as desired. �

Definition 2.85(spherical coordinates)[LVDJVFD][spherical coordinates
! SPHERICAL COORDINATES] Equation (2.84) is called the spherical coor-
dinate representation ofp with respect to (v0, v1, v2).

2.6 Cycle

The azimuth angle of the spherical coordinate system determines a cyclic per-
mutation, called the azimuth cycle, on a finite set of points in R3, ordered ac-
cording to increasing azimuth angle. The basic properties of that permutation
are developed.

2.6.1 polar cycle

Let V = {v1, . . . , vk} be a finite set of nonzero points in the plane, with polar
coordinatesvi = (r i cosθi , r i sinθi). It is useful to order the set of points ac-
cording to increasing angle. To deal with degenerate cases when some points
have exactly the same angle, order the points with the lexicographic order on
their polar coordinates. We writevi ≺ v j for the total lexicographical order on

5 This book follows the variable naming conventions (θ, φ) of American calculus textbooks,
which reverses the international scientific notation.
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points:θi < θ j or bothθi = θ j andr i < r j . (The degenerate case of two equal
angles does not occur in this book, but by defining a total order, there is no
need to revisit the issue.) See Figure 2.7.

0

Figure 2.7[ROHSJRP] The polar cycle is the cyclic permutation of a finite
set of nonzero points in the plane in a counterclockwise direction.

Definition 2.86(polar cycle) [TNZQDCX][polar cycle ! polar cycle]

A cyclic permutationσ : V → V sendsv ∈ V to the next larger element with
respect to this order or back to the first element ifv is the largest. We callσ
thepolar cycleof the setV.

Forψ ∈ R, let T : R2 → R2 be the rotation of the plane:

(x, y) 7→ (xcosψ + ysinψ,−xsinψ + ycosψ). (2.87)

Letσ′ be the polar cycle forT(V). Then

σ′(Tv) = T(σv), for v ∈ V.

Lemma 2.88 [PDPFQUK] [formal proof by Nguyen Quang Truong].
Let θi be real numbers such that0 ≤ θi < 2π for i = 1, 2. Let

θ ji = θi − θ j + 2πk ji ,

where integers ki j satisfy0 ≤ θ ji < 2π. Then

θ12 + θ21 =















2π, if θi , θ j

0, if θi = θ j .

Proof The proof is elementary. �

The next lemma gives a precise form to the observation that given a finite
number of rays emanating from the origin in the plane, the sumof the included
angles is 2π. In precise form, the polar cycle is used to place a cyclic order on
the rays. There is a degenerate case when there is at most one ray.
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Lemma 2.89 [ISRTTNZ] [formal proof by Nguyen Quang Truong].
Let V⊂ R2 be a set of cardinality n that does not contain0. Letσ be the polar
cycle on V. In polar coordinates,

v = ( r(v) cosθ(v), r(v) sinθ(v) ) ,

for v ∈ V, with0 ≤ θ(v) < 2π. Write

θ(v,w) = θ(w) − θ(v) + 2πkpq,

for some integers kpq that give0 ≤ θ(v,w) < 2π. Then for allv ∈ V and all
0 ≤ i ≤ j < n,

θ(v, σi(v)) + θ(σi(v), σ j(v)) = θ(v, σ j(v)).

Moreover, if there existv,w ∈ V such thatθ(v) , θ(w),

n−1
∑

i=0

θ(σiv, σi+1v) = 2π.

(If θ(v) = θ(w) for all v,w ∈ V, then all the summands are zero.)

Proof Fix v ∈ V. For 0≤ i < n, defineθi by θ0 = θ(v) and

θi = θ(σi(v)) + 2πℓi,

whereℓi satisfiesθ0 ≤ θi < θ0 + 2π. It follows from the definition of the polar
cycle thatθi ≤ θ j for 0 ≤ i ≤ j < n. Thenθ(σiv, σ jv) = θ j − θi . The first
conclusion of the lemma reduces to

(θi − θ0) + (θ j − θi) = (θ j − θ0).

The second conclusion reduces to
n−2
∑

i=0

(θi+1 − θi) + θ(σn−1v, v) = θ(v, σn−1v) + θ(σn−1v, v).

By the previous lemma, this is 0 or 2π. �

2.6.2 azimuth cycle

As already defined, the polar cycle is a cyclic permutation ona set of vectors
in the plane that traverses them in order of increasing angle. What follows is
the corresponding construction in three dimensional space. There is a cyclic
permutation, called theazimuth cycle, on a setV of vectors in space that tra-
verses them in order of increasing azimuth angle. Most of thework for this
construction has already been done in the subsection on polar cycle, because
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the azimuth cycle may be constructed as the polar cycle on theprojection of
V to a plane. However, a nondegeneracy condition must be imposed onV to
ensure that the projection to the plane is one-to-one. The following definition
captures this nondegeneracy condition.

Definition 2.90 (cyclic set) [KFKHLWK] [cyclic set ! cyclic set]

Let (v0, v1) be an ordered pair of distinct points inR3. Let V be a finite set
of points inR3. We say thatV is cyclicwith respect to (v0, v1) if the following
two conditions hold.

1. If u = w + h(v1 − v0), with u,w ∈ V andh ∈ R, thenu = w.
2. The line throughv0 andv1 does not meetV.

A cyclic setV has a well-defined azimuth cycle (Figure 2.8).

V

Figure 2.8[HOUNZSY] The azimuth cycle is a cyclic permutation of a finite
setV of points inR3 that projects orthogonally to the polar cycle in the plane.

Definition 2.91 (azimuth cycle) [YESEEWW] [σ ! azim cycle] Let v0

andv1 be distinct points inR3. LetV be a finite set of points inR3 that is cyclic
with respect to (v0, v1). Selectp ∈ R3 such that{v0, v1, p} is not collinear
and let{e1, e2, e3} be the corresponding positive, adapted, frame. Letf be the
projection map:

v0 + xe2 + ye3 + ze1 7→ (x, y).

Let σ′ be the polar cycle onf (V). We defineσ : V → V by fσ(u) = σ′ f (u)
and callσ theazimuth cycleonV with respect to (v0, v1).

Because facts about the polar cycle lift to facts about the azimuth cycle, the
next few lemmas follow naturally.
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Lemma 2.92 [NLOFMTR] The azimuth cycleσ : V → V on a cyclic set V
with respect to(v0, v1) does not depend on the choice ofp ∈ R3 such that
{v0, v1, p} is noncollinear.

Proof The lemma follows from independence ofσ ′ from rotations in the
{e2, e3} plane in (2.87). �

Lemma 2.93 [YVREJIS] [formal proof by Nguyen Quang Truong].
Let (v0, v1) be an ordered pair of points inR3, with v0 , v1. Assume that
{v2, v3} is cyclic with respect to(v0, v1). Then

azim(v0, v1, v2, v3) + azim(v0, v1, v3, v2) =















2π, if azim(v0, v1, v2, v3) , 0,

0, if azim(v0, v1, v2, v3) = 0.

Proof The lemma follows immediately from Lemma 2.88. �

Lemma 2.94 [ULEKUUB] Let (v0, v1) be an ordered pair of points inR3, with
v0 , v1. Let V be a finite set inR3 of cardinality n that is cyclic with respect to
(v0, v1), with azimuth cycleσ. Then for allu ∈ V, and all0 ≤ i ≤ j < n,

azim(v0, v1, u, σi(u)) + azim(v0, v1, σ
i(u), σ j(u)) = azim(v0, v1, u, σ j(u)).

Moreover, if there existsw ∈ V such thatazim(v0, v1, u,w) , 0, then

n−1
∑

i=0

azim(v0, v1, σ
iu, σi+1u) = 2π.

(If azim(v0, v1, u,w) = 0 for all w ∈ V, then all the summands are zero.)

Proof This follows immediately from Lemma 2.89. �

2.6.3 spherical triangle inequality

The geodesic length between two pointsu, v on a unit sphere centered atv0 is
arcV(v0, {u, v}). The following lemma is part of the verification that the func-
tion d(u, v) = arcV(v0, {u, v}) is a metric on the unit sphere. The lemma ex-
cludes the degenerate case when points on the sphere are antipodal.

Lemma 2.95 [KEITDWB] [formal proof by Nguyen Quang Truong].
Let {v0, v1, v2, v3} be a set of four points inR3. Assume thatv0 is not collinear
with any pair of other points. Then

arcV(v0, {v1, v3}) ≤ arcV(v0, {v1, v2}) + arcV(v0, {v2, v3}).

Equality occurs if and only ifv2 ∈ aff+(v0, {v1, v3}).
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Proof Let v′2 be the projection ofv2 to the plane aff{v0, v1, v3}. By the spher-
ical law of cosines in the special case of a right triangle,

cosψ = cosβ cosα ≤ cosβ,

whereψ = arcV(v0, {v1, v2}), β = arcV(v0, {v1, v′2}), α = arcV(v0, {v2, v′2}).
Thus, arcV(v0, {v1, v′2}) = β ≤ ψ = arcV(v0, {v1, v2}). Similarly,

arcV(v0, {v′2, v3}) ≤ arcV(v0, {v2, v3}).

Thus, it is enough to show that

arcV(v0, {v1, v3}) ≤ arcV(v0, {v1, v′2}) + arcV(v0, {v′2, v3}).

The pointsv0, v1, v3, v′2 are coplanar. By the additivity of angles (Lemma 2.89),
if v′2 ∈ aff+(v0, {v1, v3}), then

arcV(v0, {v1, v3}) = arcV(v0, {v1, v′2}) + arcV(v0, {v′2, v3}),

and otherwise,

arcV(v0, {v1, v3}) = || arcV(v0, {v1, v′2}) − arcV(v0, {v′2, v3}) || .

The inequality ensues.
Further inspection shows that equality occurs exactly whenα = 0 andv′2 ∈

aff+(v0, {v1, v3}). Equivalently,v′2 = v2 ∈ aff+(v0, {v1, v3}). �

Lemma 2.96 [FGNMPAV] [formal proof by Nguyen Quang Truong].
Let{v0, u0, u1, u2, . . . , ur } be a set of points inR3. Assume that no triple{v0, ui , ui+1}
is collinear. Assume that{v0, u0, ur } is not collinear. Then

arcV(v0, {u0, ur }) ≤
r−1
∑

i=0

arcV(v0, {ui , ui+1}).

Proof The proof is an easy induction onr with base case given by Lemma 2.95.
�

2.7 Chapter Summary

We give a brief chapter summary. The trigonometric functions cos, sin, arctan,
arccos are defined in the standard way. The function arctan2(x, y) is an exten-
sion of arctan(y/x) to every point (x, y) in the plane. It is the polar coordinate
angle of (x, y).
R

N is the vector space of functions from the finite setN to R. If n ∈ R, then
by convention,Rn = RN, whereN = {0, . . . , n − 1}. A bold faceu, v, p, q is
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used for points inRN. Vector space operations, the dot productu · v, and the
norm ||u || are defined in the standard way.

We write aff(S) for the affine hull of a set and conv(S) for the convex hull
of a set. The notation is extended to allow inequality constraints:

aff±(V,V
′) = {t1v1 + · · · tnvn : t1 + · · · + tn = 1,±t j ≥ 0, for j > k},

aff0
±(V,V

′) = {t1v1 + · · · tnvn : t1 + · · · + tn = 1,±t j > 0, for j > k}.

Lines, planes, rays, cones, half-planes, half-spaces, andconvex hulls can all be
represented in this compact notation.

The function arcV(u, {v,w}) gives the angle at pointu of a triangle with ver-
ticesu, v,w. The function arc(a, b, c) is the angle oppositec of a triangle with
sidesa, b, c. The function dihV is the dihedral angle of a simplex, expressed
as a function of its four vertices. The function dih is the dihedral angle of a
simplex, expressed as a function of its six edges. The polynomialsυ and∆,
which appear in formulas for volume, area, and angle, dependon three and six
variables, respectively.

The cylindrical coordinates of a point inR3 are (r, θ, h). The spherical coor-
dinates are (r, θ, φ). The angleθ is called the azimuth angle and is determined
by four pointsv0, v1, v2, v3. The angleφ is the zenith angle. This book follows
a nonstandard convention for the labeling of the coordinateaxes in cylindrical
and spherical coordinates: the central line of the cylinderand the line through
the poles of the coordinate sphere lie in the direction of thefirst unit vectore1.

The cyclic permutation of a finite set of points in the plane, ordered by in-
creasing angle in polar coordinates is called the polar cycle. The cyclic per-
mutationσ of a finite set of points in three-dimensional space, orderedby
increasing azimuth angle is called the azimuth cycle.
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Volume

Summary. In this chapter a general working knowledge of measure in
three-dimensional Euclidean space is assumed. Nowhere does this book
directly need integration. Measure alone suffices. Volume formulas for
various classical solids are stated. Most of the volumes considered in this
chapter (such as that of the ball, a rectangle, a tetrahedron, and a frustum)
have been known since antiquity. This chapter describes thevolumes of
every three-dimensional solid that appears anywhere in thebook.

To keep the presentation as simple as possible, we avoid surface in-
tegrals. As an elementary substitute for surface integration on a sphere,
this book systematically replaces subsets of the unit sphere with three-
dimensional solids, called radial sets. This chapter presents basic prop-
erties of radial sets.

Finally, Section 3.3 uses the volume formula for cubes to estimate the
number of integer lattice points in a ball of large radius.

3.1 Background in Measure

This book uses the concepts of null set, measurable set, and volume in three
dimensions; the existence of these concepts with stated properties is assumed
without proof.1

Definition 3.1 (vol, measurable, null) [EABVAEK] Let vol be the Lebesgue
measure on Euclidean spaceR3. A null set is a Lebesgue measurable subset

1 Harrison has already implemented gauge integration, whichis much more than what this book
requires, inside the proof assistant HOL Light [24].
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of R3 of measure zero. Ameasurableset in this book is a subset ofR3 that is
bounded and Lebesgue measurable.

Remark3.2 [KEKGFJK]The Lebesgue measure may be replaced with various
alternatives (for example, Riemann or gauge) of measure in this definition. A
list of three-dimensional solids (a rectangle, a ball, a tetrahedron, a frustum,
and so forth), calledprimitive regions, is provided by Definition 3.22. These
primitive regions are measurable (and have the same volume)with respect to
almost any normalized translation invariant measure.

Lemma 3.3(null set) [OWCZKJR]Null sets have the following properties.

1. A measurable subset of a null set is a null set.
2. A union of two null sets is a null set.
3. A plane is a null set.
4. A sphere is a null set.
5. A circular cone is a null set; that is, a union of all lines through a fixed

pointp and at a fixed angle to a given line throughp.

Lemma 3.4(measurable) [NUKRQDI]Measurability has the following prop-
erties.

1. Null sets are measurable.
2. Primitive regions are measurable (Definition 3.22).
3. The union of two measurable sets is measurable.
4. The intersection of two measurable sets is measurable.
5. The difference of two measurable sets is measurable.

Lemma 3.5(volume) [ATOAPUN] Volume has the following properties.

1. (nonnegative) The volume is defined for every measurable set. It is a non-
negative real number.

2. (null set) The volume of a null set is zero.
3. (null difference) If X and Y are measurable, and if the symmetric difference

of X and Y is contained in a null set, then X and Y have the same volume.
4. (union) If X and Y are measurable sets, and if X∩ Y is contained in a null

set, then

vol(X ∪ Y) = vol(X) + vol(Y).
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5. (linear stretch) For X ⊂ R3, andv ∈ R3, set

Tv(X) = {(v1u1, v2u2, v3u3) : u ∈ X}.

If X and Tv(X) are measurable, thenvol(Tv(X)) = |v1v2v3|vol(X).
6. (translation) If X ⊂ R3 andv ∈ R3, then let X+ v = {p + v : p ∈ X}. If X

is measurable, then X+ v is as well, andvol(X) = vol(X + v).
7. (primitives) If X is a primitive region, thenvol(X) is given by the formulas

of Lemma 3.23 and Lemma 3.25.

3.2 Primitive Volume

This book accepts certain elementary volume calculations as assumed back-
ground. These volumes are called primitive volumes. All further volumes cal-
culations are obtained from these through the basic properties of measure.

To fix a convention, this book prefers to take the volume of open sets when-
ever that can be arranged. It begins with a description of some of the primitive
regions.

3.2.1 radial set

Surface integrals are not required in this book. Although the solid angleis
traditionally defined as a surface integral, it is simpler togive an alternative
definition based on volume.

Definition 3.6 (ball) [VSPMVNR] The open ballB(v, r) with centerv and
radiusr is the set

{q ∈ R3 : ||v − q || < r}.

The closed ball̄B(v, r) is

{q ∈ R3 : ||v − q || ≤ r}.

Definition 3.7 (radial) [QPHVSMZ] A setC is r-radial at centerv if the two
conditionsC ⊂ B(v, r) andv + u ∈ C imply v + tu ∈ C for all t satisfying
0 < ||u || t < r. A setC is eventually radialat centerv if C ∩ B(v, r) is r-radial
at centerv for somer > 0.

Lemma 3.8 (radial intersection) [KODOBRF] If C and C′ are r-radial at v,
then C∩C′ is also r-radial atv.
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Lemma 3.9 (eventually radial) [LBWOPAH] If C is r-radial for some r> 0
then it is eventually radial.

Lemma 3.10(radial scale) [PUACSHX] [formal proof by Nguyen Tat
Thang, Nov 2008]. Assume that C is measurable and r-radial atv. Let0 ≤
r ′ < r. Then C∩ B(v, r ′) is measurable andvol(C ∩ B(v, r ′)) = vol(C)(r ′/r)3.

Proof The radial setC transforms intoC ∩ B(v, r ′) by a sequence of transla-
tions and linear stretches. �

Definition 3.11(solid angle) [MASYUQQ]WhenC is measurable and eventu-
ally radial at centerv, define thesolid angleof C atv to be

sol(v,C) = 3vol(C ∩ B(v, r))/r3,

wherer is as in the definition of eventually radial. By Lemma 3.10, this defini-
tion is independent of any suchr. When the centerv is clear from the context,
write sol(C) for sol(v,C).

Lemma 3.12(solid angle) [VQFENMT] If C is measurable and r-radial atv,
then the volume of C satisfies

vol(C) = sol(v,C)r3/3.

Moreover, if C is bounded away fromv, then C is eventually radial atv, and
sol(v,C) = 0.

Proof These properties follow immediately from the definitions. �

3.2.2 wedge

Definition 3.13 (wedge) [NIQRVNM] Assume thatv0 , v1 and thatw1 and
w2 do not lie on the line aff{v0, v1}.

W0(v0, v1,w1,w2) = {p : 0 < azim(v0, v1,w1, p) < azim(v0, v1,w1,w2)},
W(v0, v1,w1,w2) = {p : 0 ≤ azim(v0, v1,w1, p) ≤ azim(v0, v1,w1,w2)}.

Both sets are calledwedges.

Definition 3.14 (lune) [MVIADQK] The set aff0
+({v0, v1}, {v2, v3}), called a

lune, is given in Definition 2.35. It is the intersection of two open half-spaces

aff0
+({v0, v1}, {v2, v3}) = aff0

+({v0, v1, v2}, v3) ∩ aff0
+({v0, v1, v3}, v2).
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A lune is a special case of a wedge, restricted to have an azimuth angle
less thanπ. To specify a lune, the ordering of{v2, v3} is irrelevant, just as it is
in the dihedral angle dih({v0, v1}, {v2, v3}). To specify a wedge, the ordering of
(v0, v1,w1,w2) does matter. A reversal of (w1,w2) complements the wedge (up
to the shared boundary). The next lemma shows that a lune is indeed a special
case of a wedge.

Lemma 3.15(lune wedge) [VICUATE] Let {v0, v1, v2, v3} be a set of four
points inR3. Assume that the set is not coplanar. Assume thatazim(v0, v1, v2, v3) <
π. Then,

W0(v0, v1, v2, v3) = aff0
+({v0, v1}, {v2, v3}).

3.2.3 primitive types

Definition 3.16(tetrahedron) [XRRLDYK] A tetrahedron is a set of the form

TET{v1, v2, v3, v4} = aff0
+(∅, {v1, v2, v3, v4}).

Definition 3.17 (solid triangle) [OWTPAPZ] Thesolid triangleTRI(v0,V, r)
is determined byv0 ∈ R3, a setV = {v1, v2, v3} ⊂ R3, and a radiusr ≥ 0:

TRI(v0,V, r) = B(v0, r) ∩ aff+(v0,V).

Definition 3.18(rcone) [UJAARGK]Define the followingright-circular cones.
If v andw are points inR3, andh ∈ R, then set

rcone(v,w, h) = {p : (p − v) · (w − v) ≥ ||p − v || ||w − v ||h},
rcone0(v,w, h) = {p : (p − v) · (w − v) > ||p − v || ||w − v ||h}.

Definition 3.19(frustum, FR) [OSOVFFQ] The frustum FR(v0, v1, h′, h, a) is
specified by an apexv0 ∈ R3, heights 0≤ h′ ≤ h, a vectorv1 − v0 giving its
direction, anda ∈ [0, 1]. The set FR is given as

{p ∈ rcone0(v0, v1, a) : h′ ||v1 − v0 || < (p − v0) · (v1 − v0) < h||v1 − v0 || }.
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That is, the frustum is the part of a right-circular cone between two parallel
planes that cut the axis of the cone at a right angle. Whenh′ = 0, the frustum
extends to the apex of the cone. Whenh′ = 0, it is dropped from the notation:
FR(v0, v1, h, a) = FR(v0, v1, 0, h, a).

Definition 3.20 (conic cap) [IQJNKRA] The conic cap CAP(v0, v1, r, a) is
specified by an apexv0 ∈ R3, radiusr ≥ 0, nonzero vectorv1 − v0 giving
direction, and constanta. The conic cap is the intersection of the ballB(v0, r)
with a solid right-circular cone:

CAP(v0, v1, r, a) = {p ∈ B(v0, r) : (p− v0) · (v1− v0) > ||p − v0 || ||v1 − v0 || a}.

Remark3.21 (quadratic solids) [JFKYUIE] By Tarski arithmetic, a tetrahe-
dron can also be described as the intersection of four open half-spaces. More-
over, all of the three-dimensional solids that have just been defined are de-
scribed by linear and quadratic constraints.

TRI

CAP B

RECT TET

FR

Figure 3.1[HFHVHSV] All solids in this book can be constructed from the
rectangle, tetrahedron, solid spherical triangle, and wedges of a frustum,
conic cap, and ball.

Definition 3.22(primitive) [UGDOENP]A primitive region(Figure 3.1) is any
of the following:

1. A rectangle

RECT(a, b) = {p : ai < pi < bi , for i = 1, 2, 3.}.

2. A tetrahedron TET{v0, v1, v2, v3}.
3. A solid triangle TRI(v0, {v1, v2, v3}, r).
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4. A frustum or a wedge of a frustum:

FR(v0, v1, h1, h2, a) ∩W0(v0, v1, v2, v3).

5. A conic cap or a wedge of a conic cap:

CAP(v0, v1, r, c) ∩W0(v0, v1, v2, v3).

6. A ball or a wedge of a ball

B(v0, r) ∩W0(v0, v1, v2, v3).

The set of primitives is not minimal. In particular, the rectangle is a union of
tetrahedra, and the wedge of a ball is a union of solid triangles (up to a null
set).

3.2.4 volume calculations

Lemma 3.23(primitive volume) [PAZNHPZ]

1. A rectangleRECT(a, b) has volume zero unless ai < bi for all i. In this case,
the volume is

(b3 − a3)(b2 − a2)(b1 − a1).

2. A tetrahedronTET{v1, v2, v3, v4} has volume
√

∆(x12, x13, x14, x34, x24, x23)/12,

where xi j = ||vi − v j ||2.
3. Letv1, v2, v3 be unit vectors. A solid triangleTRI(v0, {v1, v2, v3}, r) has vol-

ume

(α1 + α2 + α3 − π)r3/3,

whereαi = dihV({v0, vi}, {v j , vk}).
4. The frustumFR(v0, v1, h, a) (with h′ = 0) has volume

π(t2 − h2)h/3, h = ta.

5. The conic capCAP(v0, v1, r, a) has volume

2π(1− a)r3/3.

6. The ball B(v0, r) has volume

4πr3/3, when r≥ 0,
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We do not give a proof of Lemma 3.23. It is part of the background in
measure theory assumed at the beginning of the chapter. (Theenumeration
of background properties of volume in Lemma 3.5 makes a forward reference
to Lemma 3.23.) The measurability of these primitive regions is also part of
the background assumptions. An incomplete sketch of the lemma follows.

Proof sketch The volume of a tetrahedron is

| det(v2 − v1, v3 − v1, v4 − v1)|/6.

Cayley and Menger evaluated the square of this determinant (Section 2.3.3).
The square is∆/4, with∆ ≥ 0.

The formula for the volume of a solid triangle isr3/3 times its solid angle.
Girard’s formula

α1 + α2 + α3 − π (3.24)

for the area of a spherical triangle is classical (Figure 3.2). Euler’s formula
(Lemma 2.73) gives another formula for the area, which is sometimes more
convenient.

γ
α

β

γ
α

β
I

II

III

IV

V

VI

Figure 3.2[WQUMHN] The area of a spherical triangleT is calculated by
inclusion-exclusion: six lunes with areas 2α, 2α, 2β,2β, 2γ,2γ cover bothT
and the congruent antipodal triangle three times and the rest of the unit sphere
once. This gives the equation 6 area(T)+ (4π − 2 area(T)) = 4α + 4β + 4γ, or
area(T) = α + β + γ − π.

The volume of a right-circular cone, 1/3 its base area times height, has been
known from antiquity.

The conic cap volume isr3/3 times its solid angle, which computed as a
surface of revolution for the curvex2 + y2 = 1 (Figure 3.3):

2π
∫ 1

a
|y|

√

1+ (y′)2 dx= 2π
∫ 1

a
|y|

√

1/y2 dx= 2π
∫ 1

a
dx= 2π(1− a). �



i

i

3.2 Primitive Volume 71

1 y

α

δ

ℓ

Figure 3.3[WQBMWZO] To first order approximation inδ, the surface area
2πy ℓ of rotation of a slice of widthδ of a unit sphere equals the area
2πy (δ secα) = 2π δ of the surface area of the cone tangent to the sphere,
which is independent ofy andα. It follows that the surface area of the part of
a unit sphere between two parallel planes depends only on theseparation of
the two planes.

When a region is realized by revolution along an axis aff{v0, v1}, we can
also give the volume of the intersection of the region with a wedgeW0 =

W0(v0, v1, v2, v3). These intersections are measurable by the last statementof
Lemma 3.23 (withr sufficiently large). In the following lemma, let

θ = azim(v0, v1, v2, v3).

Lemma 3.25(wedge volume) [DFNVMFM] Let C be

CAP(v0, v1, r, a), B(v0, r), or FR(v0, v1, h, a).

Let m be the volume of C. Then C∩W0 has volume mθ/(2π).

This lemma is also part of the assumed background material onvolumes,
cited at the beginning of the chapter in Lemma 3.5. Of course,these are ele-
mentary integrals.

All of the primitive regions (except the rectangle) are eventually radial at
the natural base pointv0 and have a solid angle. In fact, the intersection of any
primitive region (again except the rectangle) with a small ball at v0 is again a
primitive region. Thus, the earlier volume calculations immediately yield solid
angle formulas as well.

Lemma 3.26(primitive solid angle) [FUPXNLC]

1. TET{v0, v1, v2, v3} is eventually radial atv0 with solid angle

(α1 + α2 + α3 − π), αi = dihV({v0, vi}, {v j, vk}).
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2. TRI(v0, {v1, v2, v3}) is eventually radial atv0 with solid angle

(α1 + α2 + α3 − π), αi = dihV({v0, vi}, {v j, vk}).

3. FR(v0, v1, h, a) is eventually radial atv0 with solid angle2π(1− a).
4. CAP(v0, v1, r, a) is eventually radial atv0 with solid angle2π(1− a).
5. B(v0, r) is eventually radial atv0 with solid angle4π.

Proof In every case, the intersection of the region withB(v0, r ′), for r ′ > 0
sufficiently small, is a ball, a conic cap, or a solid triangle. These volumes have
already been calculated. This gives the results as stated. �

Lemma 3.27(wedge solid angle)[FMSWMVO]Let C be eitherCAP(v0, v1, r, a),
B(v0, r), or FR(v0, v1, h, a). Then C and C∩ W0 are eventually radial atv0.
Furthermore, C∩W0 has solid angle sθ/(2π), where s is the solid angle of C.

Proof The intersection ofC ∩W0 is one of the primitive regions with a solid
angle that has already been calculated in Lemma 3.25. �

3.3 Finiteness and Volume

Previous sections have developed all of the volume calculations that are needed
in this book. This chapter concludes with some elementary estimates based on
the volumes of cubes and balls.

Lemma 3.28 [WQZISRI][formal proof by Nguyen Tat Thang]. For
all p ∈ R3 and all r ≥ 0, the setZ3 ∩ B(p, r) is finite of cardinality at most
4π(r +

√
3)3/3.

Proof If v ∈ Z3 ∩ B(p, r), then theith coordinatevi of v must lie in the finite
range

pi − r ≤ vi ≤ pi + r.

Hence, there are only finitely many possibilities forv.
Place an open unit cube at each point ofZ3 ∩ B(p, r). The cubes are mea-

surable, disjoint, and contained inB(p, r +
√

3). Thus, the combined volume
of the cubes, which is card(Z3 ∩ B(p, r)), is no greater than the volume of the
containing ball. The result ensues. �

Lemma 3.29 [PWVIIOL][formal proof by Nguyen Tat Thang]. For
all p ∈ R3 and all r ≥

√
3, the setZ3 ∩ B(p, r) is finite of cardinality at least

4π(r −
√

3)3/3.
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Proof Lemma 3.28 establishes finiteness. Place a closed unit cube at each
point ofZ3 ∩ B(p, r). The cubes are measurable and coverB(p, r −

√
3). Thus,

the combined volume of the cubes is at least the volume of the covered ball.
The result ensues. �

Lemma 3.30(lattice shell) [TXIWYHI] [formal proof by Nguyen Tat
Thang]. For all p ∈ R3 and all r0, r1 > 0, there exists a C such that for all
r ≥ r1,

card(Z3 ∩ (B(p, r + r0) \ B(p, r − r1))) ≤ Cr2.

Proof Whenr ≥ r1 +
√

3, the previous two lemmas show that the cardinality
is at most 4π/3 times

(r + r0 +
√

3)3 − (r − r1 −
√

3)3 ≤ C′r2

for someC′. Similarly, if r1 ≤ r ≤ r1 +
√

3, the cardinality is at most some
fixed constantC′′. The result ensues. �
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Hypermap

Summary. A planar graph, which is a graph that admits a planar embed-
ding, has too little structure for our purposes because it does not specify
a particular embedding. A plane graph carries a fixed embedding, which
gives it a topological structure where combinatorics aloneshould suffice.
A hypermap gives just the right amount of structure. It is a purely com-
binatorial object, but carries information that the planargraph lacks by
encoding the relations among nodes, edges, and faces. This chapter is
about hypermaps.

In the original proof of the Kepler conjecture, the basic combinatorial
structure was that of a planar map, as defined by Tutte [47]. Although
planar maps appear throughout that proof, they are lightweight objects,
in the sense that no significant structural results are needed about them.

Gonthier makes hypermaps the fundamental combinatorial structure in
his formal proof of the four-color theorem [16]. His formal proof elimi-
nates topological arguments such as the Jordan curve theorem in favor
of purely combinatorial arguments. When I learned of Gonthier’s work,
I significantly reorganized the proof by replacing planar maps with hy-
permaps, making them heavyweight objects, in the sense thatsignificant
structural results about them are needed.

As a result of these changes, many parts of the proof that wereorig-
inally done topologically can now be done combinatorially,a change
that significantly reduces the effort required to formalize the proof. These
changes also make it possible to treat rigorously what was earlier done
by geometric intuition. For example, the original proof made implicit use
of the equivalence of two different notions of a planar map: a combina-
torial notion that was used in the computer algorithms and a topological
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notion of an equivalence class of embeddings of a graph into asphere.
Hypermaps make this equivalence explicit and rigorous.

Put simply a hypermap is a finite set together with two permutations on
that set. It is therefore useful to start the chapter with a brief review of per-
mutations. The second section develops the basic terminology of hyper-
maps. The next section describes various transformations of hypermaps
called walkup transformations. These transformations canbe viewed as
corresponding to operations such as contracting an edge in agraph or
deleting a node of a graph. Next, properties of planar hypermaps are de-
veloped. The final sections prove the correctness of an algorithm to gen-
erate all planar hypermaps with given properties. The algorithm can be
described heuristically in terms of drawing graphs in pencil and pen on a
sheet of paper. This algorithm has been implemented as a computer pro-
gram. The output from this program is an essential part of theproof of the
Kepler conjecture.

4.1 Background on Permutations

This section reviews the theory of permutations, as presented in standard text-
books.

Definition 4.1 (permutation) [IFPQAWD] [permutation ! permutes]

[ID ! I] [ f −1
! inverse] [ f k

! POWER] A permutation fon a set
D is a bijectionf : D→ D.

For example, the identity mapID on a setD is a permutation:

ID(x) = x for all x ∈ D.

If f : D → D is a permutation, then its inverse functionf −1 : D→ D is also a
permutation. It satisfies

f f −1 = f −1 f = ID.

(This chapter uses product notationf g for the compositionf ◦ g of maps.) If
D is a finite set, and two mapsf , g : D → D satisfy f g = ID on D, then f and
g are permutations and are inverses of one another:

f g = g f = ID.
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Natural number powersf k of a permutationf : D → D are defined recur-
sively by

f 0 = ID, and f k+1 = f f k.

Integer powersf m of a permutation are defined as

f m = f i( f −1) j,

wherem= i − j. This is well-defined. The usual rule of exponents holds:

f m+n = f m f n.

If f : D→ D is a permutation on a finite setD, then there is a smallest pos-
itive integerk such thatf k = ID. The integerk is theorder of the permutation
f . If f m = ID for somem, thenm = ki for some integeri, wherek is the order
of f . The inversef −1 = f k f −1 = f k−1 can be written as a nonnegative power
of f .

A permutationf of a finite setD is cyclic if for every x, y ∈ D, there exists
an integeri such thatf i x = y.

The set of all permutations of the set{0, 1, 2, . . . , k − 1} is written Sym(k).
The set Sym(k) is finite and has cardinalityk!.

4.2 Definitions

A hypermap, presented in the next definition, is the main subject of this chapter.

Definition 4.2 (hypermap, dart) [ZIHYYRA][hypermap ! (:(A)hypermap)]

[dart ! dart] [e ! edge map] [ f ! face map] [n ! node map]

[set of faces ! face set] [set of edges ! edge set] [set of

nodes ! node set] A hypermapis a finite setD, together with three func-
tionse, n, f : D→ D that compose to the identity

en f = ID.

The elements ofD are calleddarts. The functionse, n and f are called theedge
map, thenode map, and theface map, respectively.

Remark4.3 (plane graphs as hypermaps)[IVPJYAG] A hypermap is an ab-
straction of the concept of plane graph. Place a dart at each angle of a plane
graph (Figure 4.1). One function,f , cycles counterclockwise around the angles
of each face. Another function,n, rotates counterclockwise around the angles
at each node. A third function,e, pairs angles at opposite ends of each edge.
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The hypermap extracts the data (D, e, n, f ) from the plane graph and discards
the rest.

This construction of hypermaps from plane graphs is our primary reason to
study hypermaps. Many of the lemmas and proofs in this chapter are standard
results about plane graphs, translated into the language ofhypermaps.

f

n e

Figure 4.1[ZGPXAWJ] A plane graph is given by the gray edges and circular
nodes as shown. Twelve darts mark the angles of the plane graph. Darts may
be permuted about faces (f ), nodes (n), and edges (e) of the plane graph to
form a hypermap.

It follows from the background on permutations thate, n, f are all permuta-
tions onD. A hypermap satisfies

en f = n f e= f en= ID. (4.4)

This triality relation shows that if (e, n, f ) give a hypermap, then so do (n, f , e)
and (f , e, n). Because of these symmetries in the defining relation, there are
multiple versions of theorems about hypermaps, all obtained from one proof
by symmetry. Alternatively, it is possible to define a hypermap as a finite set
with two permutationse, n, leaving f to be derived fromen f = ID; however,
the triality symmetry would be lost in such a definition.

Inverted, this triality becomes

n−1e−1 f −1 = ( f en)−1 = ID.
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This inversion is the abstract form of the duality between nodes and faces in a
plane graph.

Definition 4.5 (path, list, sublist, dart set, visit)[RRQWGAY][path ! is path]

Let D be a set of darts and letS be a set of permutations ofD. A pathwith
stepsin S from x0 to xk−1 is a list1 of darts [x0; x1; . . . ; xk−1] such that for each
i, xi+1 = hi xi for somehi ∈ S. A sublistof a list is a consecutive subsequence
[xi ; xi+1; . . . ; x j ], with 0 ≤ i ≤ j ≤ k − 1. A unit list is a list of the form [x].
A path is injectiveif the conditionxi = x j implies i = j. Thedart setof L is
{x0, x1, . . . , xk−1}. A pathvisitsa dartx, if x is an element of the dart set ofL.
A set of pathsvisitsa dartx, if some path in the set visits the dart.

Definition 4.6 (∼S) [IENSLJP] Let D be a set and letS be a set of permuta-
tions onD. Define a relation on the set of darts byx ∼S y if and only if a path
runs fromx to y with steps inS.

This book intentionally avoids group theory to keep the theoretical back-
ground to a minimum. The relation could be expressed group theoretically by
sayingx ∼S y means thatx andy lie in the same orbit of the group generated
by S. The following simple lemma provides a substitute for grouptheory.

Lemma 4.7(equal equivalences)[YBGABWW] Let (D, e, n, f ) be a hypermap
and let S be a set of permutations. Then for each h1, h2 ∈ S , the relation∼S is
the same as the relation∼T , where

T = S ∪ {h1h2}.

Moreover, for each h∈ S , the relation∼S is the same as the relation∼T , where

T = S ∪ {h−1}.

Also, the relation∼S (that is,∼T ) is an equivalence relation.

Proof If x ∼S y, then clearlyx ∼T y. Conversely, ifx ∼T y, whereT =
S ∪ {h1h2}, select a pathP from x to y with steps inT that contains the fewest
h1h2-steps.

P does not contain2 any h1h2-steps. Otherwise, a sublist [. . . ; u; h1h2u; . . .]
of P can be expanded to a path [. . . ; u; h2u; h1u; . . .] that contradicts the mini-
mal property ofP. This claim gives the first conclusion of the lemma.

1 The empty path [] seems to have an ancient origin: “This is thepath made known to me when
I had learned to remove all darts.” –The Dhammapada

2 This paragraph continues with the book’s general convention of typesetting in italic a claim
that is followed by its justification.
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Fix h in a set of permutationsR. By an induction that uses the first conclu-
sion, for alli,∼R equals the relation∼R(h,i), whereR(h, i) = R∪{h, h2, . . . , hi}. If
h ∈ S is an element of orderk, andT = S ∪ {h−1}, then the second conclusion
follows because the following sets give the same relation:

S, S(h, k− 1) = T(h, k− 2), T.

By repeated action of the previous conclusion, we obtain (∼S) = (∼T),
whereT = S ∪ S−1 ∪ {ID}, and whereS−1 = {h−1 : h ∈ S}. The unit
path [x] yields reflexivity of∼T . Also, T−1 = T gives the symmetry. Finally,
concatenation of paths gives transitivity. Thus,∼T (i.e.,∼S) is an equivalence
relation. �

Several of the following definitions – components, connected, node, edge,
face – have been appropriated from planar graph theory. These definitions are
intended to capture the intuitive notions of the nodes and edges of a graph,
faces of a plane graph, and connectivity.

Definition 4.8 (combinatorial component, connected)[JVTRXQR][combinatorial
component ! comb component][#c ! number of components][connected

! connected hypermap]A combinatorial componentof a hypermap (D, e, n, f )
is an equivalence class of the relation∼S, whereS = {e, f , n}. (See Lemma 4.7
for other sets that define the same equivalence classes.) Let#c denote the num-
ber of combinatorial components of (D, e, n, f ). The hypermap isconnectedif
#c = 1.

Definition 4.9 (orbit, node, face, edge)[JIOUCMV][orbit ! orbit map]

[edge ! edge] [node ! node] [face ! face] The orbit of x ∈ D
under a permutationh on a setD is a set of the form{hi x : i ∈ N}. A nodeof
a hypermap (D, e, n, f ) is the orbit of a dartx ∈ D undern. A faceis an orbit
under f . An edgeis an orbit undere.

Plane graphs are conventionally illustrated in such a way that nodes, edges,
and faces have an entirely different appearance: nodes as point, edges as curves,
and faces as polygons. In an abstract hypermap, the trialitysymmetry shows
that the nodes, edges, and faces have equal footing. Nevertheless, to retain the
intuition of plane graphs, this book often depicts hypermaps with the darts in
a node arranged in a small cluster around a point, the darts ina edge along a
curve, and the darts in a face around a polygon.

Let #hdenote number of orbits of a permutationhonD. [#h ! number of edges,

number of nodes, number of faces]

Lemma 4.10(orbit) [PKRQTKP] Let D be a finite set. The orbit of x∈ D of
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a permutation h: D → D is the equivalence class of x under the relation∼S,
when S= {h}.

Definition 4.11 (plain) [HFRNMIU] [plain ! plain hypermap] A hy-
permap (D, e, n, f ) is plain (carefully note3 the spelling) whene is an involu-
tion onD (that is,e2 = ID).

Definition 4.12(degenerate)[MKSZLRM][degenerate ! dart degenerate]

[nondegenerate ! dart nondegenerate, is edge nondegenerate, etc.]

A dart in a hypermap (D, e, n, f ) is degenerateif it is a fixed point of one of the
mapse, n, f ; otherwise it isnondegenerate.

Definition 4.13 (simple) [KMHUQNS] [simple ! simple hypermap] A
hypermap issimpleif the intersection of each face with each node contains at
most one dart.

Lemma 4.14(nodal fixed point) [ZHQCZLX][formal proof by TNT, lemmaZHQCZLX].
Let (D, e, n, f ) be a simple plain hypermap such that every face has at least
three darts. Then n has no fixed point.

Proof For a contradiction, letx ∈ D be a fixed point ofn.
The darts ex and f x lie in the same node and face and are therefore equal

in the simple hypermap.Indeed, they lie in the same node becausen( f x) =
e−1x = exand they lie in the same face because

f 2(ex) = f ( f enx) = f x.

Soex= f x.
Thus, f 2(ex) = f x = ex, andex lies on a face with at most two darts. This

contradicts what is given. �

4.3 Walkup

This section describes various operations to transform onehypermap to an-
other. The simplest of these operations is thewalkuptransformation that deletes
one dart from a hypermap and constructs permutations that skip past the deleted
dart. More complex transformations of hypermaps can be constructed as a se-
quence of walkup transformations and correspond to standard operations on
graphs such as the contraction or deletion of an edge.

To focus attention on a dartx in a hypermap, it can be useful to draw a

3 This is a deliberate and dangerous play on the homophonousplanethat makes this topic
unspeakable. Although plane graphs are planar, not all plain hypermaps are planar.
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hexagon aroundx and place the six dartsex, f x, e−1x, nx, f −1x, ex, n−1x at its
corners as shown in Figure 4.2. Some of these seven darts may be equal to one
another, even if the figure draws them apart. Figure 4.3 showsthe layout of a
degenerate dart.

x n x

f −1 xe x

n−1 x

f x e−1 x

Figure 4.2[LMGQYKG] A fragment of a hypermap showing a dartx and its
entourage. The node map is given by the horizontal arrows, the edge map by
arrows descending towards the lower left, and the face map byarrows rising
towards the upper left.

x n x

e x

n−1 x

Figure 4.3[ANDKKER] A fragment of a hypermap showing a dartx and its
entourage whenx is fixed by the permutationf . The vertical arrow on the
left has type f . The two arrows pointing to the right along the top of the
diagram have typen. The two arrows pointing to the left along the bottom of
the diagram have typee.

4.3.1 single

A walkup deletes a dart from a hypermap and reforms the edge, node, and face
maps to produce a hypermap on the reduced set of darts. Walkups come in
three varieties: edge walkups, face walkups, and node walkups.

Definition 4.15(walkup, degenerate)[DAIZNHD][edge walkup ! edge walkup]

[node walkup ! node walkup] [face walkup ! face walkup]The
edgewalkup We at a dartx ∈ D of a hypermap (D, e, n, f ) is the hypermap
(D′, e′, n′, f ′), whereD′ = D \ {x} and the maps skip overx:

f ′y = if ( f y = x) then f x else f y

n′y = if (ny= x) thennx elseny

e′ = (n′ f ′)−1.
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A walkup atx is said to bedegenerateif the dartx is degenerate.

Figure 4.4 shows the result of an edge walkup on the hexagon around a dart
x. The triality symmetry 4.4, applied to the definition of edgewalkups, yields
the definition of face walkupWf and node walkupWn.

At a degenerate dartx, all three walkups are equal:W = We = Wn = Wf

(Figure 4.5).
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Figure 4.4[GFJIBZV] A fragment of a hypermap in its original state, and
three modified fragments after applying a face walkupWf , edge walkupWe,
and node walkupWn at the dartx at the center. Each walkup eliminates the
dart x. The other darts are the same as in the original, but undergo modified
permutationse, n, and f .

n

e

f post-walkupx
e
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e

f x = x

x

e
f e

f
n

n x= x

x

n
f n

e
f e x= x

Figure 4.5[LNIZBPW] All three walkup transformations have the same effect
at a dartx that is degenerate, regardless of whether the degeneracy isa face-
, edge-, or node-degeneracy. The three different kinds of degenerate darts
are shown in the hypermap fragments on the outside of the figure, and the
hypermap fragment after applying a walkup is shown at the center of the
diagram.

Definition 4.16(merge, split) [KJIOZBJ][merge ! is edge merge] [merge

! is node merge] [merge ! is face merge] [split ! is edge split]
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[split ! is node split] [split ! is face split] Let (D, e, n, f )
be a hypermap and leth = n, e, or f . Let O(h, x) denote the orbit ofx ∈ D
underh. Let (D′, e′, n′, f ′) be the hypermap obtained from (D, e, n, f ) by the
walkupWh at x ∈ D. Let h′ = e′, n′, f ′, respectively, according to the choice of
h. The walkupWh at x mergeswhen the walkup joins the orbit ofh throughx
with another orbit. That is, the orbitO of somey ∈ D′ underh′ : D′ → D′ has
the form

O∪ {x} = O(h, x) ∪O(h, y),

wherey < O(h, x). It splitswhen the walkup splits the orbit atx into two orbits.
That is, there are distinct orbitsO1,O2 underh′ in the hypermap (D′, e′, n′, f ′)
such that

{x} ∪O1 ∪O2 = O(h, x).

Lemma 4.17(merge-split) [ZMFKZNH] Let (D, e, n, f ) be a hypermap and let
Wh be a nondegenerate walkup at a dart x. Then Wh merges or splits. Moreover,
it merges if and only if x and y lie in distinct h-orbits, where(h, y) = ( f , ex),
(e, nx), or (n, f x).

Proof The walkupWf splits if and only if f x (or x) andex lie in the same
f -orbit before the split. Figure 4.6 makes this clear. The other casesh = e, n
hold by triality. �

The following is a useful way to tell if a walkup merges.

Lemma 4.18(merge criterion) [FKSNTKR][formal proof by TNT, lemma
FKSNTKR].Suppose, in a simple plain hypermap(D, e, n, f ), that an edge{x, y}
consists of two nondegenerate darts. Then the walkup Wf at x merges.

Proof The dartsf x andex lie in the same node:n( f x) = e−1x = ex. If they
are also in the same face of a simple hypermap, thenf x = ex= y. So

ny= n f x= n f ey= y,

andy is a fixed point ofn, and hence degenerate, contrary to assumption. Thus,
f x andexare in different faces, and the walkup merges by Lemma 4.17.�

4.3.2 double

A double walkup is the composite of two walkups of the same type. The two
darts for the two walkups are to be the members of an orbit of cardinality
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Figure 4.6[ILWHXTE]When dartsx ande x lie in the same orbit off (upper
left), the face walkupWf at x splits the orbit into two (lower left). But when
the dartsx ande x lie in different orbits off (upper right), the edge walkup
Wf at x merges the two orbits into one (lower right).

two (undern, e, or f ). By choosing the type of the walkups to be differ-
ent from the type of the orbit, the first walkup reduces the orbit to a single-
ton, forcing the second walkup to be degenerate.[double edge walkup !

double edge walkup]

Here are some examples.

1. A doubleWn along an edge deletes the edge and merges the two endpoints
into a single node (Figure 4.7).

2. A doubleWf along an edge deletes the edge and merges the two faces along
the edge into one (Figure 4.8).

3. A doubleWe at a node of degree two deletes the node and merges the two
edges at the node into one (Figure 4.9).

Lemma 4.19(plain walkup) [HOZKXVW][formal proof by TNT, lemmaHOZKXVW].
The three preceding double walkups carry plain hypermaps into plain hyper-
maps.
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Figure 4.7[YKJFZEB] When a hypermap comes from a plane graph, the
doublenodewalkup at the two darts of an edge contracts the corresponding
edge of the graph.

Figure 4.8[RVNJBTK] When a hypermap comes from a plane graph, the
double face walkup at the two darts of an edge deletes the corresponding
edge from the graph.

Proof The walkupsWn andWf preserve the orbit structure of edges, except
for dropping one dart. By dropping both darts from the same edge, one edge is
lost and all others edges remain unchanged.

Figure 4.10 illustrates the doubleWe at {x, y}. The two edges{x, ex}, {y, ey}
meeting the node are fused by the double walkup into{ex, ey}, which is still an
edge of cardinality two. �

4.4 Planarity

Just as a graph can be planar or nonplanar, so too can a hypermap. A plane
graph satisfies Euler’s formula, which relates the number ofvertices, edges,

Figure 4.9[CBQQAKM] When a hypermap comes from a plane graph, the
doubleedgewalkup at the two darts of a node deletes the corresponding node
from the graph.
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Figure 4.10[KLANQLT] A double edge walkup of a hypermap at the two
darts of a node preserves plainness, depicted as bidirectional e-arrows. The
three frames show a fragment of a plain hypermap, the fragment after the first
edge walkup atx, and after the second edge walkup aty.

and faces of the graph. Euler’s formula can be expressed in purely combina-
torial terms, then generalized to hypermaps. A hypermap forwhich Euler’s
formula holds is defined to be planar.

Definition 4.20 (planar) [QVATKMJ] [planar ! planar hypermap] A
hypermap isplanar (note the spelling!) when the Euler relation holds:

#n+ #e+ # f = #D + 2 #c.

Remark4.21 (Eulerian relation) [YPVCMHI] The Euler relation for plane
graphs can be translated into the language of hypermaps. Consider a connected
plane graph that satisfies the Euler relation for the alternating sum of Betti
numbers:

b0 − b1 + b2 = 2,

whereb0 is the number of vertices,b1 the number of edges, andb2 the num-
ber of faces (including an unbounded face) of the plane graph. The hypermap
(D, e, n, f ), made from the plane graph in Remark 4.3, is plain, and the involu-
tion ehas no fixed points. Thus, #D = 2#e, according to the partition ofD into
edges. Moreover,

b0 = #n

b1 = #e

b2 = # f

2b1 = #D

1 = #c

b0 − b1 + b2 = #n+ (#e− #D) + # f = 2 #c.

Thus, the hypermap is also planar.
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The Euler relation for graphs has many consequences, one of which is that
in a triangulation of the sphere, the number of edges is equalto 3/2 times
the number of faces because each face has three edges and eachedge borders
two faces. Here is another simple consequence, expressed inthe language of
hypermaps.

Lemma 4.22(dart bound) [TGJISOK][formal proof by TNT, lemmaTGJISOK].
Let H be a connected plain planar hypermap such that every edge has cardi-
nality two. Assume that there are at least three darts in every node. Then

#D ≤ (6 #f − 12).

Proof In a connected plain planar hypermap, the Euler relation becomes

6 #f − 12= #D + 2(#D − 3 #n),

so it is enough to show that

#D ≥ 3 #n.

The inequality follows directly by assumption: the set of darts can be parti-
tioned into nodes, with at least three darts per node. �

Definition 4.23(planar index) [ICAWSNK][planar index ! planar ind]

Theplanar indexof a hypermap is

ι = # f + #e+ #n− #D − 2 #c.

The index measure the departure of a hypermap from planarity; a hypermap
with index zero is planar.

Lemma 4.24(walkup index) [IUCLZYI][formal proof by TNT, lemmaIUCLZYI].
Let x be a nondegenerate dart of a hypermap(D, e, n, f ). Let (D′, e′, n′, f ′) be
the result of the face walkup W at x. The walkup changes the cardinality of
some orbits.

# f ′ = # f + splitf

#e′ = #e

#n′ = #n

#D′ = #D − 1

#c′ = #c+ splitc
ι′ = ι + 1+ splitf − 2splitc,
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where

splitf =















1, if W splits

−1, if W merges

and splitc = 1 if ex and f−1x belong to different combinatorial components
after the walkup W, andsplitc = 0 otherwise. Moreover, a walkup at a degen-
erate dart preserves the planar index.

Proof The proof is evident from Figures 4.4, 4.5, and 4.6. �

Lemma 4.25(index inequality) [BISHKQW][formal proof by TNT, lemmaBISHKQW].
Let ι be the index of a hypermap(D, e, n, f ) and let ι′ be the index after a
walkup Wh at a dart x. Thenι ≤ ι′.

Proof Without loss of generality, by triality symmetry, the walkup is a face
walkup. If splitc = 0, then the inequality is immediate by Lemma 4.24. If
splitc = 1, thenexand f −1x lie in different components after the walkup and in
different faces as well. Thus, the walkup splits by Lemma 4.17, and splitf = 1.
The result follows by Lemma 4.24. �

The following lemma is a hypermap analogue of the fact that the Euler char-
acteristic of a surface graph is never greater than the Eulercharacteristic of a
plane graph.

Lemma 4.26(nonpositive index) [FOAGLPA][formal proof by TNT, lemmaFOAGLPA].
The planar index of a hypermap is never positive.

Proof An face walkup never decreases the index. A sequence of face walkups
leads to the empty hypermap, which has index zero. �

Lemma 4.27(planar walkup) [SGCOSXK][formal proof by TNT, lemmaSGCOSXK].
Walkups take planar hypermaps to planar hypermaps.

Proof A planar hypermap has maximum index. The walkup can only increase
the index, but never beyond its maximum. Thus, the index remains at its max-
imum value. �

4.5 Path

This section develops the basic properties of paths in hypermaps.
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4.5.1 contour

We make a distinction between injective paths, which never repeat a dart, and
loops that return to the initial dart in the trajectory. In the definition of loop,
we wish to remove any dependence on an initial dart. A loop canstart in at an
arbitrary dart in the trajectory. If a path is a certain kind of list, then a loop is a
certain kind of cyclic list, as given in the definition that follows.

Definition 4.28(cyclic list) [MYJNYCZ][cyclic list ! samsara][cyclic

list ! (:(A)loop)]A cyclic list~x0; . . . ; xk−1� is an equivalence class of
lists under the transitive closure of the relation:

[x0; x1; x2; . . . ; xk−1] ∼ [x1; x2; . . . ; xk−1; x0].

A sublistof a cyclic list is a sublist of some representative of the equivalence
class.

Definition 4.29(contour path, contour loop)[AUIDQRN][contour ! is contour]

[injective ! is inj contour] A contour pathfrom x0 to xk−1 is a path
[x0; x1; . . . ; xk−1] such thatxi+1 = n−1xi or f xi for eachi < k. (That is, each step
in the path is a clockwise step around a node or a counterclockwise step around
a face.) Acontour loopis an injective cyclic list~x0; x1; . . . ; xk−1� such that for
everyi, there existshi ∈ { f , n−1} such thatxi+1 = hi xi , where the subscripts are
read modulok.

If we consider stepsx 7→ n−1x andx 7→ f x as positive and other steps as
negative, then a contour path can be intuitively imagined asa path that carries
an intrinsic positive orientation. That is, a contour path is an oriented path of
sorts.

Remark4.30 (contour path illustration)[AWRGIPA] Figure 4.1 constructs a
hypermap from a plane graph by drawing darts next to each angle. In this
representation, the darts along a contour path lie to the left of the corresponding
plane graph edges. For that reason, a shaded region to the left of a curve depicts
a contour path.

Lemma 4.31(injective path) [QZTPGJV][formal proof by TNT, lemmaQZTPGJV].
An injective contour path from x to y can be constructed from an arbitrary con-
tour path from x to y by dropping some darts from the path.

Proof Repeatedly replace [. . . ; a; b; . . . ; b; c; . . .] with [ . . . ; a; b; c; . . .]. �

Lemma 4.32(contours-components)[KDAEDEX][formal proof by TNT,
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Figure 4.11[TUPLKAJ] When a hypermap is constructed from a plane
graph, a contour path can be depicted by a sequence of arrows between darts
that follow alongside the edges of the graph. The contour path can be recon-
structed from a shaded path alongside the edges of the graph.The direction
of the path is such that the edges of the graph remain to the right of motion.

lemmaKDAEDEX]. Let H be a hypermap. If x and y are darts in the same com-
binatorial component of H if and only if there exists a contour path from x to
y.

Proof Combinatorial components are defined by an equivalence relation∼S,
whereS = {e, n, f }. By Lemma 4.7, this is the same equivalence relation as
∼T , whereT = {n−1, f }. By the definition of the equivalence relationT, x ∼T y
if and only if some contour path runs fromx to y. �

Definition 4.33(complement) [GCACAFP][complement ! complement]

Let (D, e, n, f ) be a plain hypermap. LetP = ~x; y; . . .� be a contour loop that
does not return to visit any node a second time. (In particular, the dart set ofP
intersected with a node is the dart set of a maximal sublist [z; n−1z; . . . ; n−kz]
of n−1 steps.) Replace each maximal sublist ofn−1-steps

[z; n−1z; . . . ; n−kz]

with the sublist

[n−(k+1)z; n−(k+2)z; . . . ; nz].

Concatenate these new sublists in reverse order. By the relation n f = f −1n−1,
the transitions between the new sublists aref -steps. The resulting contour loop
Pc is thecomplement.
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Figure 4.12[JMTLBJN] The complement contour traces the remaining darts
at the same nodes as the original contour loop. The shaded path uses the
conventions of Figure 4.11.

4.5.2 Möbius

The rest of this section develops the basic properties of Möbius contours. A
Möbius contour should be thought of as the simplest kind of nonplanar contour
path. Möbius contours turn out to be extremely useful because in practice the
best way to certify that a given hypermap is nonplanar is to produce a Möbius
contour in the hypermap (Lemma 4.38).

Definition 4.34(Möbius contour) [MBYIEQP][Möbius contour ! is Moebius contour]

A Möbius contour in a hypermap (D, e, n, f ) is an injective contour pathP =
[x0; . . .] that satisfies

x j = nx0, xk = nxi (4.35)

for some 0< i ≤ j < k (Figure 4.13).

Remark4.36 (Four-color theorem)[ROIPZSU] Gonthier devised the notion
of Möbius contour as a way to prove the four-color theorem without appeal
to topology. (The Appel–Haken proof of the four-color theorem ultimately re-
lies on the Jordan curve theorem.) This chapter uses a significant amount of
material from [15].

n

n

Figure 4.13[MSWJHND] The horizontal contour path is a Möbius contour.



i

i

92 Hypermap

Figure 4.14[IWKICBI] For every setD of cardinality three and cyclic per-
mutation of that set, there is a hypermap with dart setD ande = f = n all
equal to the given cyclic permutation. This hypermap has a M¨obius contour
[x; f x; f 2x], for eachx ∈ D.

Remark4.37 (Möbius strip) [NGALZAC] Heuristically, a Möbius contour is
a combinatorial Möbius strip that twists one side to the other (Figure 4.15). A
planar hypermap has no such contour.

f

f
f

f

f

f
n

n

Figure 4.15[OOXPORQ] A Möbius contour of a hypermap embedded in a
Möbius strip.

Lemma 4.38(planar-non-Möbius) [LIPYTUI] [formal proof by TNT,
lemmaLIPYTUI]. A planar hypermap does not have a Möbius contour.

Proof For a contradiction, assume that there exist planar hypermaps with
Möbius contours. To simplify the counterexample and reduce the number of
darts, we may use walkups that transform a planar hypermap with a Möbius
contour into another planar hypermap with a Möbius contour. An edge walkup
at a dart that is not on the Möbius contour transforms a counterexample in this
way. A walkup of the right sort at a dart that is not at position0, i, j, k also
transforms a counterexample into another counterexample.(See Möbius con-
dition 4.35.) Eventually, a counterexample with the smallest possible number
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of darts contains no darts except those on the Möbius contour, and its only
darts are at positions 0,i = j = 1, k = 2.

This counterexample has three darts (Figure 4.14). The Möbius condition,
the definition of contours, together withen f = ID forcee = n = f , which are
all permutations of order three. This hypermap is not planar:

#e+ #n+ # f = 3 , 5 = #D + 2 #c. �

The final results in this section are somewhat technical lemmas that are
needed later in the correctness proof of an algorithm that generates planar hy-
permaps.

Lemma 4.39(step coherence)[ILTXRQD][formal proof by TNT, lemmaILTXRQD].
Suppose that a hypermap has no Möbius contours. Let L be a contour loop. Let
P be any injective contour path with at least three darts, that starts and ends
on L, but visits no other darts of L. Then the first and last steps of P are both
of the same type (n−1 or f ).

Proof The proof shows the contrapositive. SupposeP = [nx; f nx; . . . ; ny; y].
The successor ofnxonL is x. Starting atx, follow L to y, and on tonx. Follow
P back tony. This is a Möbius contourx . . . y . . .nx. . .ny.

SupposeP = [nx; x; . . . ; f −1y; y]. Starting atx, follow P to y, then followL
to nx, and on tony. This is also a Möbius contour.4

�

Lemma 4.40(loop separation) [ICJHAOQ] [formal proof by TNT, lemmaCJHAOQ].
Suppose that a hypermap has no Möbius contours. Let L be a contour loop.
Then there does not exist a contour path[x0; . . . ; xk] for k ≥ 1 with the follow-
ing properties.

1. xi lies on L if and only if i= 0.
2. x1 = f x0.
3. x0 and xk lie in different nodes.
4. Some dart of L is at the node of xk.

Proof Assume for a contradiction that the pathP exists. Some sublist is in-
jective and satisfies the same conditions. Again, without loss of generality,
shrinking the path if needed,k is the smallest index for which the last two con-
ditions are met. Appendn−1-steps toP to reach a dart ofL. This is contrary to
Lemma 4.39. �

4 The second statement can also be deduced from the first statement by the duality
(D,e, n, f )↔ (D,e−1, f −1,n−1) that swapsf -steps withn−1-steps in a path.
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Lemma 4.41(three darts) [EUXPBPO][formal proof by TNT, lemmaThreeDarts].
Assume that each face of a hypermap has at least three darts. Then every con-
tour loop that meets at least two nodes has at least three darts.

Proof Let P = ~x; y� be a contour loop meeting two nodes. Theny = f x and
x = f y, so that the face has cardinality two. �

4.6 Subquotient

This section develops the properties ofsubquotienthypermaps. Each dart in a
subquotient hypermap is an equivalence class of darts in theoriginating hyper-
map. It is a subquotient rather than a quotient because the equivalence relation
is only defined on asubsetof the darts of the originating hypermap.

Subquotients are used in the algorithm to generate planar hypermaps, de-
scribed later in the chapter. The originating hypermap is the one we wish to
construct and the subquotient is the partially constructedhypermap of the un-
finished algorithm. The material in this section has the narrow purpose of pro-
viding a descriptive language for the algorithm. This material is not used out-
side this chapter.

4.6.1 definition

An isomorphism is a structure preserving map.

Definition 4.42 (isomorphism) [GUDUERI] [isomorphic ! iso] Two
hypermaps (D, e, n, f ) and (D′, e′, n′, f ′) are isomorphicwhen there is a bi-
jectionG : D→ D′ such that

h′ ◦G = G ◦ h

for (h, h′) = (e, e′), ( f , f ′), (n, n′).

The faces of a subquotient are to be traced out by a collectionof contour
loops in the originating hypermap. To get a well-defined subquotient, the col-
lection of contour loops must be normal in the following sense.

Definition 4.43(normal family) [RQSVFLE] [normal ! is normal] Let
(D, e, n, f ) be a hypermap. LetL be a family of contour loops. The familyL
is normal if the following conditions hold of its loops.

1. No dart is visited by two different loops.
2. Every loop visits at least two nodes.
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3. If a loop visits a node, then every dart at that node is visited by some loop.

A normal family determines a new hypermap. A dart in the new set D′ of
darts is a maximal sublist [x; n−1x; n−2x; . . . ; n−kx] of n−1 steps appearing in
some loop inL. The map f ′ takes the maximal path [x; n−1x; . . . ; y] to the
maximal path (in the same contour loop) starting atf y. The mapn′−1 takes the
maximal path [. . . ; y] to the maximal sequence (in some other contour loop)
starting [n−1y; . . .]. Equivalently,n′ takes the maximal path [x; . . .] to the max-
imal path ending [. . . ; nx]. The mape′ is defined bye′n′ f ′ = ID′ .

Definition 4.44(subquotient) [AJENHSB][quotient dart ! atom] [subquotient

! subquotient] [D′ ! quotient darts] [e′ ! emap] The hyper-
map (D′, e′, n′, f ′) constructed from the normal familyL of H = (D, e, n, f ) is
called thesubquotientof H byL and is denotedH/L. If x is a dart visited by
some loop inL, then the maximal path [. . . ; x; . . .] is called thequotient dart
of x.

Intuitively, the subquotient hypermap is represented as a graph with cycles
underf ′ that are precisely the contour loops in the normal family (Figure 4.16).

H/LH, L

Figure 4.16[WMWCTGH] When the hypermapH comes from a plane graph,
we may depict the normal familyL as a collection of shaded loops along-
side the edges of the graph (Figure 4.11). The subquotient isthe hypermap
associated with the traversed edges of the plane graph.

4.6.2 properties

This subsection explores some of the properties of a subquotient hypermap.
The first two lemmas describe the faces and the nodes of the subquotient in
terms of the combinatorics of the normal family.

Lemma 4.45(subquotient face,F) [WIRLCNL] [F(L) ! cycle] LetL be
a normal family of the hypermap H. ThenL is in natural bijection with the set
of faces of the subquotient H/L. If x′ = [x; . . . ; n−kx] is a maximal path of n−1
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steps in the contour loop L∈ L, then the corresponding faceF(L) of H/L is
the one containing the quotient dart x′.

Proof This is left as an exercise for the reader. �

Lemma 4.46(subquotient node)[UDJNSHH] Let H be a hypermap and letL
be a normal family of H. Then there is a natural bijection between the set
of nodes of H/L and the set of nodes of H that are visited by some con-
tour loop in L. The bijective function sends the node in H/L of the dart
x′ = [x; n−1x; . . . ; n−kx] to the node of x in H.

Proof The proof is an elementary verification. LetH/L = (D′, e′, n′, f ′). The
function described in the lemma is well-defined.Indeed,

(n′)−1x′ = [n−(k+1)x; . . .]

is also sent to the node ofx in H.
This function is onto.Indeed, IfL ∈ L visits x, andx′ is the quotient dart of

x in D′, then the node ofx′ clearly maps to the node ofx.
Finally, the function is one-to-one.Indeed, if the nodes of two quotient darts

x′, y′ map to the same node ofH, thenx′ = [x; . . .] and y′ = [y; . . .], where
n j x = y for somej. It follows by the definition of the node map on the subquo-
tient thatx′ andy′ belong to the same node. �

The next two lemmas look at properties of the subquotient that are inherited
from the original hypermap.

Lemma 4.47(plain subquotient) [JMKRXLA][formal proof by TNT, lemmaJMKRXLA].
Let H be a plain hypermap and letL be a normal family. Then H/L is a plain
hypermap.

Proof Write H = (D, e, n, f ) andH/L = (D′, e′, n′, f ′). Write [. . . ; x] for the
node in the subquotient ending in dartx ∈ D and [x; . . .] for the node in the
subquotient starting with dartx ∈ D. Plainness givese2x = x, so that for any
dart [. . . x] in the subquotient

e′−2[. . . ; x] = n′ f ′n′ f ′[. . . ; x] = n′ f ′n′[ f x; . . .]

= n′ f ′[. . . ; n f x] = n′[ f n f ; . . .] = [. . . ; n f n f x]

= [. . . ; e−2x] = [. . . ; x].

Thus,e′ has order two on the subquotient. �

Definition 4.48(no double joins) [EDUYIEA][no double joins ! is no double joints]

A hypermapH has nodouble joinsif for every two nodes (possibly equal to
each other), at most one edge ofH meets both of them.
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Lemma 4.49(subquotient-no-double-joins)[KSRDPTZ][formal proof by
TNT, lemmaQuotientNoDoubleJoins]. Let H be a plain hypermap with
no double joins and letL be a normal family of H. Then H/L has no double
joins.

Proof By Lemma 4.47, the subquotientH/L is plain. Let{x′, e′x′} and{y′, e′y′}
be edges with the property thatx′ andy′ lie at one node ofH/L ande′x′ and
e′y′ lie at a second node. Writex′ = [. . . ; x] and y′ = [. . . ; y]. Thene′x′ =
[. . . ; ex] ande′y′ = [. . . ; ey]. According to Lemma 4.46, the map from nodes
of H/L to nodes ofH is one-to-one. It follows thatx andy belong to the same
node and thatex andey belong to the same node. By the assumption thatH
has no double joins, it follows that{x, ex} = {y, ey}. Hence also{x′, e′x′} =
{y′, e′y′}, andH/L has no double joins. �

Lemma 4.50(nodal fixed point) [PYOVATA] Let H = (D, e, n, f ) be a hyper-
map in which the edge map has no fixed points. LetL be a normal family of
H, with subquotient H/L = (D′, e′, n′, f ′). Then the following are equivalent
conditions.

1. n′ has a fixed point in D′.
2. The dart set of some L∈ L contains a node.

Proof If x′ = [x; n−1x; . . . ; n−kx] is a dart inD′, then (n′)−1x′ is [n−(k+1)x; . . .].
The dartx′ is a fixed point if and only ifx = n−(k+1)x. This holds if and only if
the dart set ofx′ is an entire node. �

4.6.3 example

Example 4.51(maximal normal family) Assume that H= (D, e, n, f ) is a
hypermap. Assume that every face meets at least two nodes. Then the set of
all faces defines a normal family of contour loops in which each contour loop
follows f around a face[x; f x; . . .]. If e acts without fixed points, then each
dart of the subquotient is just a unit path consisting of a single dart of H, and
the subquotient is isomorphic to H itself.

Example 4.52(minimal normal family) Assume that H= (D, e, n, f ) is a
plain hypermap. Let F= {x, f x, . . .} be a face that visits at least three nodes
and that meets each node in at most one dart. LetL be the family with two
contour loops:~x; f x; . . .� and its complement Lc = ~n−1x; . . .�. The familyL
is normal. The subquotient hypermap H/L has two faces: F and a back side
F′ of the same cardinality k.
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Example 4.53(dihedral) [Dih2k ! cyclic hypermap] There is a hyper-
mapDih2k with a dart set of cardinality2k. The permutations f, n, e have or-
ders k,2, and2 respectively, and en f= I. The set of darts is given by

{x, f x, f 2x, . . . , f k−1x} ∪ {nx, n f x, n f2x, . . . , n fk−1x}

for any dart x. If a hypermap is isomorphic toDih2k for some k, then it is
dihedral.5 In particular, the hypermap constructed in the previous example is
dihedral.

Lemma 4.54 [QQYVCFM] A hypermap H is isomorphic toDih2k if and only
if the hypermap is connected, the dart set has cardinality2k, and the permuta-
tions f, n, e have orders k,2, and2, respectively.

Proof Let y be any dart ofH, andx any dart of Dih2k = (D, e′, n′, f ′). By
the connectedness ofH, and the relations betweenf andn, every dart ofH is
equal to one of the following:f iy, n f iy for i = 0, . . . , k− 1. By the cardinality
assumption, these darts are all distinct. The bijectionf ′ i x 7→ f iy, n′ f ′ i x 7→
n f iy is an isomorphism of hypermaps. �

Lemma 4.55 [CTJYKFZ]Let(D, e, n, f ) be a connected plain hypermap with
more than two darts. Assume that the hypermap has no double joins. Assume
that the two darts of each edge lie at different nodes. Then every face has at
least three darts.

Proof Otherwise, if some face is a singleton{x}, then both darts of the edge
{x, ex} lie at the same node, which is contrary to assumption.

Furthermore, if some face has only two darts, then the two edges meeting
the face,{x, ex} and{e−1 f −1x, f −1x}, which join the same two nodes, must ac-
tually be equal. That is,x = f ex= n−1x, so thatx is a fixed point of the node
map. Similarly, f x is a fixed point of the node map. Then{x, f x} is a combi-
natorial component, which is contrary to the assumption that the hypermap is
connected with more than two darts. �

4.7 Generation

This final section of the chapter, which presents an algorithm that generates all
simple, plain, planar hypermaps satisfying certain general conditions (Defini-
tion 4.56), is more technical than other sections. This material may be skipped
without disrupting the flow of the book because there is no need to return to

5 The three permutations generate the dihedral group of order2k, acting on a set of 2k darts
under the left action of the group upon itself.
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the description of the algorithm, although the book relies on the output of the
algorithm’s execution in Chapter 8. The algorithm proceedsby adding more
and more edges and nodes to a dihedral hypermap.

The algorithm itself is elementary to describe in intuitiveterms. Imagine that
a biconnected plane graphG has been drawn on a sheet of paper in pencil and
that the purpose of the algorithm is to retrace the edges of graph in pen.6 We
start the algorithm by selecting any faceF0 of the graph and tracing its edges
in pen. Next, we select any nodev on F0 at an edge that is still in pencil. We
can find a faceF1 of G that shares an edge withF0 with endpointv, and that
has an edge in pencil atv. The second step of the algorithm pens the edges of
the simple arc to complete the simple closed curve aroundF1. Continue in this
manner, adding a simple arc in pen to the penciled lines to adda face ofG,
until all the edges ofG have been traced in pen.

It is remarkable (and rather unfortunate) that it requires atechnical section
to put these simple pencil and pen drawings into a rigorous form that function
as a blueprint for a formal proof. A hypermap gives rigorous form to the pencil
drawing, and various subquotients are the inked drawings atvarious stages of
the algorithm.

We do not attempt to work in the greatest possible generality. As a matter
of convenience, we impose a large number of conditions on theclass of hyper-
maps that the algorithm generates. In particular, we assumethat the hypermaps
are restricted, as defined below. This definition is idiosyncratic, tailored to our
needs, and matched to our particular proof methods.

Definition 4.56(restricted) [INCRVQC][restricted ! is restricted]

A restricted hypermap H= (D, e, n, f ) is one with the following properties.

1. The hypermapH has no double joins, and is nonempty, connected, planar,
plain and simple.

2. The edge mape has no fixed points.
3. The node mapn has no fixed points.
4. The cardinality of every face is at least three.

Remark4.57 (step type) [BMZYWKV]The assumption thatex, x implies that
f x , n−1x so thatf -steps of a path can be distinguished fromn−1-steps.

6 Historically, this algorithm was developed in precisely this way. After drawing many plane
graphs by hand while working on the Kepler conjecture, I started to generate the graphs by
computer by automating the manual process in 1994. The code was first implemented in
Mathematica, then later inJava, and more recently by Bauer and Nipkow inML and
Isabelle/HOL [33].
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4.7.1 flag

The algorithm marks certain faces as “true.” Roughly, this means that the face
cannot be modified at any later stage of the algorithm. That is, the edges of the
faces are in ink and no pencil lines lie within its interior. When all of its faces
are true, the hypermap stands in final form. The function thatmarks each face
as true or false is aflag. For the algorithm to work properly, it is necessary to
impose some constraints, as captured in Definition 4.59.

Under the bijectionF between a normal familyL and the set of faces of a
subquotientH/L, any function onL can be identified with a function on the
set of faces ofH/L.

Definition 4.58 (canonical function) [CRUDEHU] [canonical function
! canon loop] [canonical function ! canon] Let H be a hyper-
map with normal familyL. Thecanonical functioňϕcan is the boolean-valued
function on the set of faces ofH/L that is true onF(L) exactly when the dart
set ofL maps bijectively to the faceF(L) of H/L, underx 7→ [x]. That is, each
dart ofF(L) is a unit path inH. A faceF(L) (or contour loopL) is said to be
canonically true or false, according to the value of the canonical function.

In other words, the face in the subquotient is canonically true, exactly when
the corresponding contour loopL ∈ L has non−1 steps. The dart set of such a
contour loopL is a face ofH.

Definition 4.59 (flag) [HFTAHWB] [flag ! canon flag] [S-flag !
flag] Let S be a set of darts in a hypermapH. An S-flag on H is a boolean-
valued function ˇϕ on the set of faces that satisfies the following two constraints.

1. If dartsx, y belong to true faces, then some contour path runs fromx to y
that remains in true faces.

2. Each edge of the hypermap meets a true face orS.

An ∅-flag is simply called a flag.

Example 4.60(dihedral hypermap flag) The dihedral hypermap of Exam-
ple 4.53 carries a flag that marks one face true and the other false.

Example 4.61(maximal subquotient flag) Let H be a connected hypermap
and letL be the example of Example 4.51. Then the canonical map takes value
true on every face. This is a flag. In fact, Lemma 4.32 provides the contour
paths that are required in the definition of flag.

There is a standard way of constructing the setsS of darts that are used in
S-flags.
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Definition 4.62 (S) [FDRMSZG] Let H be a hypermap,L a contour loop of
the hypermap, andx an element of the dart set ofL. If L is canonically true,
then letS = ∅. Otherwise, letm≥ −1 to be the largestm such that

[x; f x; f 2x; . . . ; f m+1x]

is a sublist ofL, and setS(H, L, x) = { f i x : 1 ≤ i ≤ m}.

Lemma 4.63(flag subquotient) [KHGAQRG] Let H be a hypermap in which
e acts without fixed points, L a contour loop, and x and elementof the dart
set of L. LetL be a normal family of H that contains L. Then S(H, L, x) maps
bijectively to a set S′ of darts in the subquotient H/L.

Proof The darts of the subquotient are maximal sublists [y; n−1y; . . . ; n−ky]
of contour loopsL′ ∈ L made entirely ofn−1 steps. Eachy ∈ S(H, L, x) is
preceded by anf -step and is followed by anf -step inL. Hence, the maximal
sublist ofL containingy is a unit path [y]. The bijection ensues. �

4.7.2 markup

In the heuristics at the beginning of this section, a graph isdrawn in pencil
on a sheet of paper and various edges are retraced in pen. In the following
definition,H represents the pencil drawing,H/L represents the ink drawing,L
andx guide the tip of the pen to the next edge to be retraced in pen.

Definition 4.64 (marked hypermap) [TUFOKWK] [marked hypermap !
is marked] Let (H,L, L, x) be a tuple consisting of

1. a hypermapH = (D, e, n, f ) with no Möbius contours in whicheacts with-
out fixed points;

2. a normal familyL;
3. a contour loopL ∈ L; and
4. a dartx visited byL.

Such a tuple is amarked hypermapif the following conditions hold.

1. The subquotientH′ = H/L = (D′, e′, n′, f ′) is simple.
2. n′ has no fixed points onD′.
3. x is followed by anf -step in the loop:L = ~x; f x; . . .�.
4. The contour loopL′ ∈ L that visits7 n f x is canonically true.
5. ϕ̌can is anS′-flag onH′, whereS′ is the image ofS(H, L, x) in D′.

7 L visits f x. By the definition of normality, some contour loop inL visits the dartn f x at the
same node.
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Example 4.65(illustration) This example illustrates the markup (Figure 4.17).
In the figure, the hypermap H is represented as a plane graph. The contour
loops are represented by gray loops alongside edges of the graph. The darts in
each shaded face also form a contour loop under the face map. The edges of
the plane graph that are flanked in gray give the edges of a plane graph repre-
senting the subquotient. The polygons that are fully shadedare true, together
with the unbounded face. Two polygons in the subquotient arefalse. A dart
of H in a false contour loop L inL is marked x. By inspection, S(H, L, x) =
{ f x, f 2x, f 3x}. By inspection,̌ϕcan is an S′-flag. (In fact, the darts in true faces
form a connected region. Every edge in the subquotient meetsa true face, ex-
cept the edges through darts f′x′, f ′2x′, and f′3x′, which meet S′.)

x

f x
f 2x f 3x

y

f y

z

Figure 4.17[ALMINNP] This marked hypermap is described in (Exam-
ple 4.65). As usual, the angles of a plane graph are the darts of the hy-
permap, and the permutationse,n, f are derived from the structure of the
graph. The constants (m, p,q) are (3,1, 5), becausey = f m+1x = f 3+1x,
z = f p+1y = f 1+1y, and the contour path fromx to z makesq + 1 = 5+ 1
steps of typef .

Definition 4.66(m, p, q, y, z) [BVUFRRE][m ! mInside] [z ! attach]

[y ! heading] [p ! mAdd] Let (H,L, L, x) be a marked hypermap. Set
y = f m+1x, wherem= card(S(H, L, x)). Setz= f p+1y, wherep is the smallest
natural number such that some contour loop inL visits f p+1y. Let x′ andz′

be the images ofx andz respectively inH/L = (D′, e′, n′, f ′). Let q be the
smallest natural number such thatz′ = ( f ′)q+1x′.

In the pencil-pen analogy, the darty marks the tip of the pen as it is about
to draw a simple arc. The dartz marks the endpoint of that arc. The integers
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m, p, q track how far the pen has progressed in tracing the edges of a face, how
many nodes appear on the arc about to be drawn, and howz sits in relation to
y in the current pen sketch.

The following lemma gives the existence ofq, by showing thatx′ andz′ lie in
the same faceF(L) of H/L. (The existence ofq is trivial whenL is canonically
true.) In terms of the pencil and pen drawing, the following lemma expresses
the planarity of the drawing: a continuous stroke of the pen that starts in one
connected component of the complement of Jordan curve and that does not
cross the Jordan curve must end in the same connected component.

Lemma 4.67(loop confinement) [HQYMRTX][formal proof by TNT, lemmaHQYMRTX].
Let (H,L, L, x) be a marked hypermap, where H is restricted. Assume that L is
canonically false. Let the natural numbers m and p and darts yand z be given
by Definition 4.66. Then, L visits z, and z, f kx when0 < k ≤ m+ 1. Further-
more, the darts x and y belong to different nodes; the darts y and z belong to
different nodes.

Proof For a contradiction, supposez= f p+1y = f kx for some 0< k ≤ m+ 1.
Then also,f py = f k−1x. If p > 0, then this contradicts the minimality of
p. (Note thatL visits f k−1x by the definition ofS and m.) So p = 0, and
y = f k−1x = f m+1x. Also, 0 ≤ k − 1 < m+ 1, which implies that the face of
x has cardinality at mostm+ 1. This forcesL to be canonically true, which is
contrary to assumption. This contradiction proves the conclusion z , f kx of
the lemma. In particular,z < S, whereS = S(H, L, x).

The darts x and y belong to different nodes; the darts y and z belong to
different nodes.Indeed,x, y, andz belong to the same face. By the simplicity
of H, if two of these darts belong to the same node, then they are equal to each
other. However,x , y because otherwise the subpathP = [x; f x; . . . ; f m+1x]
gives a canonically true contour loop, which is contrary to the assumption that
L is canonically false. Also,y , z because otherwise the face ofy is equal to
{y, f y, f 2y, . . . , f py}. It follows thatx = f ky is visited byL for some 1≤ k ≤ p.
This contradicts the defining minimality property ofp.

Let L′ be the contour loop ofL that visitsz. For a final contradiction, assume
thatL′ , L.

L′ is false.Otherwise,L′ is true with respect to the canonical flag and is
therefore a loop consisting entirely off -steps. In particular,L′ visits z, x, and
y. This is contrary to the assumption that the contour loop containingx is false.

Let H′ = (D′, e′, n′, f ′) = H/L and letS′ be the image ofS in D′. Let
z′ = [. . . ; u] ∈ D′ be the image inD′ of z. As z < S, we also havez′ < S′.
By the definition ofS′-flag, the darte′z′ lies in a true face ore′z′ ∈ S′. This
disjunction splits the proof into two cases.
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1. In the case thate′z′ lies in a true face,

e′z′ = f ′−1n′−1[. . . , u] = f ′−1[n−1u; . . .] = [ f −1n−1u],

so thatn−1u is visited by a true contour loop. Consider the contour path in
H, obtained by concatenating

[y; f y; . . . ; z], [n−1z; . . . ; u], and [n−1u; . . . ; n−1x].

The first segment consists off -steps, the second ofn−1-steps, and the third
segment exists within true contour loops ofL by the connectedness of
true faces (by properties of flags). This path satisfies all the properties of
Lemma 4.40. In particular, the second segment avoidsL by Lemma 4.39.
The lemma asserts that the path does not exist.

2. In the case thate′z′ ∈ S′, it follows that f −1n−1u ∈ S andL visits n−1u at
the node ofz. Consider the following path off -steps inH:

[y; f y; . . . ; z].

This path satisfies all the enumerated properties of Lemma 4.40. The lemma
asserts that the path does not exist.

�

Lemma 4.68(parameters) [QRDYXYJ] Let (H,L, L, x) be a marked hyper-
map, where H is restricted. Assume that L is canonically false. Let m, p, and q
be the natural numbers and let x, y, and z be the darts given by Definition 4.66.
Let r = card(F(L)). Then

0 ≤ p, 0 ≤ m< q < r, m+ 1 < p+ q.

Proof Let H/L = (D′, e′, n′, f ′). Let y′ andz′ be the images ofy andz in
D′, respectively. LetS′ be the image ofS(H, L, x) in D′. By definitionm =
card(S(H, L, x)). Bothm andp are natural numbers, so 0≤ p and 0≤ m.

q < r. Indeed, by definition,z′ = ( f ′)q+1x′ and no smaller natural number
has this property. Also,x′ andy′ belong to the faceF(L). If q ≥ r, then (f ′)q+1 =

( f ′)q−r+1, which contradicts the minimality ofq.
We claim m< q. Indeed, if 0≤ k < m, then

( f ′)k+1x′ = [ f k+1x] ∈ S′, and (f ′)q+1x′ = z′ < S′,

by Lemma 4.63 and Lemma 4.67. Thus,m≤ q. Also,q , mbecause otherwise
z′ = ( f ′)m+1x′ = y′. This implies thatz andy lie in the same node, which has
been proved impossible. This completes the proof thatm< q.

We claim m+ 1 < p + q. Indeed, the inequalities 0≤ p andm < q imply
that eitherm+ 1 < p+ q or p = 0 ∧ m+ 1 = q. The second disjunct cannot
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hold because otherwisez′ = ( f ′)q+1x′ = f ′y′. Write y′ = [y; . . . ; u]. This is not
a unit path by the definitions ofS(H, L, x) andm, soy , u; however,y andu
lie in the same node. Also fromp = 0, it follows thatz = f p+1y = f y. So,ey
andeuboth lie in the node ofz′. The existence of two edges,{y, ey} and{u, eu},
between the same nodes contradicts the hypothesis onH of no double joins.
This proves the claim and the lemma. �

4.7.3 transform

Definition 4.69(transform) [YQANQNF]From one marked hypermap (H,L, L, x)
in which L is canonically false, we construct a new tuple

T(H,L, L, x) = (H,M, L1, x),

called thetransformof (H,L, L, x). As the notation indicates, the hypermapH
and the dartx are the same for both tuples. The dataM andL1 are specified in
the following paragraph.

x

y

z

x x

Figure 4.18[KCSQIOY] Starting in the first frame with the marked hypermap
described in (Example 4.65), we take its transform to obtainthe second frame,
and the transform again to obtain the third frame. Each transform replaces
the contour loop through the dartx with two contour loops. A shaded face
indicates each contour loop that is confined to a face. A gray loop indicates a
multi-face contour loop.

In the pencil-pen heuristic, the transform is the act of drawing a single sim-
ple arc in pen (Figure 4.18). Letm, p, y, andzbe given by Definition 4.66. Let
L1 be the contour loop inH that followsL from x to y, takesf -steps fromy to
z, and then continues alongL back tox. Let L2 be the contour loop inH that
follows L from n−1y to nz, and then complements the path ofL1 from y to z,
traveling instead fromnzto n−1y. Let

M = (L \ {L}) ∪ {L1, L2}. (4.70)
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Remark4.71 (canonical compatibility)[HBLIYVM]There is a canonical boolean
function onL and one onM. The canonical boolean functions agree on the in-
tersectionL ∩M. This means there is a well defined boolean-valued function
onL ∪M. There is no ambiguity.

Lemma 4.72(markup transform) [AQIUNPP]
Let (H,L, L, x) be a marked hypermap in which H is a restricted hypermap

and L is canonically false. Then the transform(H,M, L1, x) is also a marked
hypermap.

In the pencil-pen heuristic, the marking of the hypermap records the state of
the pen. The transform draws a single simple arc on paper in pen. The lemma
asserts that in the act of drawing a simple arc, we retain a record of the state of
the pen.

Proof Let

H = (D, e, n, f ), H′ = (D′, e′, n′, f ′) = H/L, H′′ = (D′′, e′′, n′′, f ′′) = H/M.

Let S′ be the image ofS(H, L, x) in D′. Let y andzbe the darts constructed in
Definition 4.66 from the marked hypermap (H,L, L, x). The dartz is not at the
same node asy (by Lemma 4.67).

The proof can be organized into independent claims (typesetas usual in
italic), according to the separate properties of a marked hypermap. The first
part of the proof establishes thatM is a normal family.

(normal-1) No dart is visited by two different loops.Indeed by construction,
the sets of darts ofL1 andL2 are disjoint from each other and disjoint from the
sets of darts ofL′ ∈ L \ {L}. The result now follows from the normality ofL.

(normal-2) Every loop visits at least two nodes.Indeed, this is true forL1

andL2 because they visit the nodes ofy andz. It is also true of the other loops
because they belong to the normal familyL.

(normal-3) If a loop visits a node, then every dart at that node is visitedby
some loop.Indeed, the nodes that are visited by some loop inM are precisely
those visited by some loop inL, together with thenewnodes; that is, the nodes
of f y, . . . , f py. The set of darts that are visited by some loop ofM is the union
of the set visited by loops inL, together with the darts at the new nodes. As
L1 andL2 are complementary at each new node, and asL itself is normal, the
claim ensues. It follows thatM is normal.

Next we check the properties of a marked hypermap (page 101).
(simple) To prove the simplicity of the subquotient, it is enough to show

that none of the contour loops inM ever return to a node after leaving it. (In
particular, the dart set of anyL′ ∈ M intersected with a node is the dart set of
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a maximal sublist [z; n−1z; . . . ; n−kz] of n−1 steps.) This is true ofL′ ∈ L \ {L}
by assumption and true ofL1 andL2 by construction. Simplicity ensues.

(fixed-point free) By Lemma 4.50, to prove thatn′′ does not have a fixed-
point, it is enough to show that no loop inM has a dart set containing a node.
It is sufficient to consider the loopsL1 andL2. The set of darts ofL1 andL2

at the old nodes (that is, those not meeting{ f y, . . . , f py}) are subsets of the set
of darts ofL at those nodes. As the dart set ofL does not contain an old node,
neither doL1 andL2. At the new nodes,L1 andL2 both have at least one dart,
so neither contains the entire node. It follows thatn′′ is fixed-point free.

The third and fourth properties of a marked hypermap are routine verifica-
tions. Consider the flag property (page 100).

We claim that e′y′ < S′, where y′ is the image of y in H′. Otherwise, write
y′ = [y; n−1y; . . . ; u], a sublist ofL, and selectk such thate′y′ = [ f kx] ∈ S′.
Then

(n′)−1y′ = f ′e′y′ = f ′[ f kx] = [ f k+1x; . . .].

By the construction ofS(H, L, x), we know thatL visits f k+1x. Hence,y′ and
(n′)−1y′ both lie in the same node and in the same faceF(L). By the simplicity
of H′, it follows that y′ = (n′)−1y′. That is,y′ is a fixed point ofn′. This is
contrary to assumption. The claim ensues.

We claim that e′y′ lies in a true face of H′. Indeed, since ˇϕcan is anS′-flag on
H′, the edge{y′, e′y′} meets a true face orS′. However,y′ < S′, because each
dart ofS′ is a unit path buty′ is not. Also,e′y′ < S′, by the previous paragraph.
The darty′ lies in the false faceF(L). The only remaining possibility is thate′y′

lies in a true face.
(flag-1) The true faces of H′′ are connected.Indeed,L1 is connected to a

true face by the contour path [x; n−1x] becausen−1x lies in the same face as
n f x, which is a true face by assumption. IfL′ ∈ M \ {L1, L2} is true, then
L′ ∈ L, and it connects with the true faces ofL as before. IfL2 is true, then the
proof requires more argument. Writey′ = [y; . . . ; u] as above. (The darte′y′ is
naturally identified with a dart [eu] on in H′′ because the face is true.) The dart
u′′ = [n−1y; . . . ; u] of H′′ lies in the faceF(L2). Also,

(n′′)−1u′′ = [n−1u; . . .] = [ f eu; . . .] = f ′′[eu] = f ′′e′y′.

Thus, (n′′)−1 steps fromu′′ ∈ F(L2) into a true face, and from there any true
face may be reached.

(flag-2) Each edge of H′′ meets a true face or S′′, where S′′ is the image
of S(H, L1, x) in D′′. Indeed, the function ˇϕcan is anS′-flag onH′. Let S1 =
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{ f x, . . . , f m+p+1x}. ThenS(H, L, x) ⊂ S1 and

S1 ⊂














F(L1) if F(L1) is true

S(H, L1, x) otherwise.

The following four cases exhaust all edges ofH′′.

1. Edges ofH′′ that are identical to an edge ofH′, which is verified using the
S′-flag onH′;

2. edges that meetS1;
3. the edge{u′′, e′′u′′}, which is discussed and treated above;
4. the edge{z′′, e′′z′′}, wheree′[z; . . .] = [ez′′], with z′′ in a true face.

The other verifications are routine. �

4.7.4 algorithm

The aim in this chapter is to prove that every restricted hypermap with a given
bound on the cardinality of the dart set is generated by a particular algorithm.
The proof, a long induction argument, starts by showing how to go from one
partially constructed hypermap to another more fully constructed one. The hy-
permapH represents the fully constructed one and the subquotientH/L repre-
sents a partially constructed one.

The data structures used to implementation of algorithm in computer are less
abstract than the structures we have described in this chapter. This subsection
describes how hypermaps have been implemented in code.

Definition 4.73 (listing) [ZEZRIXV] Let H = (D, e, n, f ) be a hypermap.
Write O(h, x) for the orbit of a dartx under a permutationh of D. In particular,
O(n, x) is the node ofx. Thelisting of a dartx ∈ D is the list

ℓH(x) = [O(n, x); O(n, f x); . . . ; O(n, f k−1x)],

wherek is the cardinality of the face ofx. If ℓ is a list, let~ℓ� denote the cyclic
list of ℓ (Definition 4.28). The listing ofH is the set

{ℓH(x) : x ∈ D}.

To describe the computer implementation of the algorithm, we require some
basic operators on lists.

Definition 4.74 (set, carrier, map, proper isomorphism)[MHAPXRC] If ℓ is a
list, let set(ℓ) be the set whose elements are the entries ofℓ. If ℓ = [x0; . . . ; xk−1]
is a list andφ is a function, we define the operatormapby

map(φ, ℓ) = [φ(x0); . . . ; φ(xk−1)],
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which appliesφ to each entry of the list. Letg be a set of lists. Thecarrier of
g is the set

⋃

{set(ℓ) : ℓ ∈ g}.

Let g1 andg2 be two sets of lists. We say that they areproperly isomorphic, if
there is a bijectionφ from the carrier ofg1 to the carrier ofg2, such that

{~map(φ, ℓ)� : ℓ ∈ g1} = {~ℓ� : ℓ ∈ g2}.

Lemma 4.75 [QZHDZVO] Let x be a dart of a restricted hypermap H=
(D, e, n, f ). Then the entries ofℓH(x) are all distinct.

Proof If O(n, f i x) = O(n, f j x), then by the simplicity of the hypermap, we
have f i x = f j x. By construction, the exponentsi and j are nonnegative and
less than the cardinality of the face ofx. This forcesi = j. �

Lemma 4.76 [XKABSJX] Let x and y be darts of a restricted hypermap H=
(D, e, n, f ). If x , y, thenℓH(x) , ℓH(y). In fact, the first two entries of the
listings are sufficient to distinguish darts.

Proof If the first two entries ofℓH(x) equal the first two entries ofℓH(y), then
O(n, x) = O(n, y) andO(n, f x) = O(n, f y). The edges{x, n f x} and{y, n f y} of
the hypermap run between the same nodes. By the no double joins condition
of restricted hypermaps (Definition 4.48), the two edges areequal:

{x, n f x} = {y, n f y}.

The two nodesO(n, x) andO(n, f x) are distinct by Lemma 4.75. This forces
x = y. �

Lemma 4.77 [RFLGXTI] Let x be a dart of a restricted hypermap H=
(D, e, n, f ). If ℓH(x) = [x0; . . . , xk−1], thenℓH( f x) = [x1; . . . ; xk−1; x0]. In par-
ticular, ~ℓH(x)� = ~ℓH( f x)�. As y runs over the face of x,ℓH(y) runs over the
set of representatives of the cyclic list~ℓH(x)�.

Proof This is an elementary verification. �

If we write ρ for the rotation operator on lists:

ρ[x0; . . . , xk−1] = [x1; . . . ; xk−1; x0],

then the first statement of the lemma takes the form

ℓH( f x) = ρ ℓH(x).
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Lemma 4.78 [PSZUDYT] Let H1 and H2 be restricted hypermaps that have
properly isomorphic listings. Then H1 and H2 are isomorphic hypermaps.

Proof Write H1 = (D1, e1, n1, f1) andH2 = (D2, e2, n2, f2). Setℓi = ℓHi . Let
φ be the bijectionφ from the set of nodes ofH1 to the set of nodes ofH2 that
realizes the proper isomorphism between listings. By the definition of proper
isomorphism, for everyx ∈ D1, there existsy ∈ D2 such that

~map(φ, ℓ1(x))� = ~ℓ2(y)�.

By Lemma 4.77, there is a dartz in the face ofy such that

map(φ, ℓ1(x)) = ℓ2(z).

By Lemma 4.76,z is uniquely determined by this condition. Defineψ : D1 →
D2 by ψx = z. By Lemma 4.76 again, fromφ being one-to-one, we find thatψ
is one-to-one.

Next we check the equivariance ofψ with respect to face permutations:

ℓ2(ψ f1x) = map(φ, ℓ1( f1x))

= ρmap(φ, ℓ1(x))

= ρ ℓ2(ψx)

= ℓ2( f2ψx).

By Lemma 4.76, it follows thatψ f1x = f2ψx.
Next we check the equivariance ofψ with respect to edge permutations.

Recall that in a restricted hypermap, we havee2 = ID. This implies

O(n, ex) = O(n, f x), O(n, f ex) = O(n, x),

so thatℓH(ex) = [O(n, f x); O(n, x); . . .]. We compute

ℓ2(ψe1x) = map(φ, ℓ1(e1x))

= [φ(O(n1, f1x)); φ(O(n1, x)); . . .]

= [O(n2, ψ f1x); O(n2, ψx); . . .]

= [O(n2, f2ψx); O(n2, ψx); . . .]

= ℓ2(e2ψx).

It follows thatψe1x = e2ψx.
By the hypermap triality relationen f = ID, the equivariance ofψ with re-

spect tof andegive the equivariance with respect ton as well.
The mapψ is one-to-one between finite setsD1 andD2. Proper isomorphism

is a symmetric relation. This means that there exists a one-to-one mapping
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from D2 to D1. Thus,D1 andD2 have the same cardinality, andψ is a bijection.
This proves thatψ is an isomorphism fromH1 to H2. �

We give a description of a hypermap generating algorithm in very broad
terms. In the algorithm, the primary data structure is agraph record, which
has the general form of a tuple (r, . . .), wherer is a list of ordered pairs (a, b),
wherea itself is a list of integers andb takes values true or false.

The algorithm depends on a parameterp, which gives the size of the largest
face of the graphs generated by the algorithm. The algorithmstarts with a
particular graph record, called thepth seed:

seedp =([

([0; 1; 2;. . . ; p− 1], true);

([p− 1; . . . ; 2; 1; 0], false)

], . . .).

Every step of the algorithm has input a graph record, and output a finite set of
graph records. We use the notationg1 dp g2 for the relation asserting thatg2

is among the graph records output, when the input isg1. We writed∗p for the
reflexive transitive closure of the relationdp. That is,d∗p is the smallest set
of ordered pairs that containsdp and that is both reflexive and transitive.

A graph record ([(a0, b0); . . .], . . .) is final, if all of the termsbi are true. The
algorithm consists of iteratingdp on seedp, to obtain all graph recordsg such
that

1. seedpd∗p g, and
2. g is final.

We call graph records that satisfy these two propertiesalgorithmically planar
(with parameterp).

We now show in broad terms how to relate this algorithm to the classification
of restricted hypermaps.

Definition 4.79 (record) [AAIVWQU] Let (H,L) be a pair consisting of a
restricted hypermapH and a normal familyL of H. We say that a graph record

([(a0, b0); . . . ; (ak−1, bk−1)], . . .)

is a recordof (H,L) provided that there is an proper isomorphismφ between
the listing ofH/L and the set

{a0, . . . , ak−1}
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such that for all dartsx in the hypermapH/L and all indicesi, if

~map(φ, ℓH/L(x))� = ~ai�,

then the canonical flag on the face ofx takes valuebi .

Theorem 4.80 [CHAKYSS] Let H be a restricted hypermap. Let p be the
cardinality of the largest face of H. LetL be the maximal normal family of
Example 4.51. Then there exists an algorithmically plane graph record (with
parameter p) that records(H,L).

The rest of this chapter sketches a proof of this theorem. Thetheorem shows
that the hypermap generating algorithm captures all restricted planar hyper-
maps up to isomorphism. Specifically, a restricted hypermapH is isomorphic
to its subquotient by the maximal normal familyL. If two hypermapsH1 and
H2 have properly isomorphic records with respect to their maximal normal
families, then they are isomorphic, by Lemma 4.78.

There is a more refined version of this theorem that produces records for
each step of the algorithm. The following lemma treats the initialization step.

Lemma 4.81 [VHTHIOG] Let H be a restricted hypermap. Let p be the car-
dinality of the largest face of H. Let F be any face with p darts. LetL be the
minimal normal family of Example 4.52 associated with F. Then seedp records
(H,L).

Proof This follows from the explicit description of seedp and Examples 4.53
and 4.60, which identifyH/L with the dihedral hypermap. �

Lemma 4.82 [DMFMDYP] Let H be a restricted hypermap. Let p be the car-
dinality of the largest face of H. Suppose thatL is a normal family of H that
is not maximal, and such that H/L is a simple hypermap on which the node
map acts without fixed points. Suppose that the canonical function is a flag on
H/L. Suppose that g1 is a graph record that records(H,L). Then there exists
a normal familyM of H and a graph record g2 with the following properties.

1. H/M is simple.
2. The node map acts without fixed points on H/M.
3. The canonical function on H/M is a flag.
4. The set of darts visited byM has larger cardinality than the set of darts

visited byL.
5. g2 records(H,M).
6. g1dp g2.
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Remark4.83 A given graph record may record many different pairs (H,L). In
general, the relationdp is multi-valued. Because of multiplicities of choices,
the lemma only asserts the existence ofM andg2, but makes no uniqueness
claims.

Proof sketch We give a few more details about the input-output relationdp

on a graph record

g1 = ([(a0, b0); . . .], . . .).

The assumption thatL is not maximal, implies that some termbi is false. The
algorithm selects some listai such thatbi is false. The claim of the lemma
is independent of how this choice is made, and we disregard the details of
the choice. The algorithm also selects an entryc j of the list ai . Becauseg1

records (H,L), there is a contour loopL in L that is canonically false that
corresponds toai . Similarly, there is a node ofH/L that corresponds to the
entryc j . Under the injection from nodes ofH/L to nodes ofH (Lemma 4.46),
we obtain a node ofH visited byL. Because the subquotientH/L is simple,
the set of darts visited byL at the node has the form{n−kx, . . . , n−1x, x} for
some uniquely determined dartx of H.

The rules about how to chooseci are such that the resulting dartx has the
propertyS(H, L, x) = ∅, and the loop ofL visiting n f x is true. This means
that (H,L, L, x) is a marked hypermap (Definition 4.64) with canonically false
L.

By Lemma 4.72, the transform (H,M1, L1, x) of (H,L, L, x) is marked. We
repeatedly take the tranform

T i(H,L, L, x) = (H,Mi , Li , x),

until Li is canonically true. SetM =Mi .
We claim that there existsg2 such thatg1 dp g2, and such thatg2 records

(H,M). In fact, without elaborating on details, this is not surprising, because
it has been arranged to be true by construction: the algorithm is just the im-
plementation at the level of lists of integers the iterated transform of marked
hypermaps. Specifically, it implements the transform (Definition 4.69) in lists.
But there is one important distinction. The iterated transform starts with a spe-
cific marked hypermapH and results in a single normal familyM. However,
dp works without prior assumptions about the eventual end hypermapH, and
generates all possible iterated transforms, subject to Lemma 4.68. For this rea-
son, in general,g2 will be just one of many graph recordsg such thatg1dp g.
Nevertheless, the claim of the lemma holds for this particularg2. �

Remark4.84 According to the pencil-pen heuristic, this section describes in
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rigorous terms the process of retracing a pencil drawing in pen. One trans-
form of a marked hypermap corresponds to retracing a single pencil arc in pen.
The iterated transform corresponds to retracing in pen an entire face. The step
dp corresponds to working without the pencil tracings, and drawing in pen a
single face of cardinality at mostp, along a given edge in all possible ways.
The relationd∗p corresponds to drawing all possible sequences of faces. The-
orem 4.80 asserts that all restricted hypermaps admit a sequential construction
in this fashion.

Finally, we turn to the proof of Theorem 4.80.

Proof Let H be a restricted hypermap. Letp be the cardinality of the largest
face ofH. LetL0 be the minimal normal family ofH. By Lemma 4.81,g0 =

seedp records (H,L0). Assume inductively, thatgi records (H,Li) and that
H/Li has simple subquotient. Ifi > 0, we assume inductively thatgi−1 dp gi .
If Li contains a canonically false loop, then Lemma 4.82 constructs gi+1 and
Li+1. The process terminates when every face ofLi is canonically true. The
process must terminate, because the number of darts visitedbyLi is increasing
in i, and is bounded from above by the cardinality of the dart set of H. When
every loopLi is canonically true, thenLi is the maximal normal family,gi is
final, and

g0dp g1d · · ·dp gi, or g0d
∗
p gi .

That is,gi is an algorithmically plane graph record with parameterp. It records
(H,Li), whereLi is the maximal normal family. �
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Fan

Summary. This chapter is the final foundational chapter. The main con-
cept is that of a fan, a geometric object that is related both to sphere
packings and to hypermaps. A fan determines a set V of points in R3,
which later chapters interpret as the set of centers of a packing of con-
gruent balls. The same set V can be interpreted as the set of nodes of a
hypermap or as the set of nodes of a graph. In fact, a fan is a graph and
a geometric realization of a hypermap. The main result of this chapter, an
Euler formula for fans, implies that the hypermap of a fan is planar. To
make the material in this chapter as self-contained as possible, the pla-
narity results in this chapter have been carefully organized to avoid any
use of the Jordan curve theorem.

Fans are also closely related to polyhedra. This chapter associates a
fan with every bounded polyhedron inR3 with nonempty interior. Poly-
hedra inherit various properties from fans, such as an Eulerformula for
polyhedra.

5.1 Definitions

If S ⊂ R3 is a set of points, abbreviate

C±(S) = aff±(0,S),

C0
±(S) = aff0

±(0,S).
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When the subscript is absent, the subscript+ is implied:C+(S) = C(S), and so
forth. The parentheses around the set are frequently omitted:

C0{v,w} = C0
+({v,w}) = aff0

+({0}, {v,w}).

The following definition gives the main object of study in this chapter (Fig-
ure 5.1). The separate defining properties of a fan are given by name because
we need to make frequent reference to them.

Definition 5.1 (fan, blade) [DSKAGVP] [fan ! FAN] Let (V,E) be a pair
consisting of a setV ⊂ R3 and a setE of unordered pairs of distinct elements
of V. The pair is said to be afan if the following properties hold.

1. (cardinality) V is finite and nonempty.[cardinality ! fan1]

2. (origin) 0 < V. [origin ! fan2]

3. (nonparallel) If {v,w} ∈ E, thenv andw are not parallel.[nonparallel
! fan6]

4. (intersection) For all ε, ε′ ∈ E ∪ {{v} : v ∈ V}, [intersection !
fan7]

C(ε) ∩C(ε′) = C(ε ∩ ε′).

Whenε ∈ E, call C0(ε) or C(ε) a bladeof the fan.

0

Figure 5.1[IIAHJXI] A fan with six nodes and five edges. An unbounded
blade is associated with each edge.

Remark5.2 In the mathematical literature, other objects go by the name of
fan. The definition of fan given below is not the same as definitions in other
mathematical contexts. In particular, a fan in this book is not a fan from the
theory of toric varieties.1

1 According to Fulton [13], a toric variety fan is a family∆ of rational strongly convex
polyhedral cones inNR (the vector space generated by a latticeN) such that (1) each face of a
cone in the family is again in the family, and (2) the intersection of two cones in the family is a
face of each cone. For our purposes, a fan determines a set of strongly convex polyhedral
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5.1.1 basic properties

The rest of the chapter develops the properties of fans. We begin with a com-
pletely trivial consequence of the definition.

Lemma 5.3 [CTVTAQA] If (V,E) is a fan, then for every E′ ⊂ E, (V,E′) is
also a fan.

Proof This proof is elementary. �

Lemma 5.4(fan cyclic) [XOHLED] [E(v) ! set of edge] Let (V,E) be
a fan. For eachv ∈ V, the set

E(v) = {w ∈ V : {v,w} ∈ E}

is cyclic with respect to(0, v).

Proof If w ∈ E(v), thenv andw are not parallel. Also, ifw , w′ ∈ E(v), then

C{v,w} ∩C{v,w′} = C{v}.

This implies thatE(v) is cyclic. �

Remark5.5 (easy consequences of the definition)[WCXASPV] Let (V,E) be
a fan.

1. The pair (V,E) is a graph with nodesV and edgesE. The set

{{v,w} : w ∈ E(v)}

is the set of edges at nodev. There is an evident symmetry:w ∈ E(v) if and
only if v ∈ E(w).

2. [σ ! sigma fan][σ(v)−1
! inverse1 sigma fan]SinceE(v) is cyclic,

eachv ∈ V has an azimuth cycleσ(v) : E(v) → E(v). The setE(v) can re-
duce to a singleton. If so,σ(v) is the identity map onE(v). To make the
notation less cumbersome,σ(v,w) denotes the value of the mapσ(v) at w.

3. The property (nonparallel) implies that the graph has no loops:{v, v} < E.
4. The property (intersection) implies that distinct setsC0(ε) do not meet.

This property of fans is eventually related to the planarityof hypermaps.

Remark5.6 (verifying the fan properties)[GMLWKPK]We are often given a
pair (V,E) and asked to verify that it is a fan. Here are a few tips about how to
verify the fan properties in practice.

cones∆ = {C(ε) : ε ∈ E∪ {{v}} ∪ {{0}}}, which satisfies conditions (1) and (2). Hence, a fan in
our sense bears some relation to a toric variety fan.
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1. (cardinality) If V is defined as a subset or image of a finite set, then it
is evidently finite. Also, ifV is a bounded subset ofR3 and if V has no
limit point, thenV is finite. Lemma 6.2 gives a finiteness result when the
minimum distance is 2.

2. (origin) If (V,E) is a fan, then any subset ofV inherits the property0 < V
from V.

3. (nonparallel) If the property(intersection) is known, then to prove thatu
andv are not parallel, it is enough to show the strict form of the triangle
inequality:

||u − v || < ||u || + ||v || . (5.7)

Indeed, the strict form of the triangle inequality implies that0 < conv{u, v}.
Also, the intersection property implies thatC0{v} ∩C0{u} = ∅. These con-
ditions imply thatu andv are not parallel. Inequality (5.7) is equivalent
to

arcV(0, {u, v}) < π.

4. (intersection) The intersection property is generally the most difficult to
verify in practice. Some geometrical reasoning based on additional facts
about (V,E) is generally required to verify the intersection property. If (V,E)
is a fan, then the intersection property is inherited by subsets ofV andE.
Also, note that

C(ε ∩ ε′) ⊂ C(ε) ∩C(ε′)

always holds by elementary geometry. Hence, it is enough to check the
reverse inclusion. Furthermore, ifε = ε′, then the intersection property is a
triviality. The verification comes down to checking two cases:

C(ε) ∩C(ε′) = {0},

whenε ∩ ε′ = ∅, and

C(ε) ∩C(ε′) = C{v},

whenε ∩ ε′ = {v}.

5.1.2 hypermap

One of the main uses of a fan in this book is to provide a link between sphere
packings and hypermaps. Next, we associate a hypermap with afan. We define
a set of darts and permutations on that set of darts as follows.



i

i

5.1 Definitions 119

Let (V,E) be a fan. Define a set of dartsD to be the disjoint union of two
setsD1,D2: [D1 ! d1 fan] [D2 ! d2 fan]

D1 = {(v,w) : {v,w} ∈ E},
D2 = {(v, v) : v ∈ V, E(v) = ∅}, and

D = D1 ∪ D2.

Darts in D2 are said to beisolatedand darts inD1 are nonisolated. [n !
n fan] [ f ! f1 fan] [e ! e fan] Define permutationsn, e, and f on
D1 by

n(v,w) = (v, σ(v,w)),

f (v,w) = (w, σ(w)−1v),

e(v,w) = (w, v).

Define permutationsn, e, f on D2 by making them degenerate onD2:

n(v) = e(v) = f (v) = v.

Set hyp(V,E) = (D, e, n, f ). The next lemma shows that (D, e, n, f ) is indeed a
hypermap.

Lemma 5.8 [AAUHTVE]Let(V,E) be a fan. Let D= D1∪D2 andhyp(V,E) =
(D, e, n, f ), as constructed above. Then

1. hyp(V,E) is a plain hypermap.
2. e has no fixed points in D1.
3. f has no fixed points in D1.
4. For every pair of distinct nodes, at most one edge meets both.
5. The two darts of an edge of D1 lie at different nodes.

Proof

e(n( f (v,w))) = e(n(w, σ(w)−1v)) = e(w, v)

= (v,w).

So hyp(V,E) is a hypermap. Plainness is an elementary calculation:

e(e(v,w)) = e(w, v) = (v,w).

There is no fixed point inD1 undere, because otherwise,v = w ∈ E(v) but by
constructionv < E(v). The argument thatf has no fixed points is similar.

The next step is to show that for every two distinct nodes, there is at most
one edge meeting both. That is,

(niex= enj x)⇒ (n j x = x).
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Let x = (v,w) ∈ D1. Letσ = σ(v). Then

n j x = (v, σ jw)

enj x = (σ jw, ∗)
ex= (w, ∗)

niex= (w, ∗)
niex= enj x

⇒ (w = σ jw)

⇒ (n j x = (v,w) = x).

Finally, each dart of an edge lies on a different node. That is,ex , ni x for
x ∈ D1. In detail:

e(v,w) = (w, ∗), w ∈ E(v)

ni(v,w) = (v, ∗), v < E(v).

The lemma ensues. �

5.2 Topology

5.2.1 background

This chapter uses some basic notions from topology such as continuity, con-
nectedness, and compactness.

Remark5.9 We use the termconnectedin two different senses: in the topo-
logical sense and in a combinatorial sense for hypermaps. Toreduce the con-
fusion, this book calls a connected component of a topological space atopo-
logical componentand a connected component of a hypermap acombinatorial
component.

We assume basic facts about the topology of Euclidean space.In particular,
the setR3 is a metric space under the Euclidean distance functiond(v,w) =
||v − w || . Every subset ofR3 is a metric space under the restriction of the metric
d to the subset. A subset carries the metric space topology. Inparticular,

S2 = {v : ||v || = 1},

the unit sphere inR3 centered at0, is a metric space and a topological space.
If Y is an open set inR3, write [Y] for its set of topological components.

The family of topological components ofY has the following properties: the
members are pairwise disjoint, nonempty, connected open sets; and the union
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of the family is all ofY. Conversely, any family with these properties must be
the family of topological components ofY. If two points inR3 can be joined
by a continuous path inY, then the two points lie in the same topological
component ofY.

5.2.2 topological component and dart

The next series of definitions and lemmas introduce terminology to refer to
the different geometric features of a fan. A major theme of this chapter is the
correspondence between the geometric features of a fan and the combinato-
rial properties of the hypermap. For example, we show that the set of nodes of
the hypermap is in natural bijection with the set of nodesV of the fan (V,E)
(Lemma 5.13). We describe when the set of faces of the hypermap is in bijec-
tion with the topological components of the following setY(V,E).

Definition 5.10(X, Y) [ZQHYZQI][X(V,E) ! xfan] [Y(V,E) ! yfan]

[W0
dart

(x) ! w dart fan] [Wdart(x) ! cw dart fan] Let (V,E) be a fan.
Let X = X(V,E) be the union of the blades

C(ε)

asε ranges overE. Let Y = Y(V,E) be the complementY = R3 \ X.

Definition 5.11 (W0
dart, Wdart) [OTAOLKZ] [rcone0(0, v, h) ! rcone fan]

[W0
dart

(x, ǫ) ! rw dart fan]Let (V,E) be a fan and let (D, e, n, f ) = hyp(V,E)
be the associated hypermap. A wedgeW0

dart(x) and a subsetW0
dart(x, ǫ) are as-

sociated with each dartx = (v,w) ∈ D. (See Figure 5.2.) Define

W0
dart(x) =



























W0(0, v,w, σ(v,w)), if card(E(v)) > 1,

R
3 \ aff+({0, v},w), if E(v) = {w},
R

3 \ aff{0, v}, if E(v) = ∅.

Define

Wdart(x) =















W(0, v,w, σ(v,w)), if card(E(v)) > 1,

R
3, otherwise.

(Wdart(x) is the closure ofW0
dart(x).) For anyx = (v, . . .) ∈ D, set

W0
dart(x, ǫ) =W0

dart(x) ∩ rcone0(0, v, cosǫ).
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v

w

W
ε

Figure 5.2[SCDMRGM] The setW =W(x, ε) at the dartx = (v,w) is the cone
over a wedge of a disk on the unit sphere. The geodesic radius of the disk is
ε. If ||v || = ||w || = 1, then the disk is centered atv, and the wedge extends
counterclockwise from the geodesic arc of (v,w) until it meets the next blade
of the fan throughv. The angle of this wedge atv equals azim(x).

Definition 5.12(azim) [QEIQZZH][azim(x) ! azim fan]Define azim(x)
as the azimuth angle ofW0

dart(x):

azim(x) =















azim(0, v,w, σ(v,w)), if card(E(v)) > 1,

2π, otherwise.

Lemma 5.13 [ETSBAGK] Let (V,E) be a fan with hypermap H. There is a
natural bijection between nodes of H and V that sends the nodecontaining the
dart (v, ∗) to v ∈ V.

Proof This is left as an exercise for the reader. �

Definition 5.14 (node) [VGNBFSH] Write node(x) ∈ V for the node corre-
sponding to a dartx ∈ D, under the identification of nodes of a hypermapH
with V.

Lemma 5.15(node partition) [VBTIKLP] Let (V,E) be a fan. Letv ∈ V.
Then a disjoint sum decomposition ofR3 is given by

R
3 = aff{0, v} ∪

⋃

node(x)=v

W0
dart(x) ∪

⋃

{v,w}∈E
aff0
+({0, v},w).

Proof We start the proof with the existence of the disjoint sum decomposi-
tion. First of all,R3 is the disjoint union of aff{0, v} and its complement.

The case when card(E(v)) ≤ 1 follows immediately from the definitions.
Therefore, assume that card(E(v)) > 1. Fix u such that{v, u} ∈ E, and letσ be
the azimuth cycle onE(v). Let α(i) = azim(0, v, σiu, σi+1u). By Lemma 2.94,
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the sum of the anglesα(i) is 2π. Everyp ∈ R3 \ aff{0, v} satisfies either

j
∑

i=0

α(i) < azim(0, v, u, p) <
j+1
∑

i=0

α(i).

or
j

∑

i=0

α(i) = azim(0, v, u, p)

for a unique 0≤ j < n, wheren is the cardinality ofE(v). These con-
ditions are exactly the membership conditions for the setsW0

dart(v, σ
ju) and

aff0
+({0, v}, σ ju), respectively. The result ensues. �

Corollary 5.16 (disjointness) [IBZWFFH] Let (V,E) be a fan, let x= (v, . . .)
be a dart in the hypermap of(V,E) and letw ∈ E(v). Then W0

dart(x)∩C{v,w} =
∅.

Proof The decomposition established in Lemma 5.15 is disjoint. Itfollows
directly from the definitions that

C{v,w} ⊂ aff0
+({0, v},w) ∪ aff{0, v}.

�

The next lemma gives an important map from a combinatorial structure (the
set of darts) to a topological object (the set [Y(V,E)]). After presenting the
proof, we codify the map in a definition.

Lemma 5.17(dart and topological component)[JGIYDLE] Let (V,E) be a
fan. For each dart x in the hypermap of(V,E) and for everyǫ sufficiently small
and positive, W0

dart(x, ǫ) is nonempty and lies in a single topological component
of Y(V,E).

Proof The proof first shows thatW0
dart(x, ǫ) lies in Y for ǫ small. Let x =

(v,w) ∈ D1. LetS2 be the unit sphere centered at0. By makingǫ small enough,
the sets2 W0

dart(x, ǫ) ∩ S2 avoid the compact setsC(ε) ∩ S2 whenv < ε. Thus,
W0

dart(x, ǫ) also avoidsC(ε) whenv < ε. By Corollary 5.16,W0
dart(x, ǫ) avoids

C(ε), whenv ∈ ε. Thus,W0
dart(x, ǫ) ⊂ Y for ǫ small.

To complete the proof, it is enough to show that eachW0
dart(x, ǫ) is connected.

The product of intervals

{(r, θ, φ) : r ∈ (0,∞), θ ∈ (θ1, θ2), φ ∈ (0, ǫ)}

is connected. The setW0
dart(x, ǫ) is the image of this product under a spherical

2 Beware of the notational subtleties:ǫ ∈ R is notε ∈ E.
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coordinate representation (Definition 2.85). It is readilyverified that the spher-
ical to Cartesian coordinate transformation is a continuous map. As the image
of a connected set under a continuous map,W0

dart(x, ǫ) is connected. �

Definition 5.18 (lead into) [DZYIUPU] Let (V,E) be a fan. For each dartx
in the hypermap of (V,E), there exists a well-defined topological component
Ux of Y(V,E) that containsW0

dart(x, ǫ) (for all sufficiently small positiveǫ). The
dartx is said tolead into Ux.

5.3 Planarity

One of the main results of this chapter holds that the hypermaps associated
with certain fans are planar (Lemma 5.30). Recall that a hypermap is defined
to be planar if Euler’s formula holds for the hypermap. Everyfan is a graph and
is planein the sense of being embedded in a sphere. The proof of hypermap
planarity ultimately reduces to the Euler formula for the fan, viewed as a plane
graph.

There are many proofs of Euler’s formula for a graph. We may pick our fa-
vorite and translate it into the language of hypermaps. The graph has special
properties that allow us to simplify the proof of Euler’s formula: it is embed-
ded in the sphere with edges formed by geodesic arcs, and the faces are all
geodesically convex polygons.

We prove Euler’s formula as follows. A geodesically convex polygon has
a diagonal (Lemma 5.20). The diagonal, which breaks a polygon into two
smaller ones, permits an induction on the number of sides forthe area of each
polygonal face of the hypermap, generalizing Girard’s formula for the area of
a triangles. An identity, which equates the sum of these areas with the total
surface area of a sphere, is equivalent to Euler’s formula. This proof can be
recognized as a special case of the Gauss–Bonnet formula, which relates the
Euler characteristic to the area of a surface of constant curvature.

The reader who is ready to believe Euler’s formula for plane graphs and to
accept that the hypermaps of fans are planar may safely skip this section.

5.3.1 face attributes

To simplify the proofs in this section, we generally assume that fans satisfy the
following convexity condition.



i

i

5.3 Planarity 125

Definition 5.19 (fully surrounded) [EOUATJI] [fully surrounded !
fan80]A fan (V,E) is fully surrounded, if azim(x) < π for all dartsx in the
hypermap of (V,E).

The following lemma proves the existence of a diagonal to a nontriangular
face. A diagonal divides a face into two faces, each with fewer sides than the
original. The existence of the diagonal occurs in inductionarguments to re-
duce statements about a face to statements about faces with fewer sides. The
following lemma is thus the key technical lemma for many of the results in this
section.

Lemma 5.20(sweep) [DHVFGBC]Let(V,E) be a fan with hypermap(D, e, n, f ).
Suppose that(V,E) is fully surrounded. Fix a dart x∈ D. Let v = node(x),
v0 = node(f x), andv1 = node(f 2x). Letw(t) = (1− t)v0 + t v1 for 0 ≤ t ≤ 1.
Then

1. For each t∈ [0, 1], v andw(t) are not parallel.
2. If 0 < t ≤ 1, and C0{v,w(t)} meets X, then t= 1 and {v, v1} ∈ E. (See

Figure 5.3.)

0

t = 1, v1
v0, t = 0

w(t)

v

Figure 5.3[JCAEBKL] As a point w(t) slides from v0 to v1, the blade
C0{v,w(t)} avoids the blades of the fan (V,E), when 0< t < 1.

Proof AbbreviateC0(t) = C0{v,w(t)}. Let Y = Y(V,E) and X = X(V,E).
It follows from the definition of a fan that{v, v0} ∈ E and thatv andv0 are
not parallel. By continuity,v andw(t) are not parallel whent is sufficiently
small and positive. LetI ⊂ (0, 1] be any interval that contains (0, ǫ) for some
sufficiently small positiveǫ, with the property thatv andw(t) are not parallel
for all t ∈ I .

We claim that if t ∈ I and C0(t) meets X, then t= 1 and {v, v1} ∈ E.
Indeed, an inspection of possible intersections with nodesu ∈ V and blades
C0(ε) ⊂ X shows that fort > 0 sufficiently small,C0(t) does not meetX;
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hence,C0(t) ⊂ Y. Assuming thatC0(t) meetsX for somet ∈ I , let a be the
smallest sucht ∈ I . C0(a) cannot meetX at a nodeu ∈ V because azim(y) < π

wheneveru = node(y), which means that there exists a smallert < a for which
C0(t) meets a blade atu. Thus,C0(a) first meetsX along a bladeC0(ε). If the
intersection with this blade is transversal, again one can find a smallert that
gives an intersection with the blade. Hence,C0(a) andC0(ε) are coplanar. From
the disjointness properties of blades of a fan, it follows that ε = {v, v1} ∈ E,
thata = 1, and thatC0(1) is a blade of the fan. The claim ensues.

The vectorsv and w(t) are not parallel for any t∈ (0, 1]. Otherwise, let
b ∈ (0, 1] be the least constant for whichv andw(b) are parallel. SetI = (0, b).
Selecta such that 0< a < b. Then{0,w(a),w(b), v} lie in a unique planeA.
Since allw(t) lie in a line,w(t) ∈ A all t ∈ I . Thenv0 ∈ C0(a)∩X, contradicting
the established disjointness ofX from C0(a). Thus,b does not exist, proving
the claim and the first conclusion of the lemma.

Set I = {t : 0 < t ≤ 1}. The second conclusion of the lemma follows
immediately from the claim. �

Lemma 5.21(face to component) [RWXUYZZ] Let (V,E) be a fan and let
(D, e, n, f ) be its hypermap. Assume that(V,E) is fully surrounded. Then for ev-
ery face F of the hypermap, there exists a topological component U of Y(V,E)
such that for every x∈ F, the dart x leads into U.

This lemma strengthens the relationship between the combinatorics of hy-
permaps and the topology of fans by showing that there existsa well-defined
map from faces to topological components. WriteF 7→ UF for this map.

Proof Fix any dartx ∈ F and construct the setC0(t) as in the previous lemma.
For allǫ > 0 sufficiently small, there existsδ > 0 such that setC0(t) meets both
W0

dart(x, ǫ) andW0
dart( f x, ǫ) for all 0 < t < δ. By the previous lemma, the set

C0(t) lies in a single componentU when t is sufficiently small and positive.
Thus,x and f x lead into the same componentU. By induction, for ally ∈ F,
the darty leads intoU. �

The following lemma appears in induction arguments to show that a state-
ment about one fan (V,E) can be reduced to a statement about a simpler fan
(V,E′).

Lemma 5.22(fan diagonal) [DWWUTKW] Let (V,E) be a fully surrounded fan
and letv,w ∈ V be nonparallel. Suppose that C0{v,w} ⊂ UF for some face F.
Let E′ = E ∪ {{v,w}}. Then(V,E′) is a fan.

Proof We establish each of the defining properties of a fan in turn. The node
set is unchanged, remains finite and nonempty, and does not contain 0. The
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property (nonparallel) of E′ follow from the corresponding property ofE and
the assumed nonparallelism for{v,w}.

In the verification of the intersection property

C(ε) ∩C(ε′) = C(ε ∩ ε′),

it is enough to consider the caseε = {v,w} andε′ , ε, the other cases being
trivial. Then from elementary geometry

C{v,w} = C0{v,w} ∪C{v} ∪C{w}

and known factsC0{v,w} ⊂ UF , C(ε′) ⊂ X(V,E), andX(V,E) ∩ UF = ∅, it
follows that

C{v,w} ∩C(ε′) = (C{v} ∪C{w}) ∩C(ε′)

= C({v} ∩ ε′) ∩C({w} ∩ ε′)
= C({v,w} ∩ ε′).

(The last equality uses the observation that at most one of the two intersections
∗ ∩ ε′ in the penultimate line is nonzero.) Thus, (V,E′) is a fan. �

The following lemma further strengthens the relationship between combi-
natorics and topology by showing that the mapF 7→ UF is onto.

Lemma 5.23 [JUTSTKG] Let (V,E) be a fan with hypermap(D, e, n, f ). As-
sume that(V,E) is fully surrounded. For every topological component U of
Y(V,E), there exists a dart x∈ D that leads into U.

Proof The setsC0(t) of Lemma 5.20 depend on the initial dartx. Write
C0(t, x) to make the dependence explicit.

Let p ∈ U. Choose a continuous pathϕ : [0, 1]→ R3\{0} such thatϕ(t) ∈ U
for t < 1 andϕ(1) < U. Thenq = ϕ(1) ∈ X. If q ∈ C0{v} for somev ∈ V, then
there exists a dartx with nodev = node(x) such that for all sufficiently small
positiveǫ, there exists some 0≤ t < 1 such thatϕ(t) ∈ W0

dart(x, ǫ) ⊂ Ux. Thus,
x leads intoU.

The other possibility is thatq ∈ C0{v,w} for some{v,w} ∈ E. In this case,
there exists a unique edge{x, y} of the hypermap such thatv = node(x) and
w = node(y). (That is,x = (v,w) andy = (w, v).) There is also a small neigh-
borhood ofq such that every pointq′ in that neighborhood takes one of the
following forms.

1. q′ ∈ C0{v,w},
2. q′ ∈ C0(s, x) ⊂ Ux for some 0< s< 1,
3. q′ ∈ C0(s, y) ⊂ Uy for some 0< s< 1.
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Points of the first form do not meetY(V,E). Thus,ϕ(t) ∈ Ux or ϕ(t) ∈ Uy, in
the second and third forms respectively. �

As the introduction to this section mentioned, the primary aim of the chapter
is to prove that the hypermaps of certain fans are planar. Theproof is a long
induction. The base case of the induction consists of fans inwhich every face
is a triangle. The following lemma gives the properties of triangles that are
needed in the base case of an induction.

Lemma 5.24(triangle attributes) [KVQWYDL]Let (V,E) be a fan with hyper-
map(D, e, n, f ). Let Y= Y(V,E). Assume that(V,E) is fully surrounded. Let F
be a face of cardinality three, let x0 ∈ F and xi = f i x0. Then

1. UF is equal to the intersection of the three half-spaces:

A0
+(i) = aff0

+({0, node(xi+1), node(xi+2)}, node(xi)), i = 0, 1, 2.

2. If a dart y leads into UF , then y∈ F.

Proof The intersection U′ of the three half-spaces is a subset of UF . Indeed,
the intersection of two half-spaces,A0

+(1)∩ A0
+(2), is the wedgeW0

dart(x0). The
setsC0(t, x0) ⊂W0

dart(x0) sweep out precisely the intersection ofW0
dart(x0) with

A0
+(0), when 0< t < 1. The setsC0(t, x0) belong toUF . The claim ensues.
UF is a subset of the intersection U′. Otherwise, letp be a point ofUF

that does not belong toU′. Choose a continuous pathϕ : [0, 1] → UF with
ϕ(0) ∈ U′ andϕ(1) = p. Let t > 0 be the first time such thatϕ(t) < U′. Then
q = ϕ(t) lies in the set consisting of the closed intersection of half-spacesA+(i)
corresponding toA0

+(i). The pointq also lies in one of the bounding planes. Let

X′ =
⋃

C(i), whereC(i) = C{node(xi), node(xi+1)}.

Thenq ∈ X′ ⊂ X. This yields an impossibility:q ∈ X∩Y = ∅. Thus,U′ = UF .
Let y be any dart that leads intoUF . ThenW0

dart(y, ǫ) meetsUF for all ǫ > 0
sufficiently small, implying that node(y) lies in the intersection of the closed
half-spacesA+(i). As previously established, this intersection is the disjoint
union of UF andX′. As node(y) ∈ X and asX does not meetUF , it follows
that node(y) ∈ X′. The setX′ is the disjoint union of the raysC{node(xi)} and
the three bladesC0(i). These blades do not meetV; hence, node(y) = node(xi)
for somei. Thus,y and xi belong to the same node. The setsW0

dart(y) and
W0

dart(xi) are disjoint for distinct darts at the same node, and this implies that
y = xi ∈ F. �
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Corollary 5.25 (triangle solid angle) [MOZNWEH] Let F be a face of cardi-
nality three in the context of Lemma 5.24. Then for r> 0, UF ∩ B(0, r) is
measurable and r-radial at0. The solid angle of UF is given by the formula

sol(UF) = −π +
∑

x∈F
azim(x).

Proof An intersection of half-spaces through the origin withB(0, r) is mea-
surable andr-radial. The solid angle is given by Girard’s formula for a spheri-
cal triangle (Lemma 3.23). �

5.3.2 conformance

The previous subsection shows that in a fully surrounded fan, the topological
components ofUF have a particularly simple geometrical description as an
intersection of half-spaces, when card(F) = 3. This subsection defines a class
of fans (Definition 5.26) in which the faces also have a simplegeometrical
description.

Lemma 5.42 shows any fan that fully surrounded is conforming. We con-
sider the definition of conforming to be useful only until Lemma 5.42 becomes
available. Thereafter, properties of conforming fans may be applied to all fully
surrounded fans.

Definition 5.26(conforming) [UVPFEEP] Let (V,E) be a fan with hypermap
(D, e, n, f ). The fan isconformingif the following properties hold.

1. (surroundedness) (V,E) is fully surrounded.
2. (bijection) The mapF 7→ UF is a bijection between the faces of the hyper-

map and the topological components ofY.
3. (half-space) For every faceF, the topological componentUF is the inter-

section of the open half-spaces aff0
+({0, node(x), node(f x)}, node(f −1x)) as

x runs overF.
4. (solid angle) For everyF, the intersectionB(0, r) ∩ UF is measurable and

eventually radial at0. Moreover, the solid angle ofUF is given by the for-
mula

sol(UF ) = 2π +
∑

x∈F
(azim(x) − π).

5. (diagonal) For every faceF, if x, y ∈ F are distinct with corresponding
nodes node(x), node(y) ∈ V, then node(x) and node(y) are not parallel.
Moreover, eitherx andy are adjacent under the face map, or

C0{node(x), node(y)} ⊂ UF .
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That is, the “diagonals” of UF are all “interior.”

Conforming fans have several significant properties. They (together with
the fact that every fully surrounded fan is conforming) constitute the main
conclusion of this section.

Lemma 5.27 [GINGUAP] Let (V,E) be a conforming fan. Each UF is convex,
where F is any face ofhyp(V,E).

Proof By (half-space), UF is the intersection of half-spaces. �

Lemma 5.28 [SRPRNPL] Let (V,E) be a conforming fan. Thenhyp(V,E) is
simple.

Proof Let x ∈ F. By the intersection of half-spaces property,UF is contained
in the wedgeW0

dart(x) at x. If a second darty sits at the same node inF, thenUF

is also contained inW0
dart(y). However, by Lemma 5.15, the wedges at a given

node are disjoint. �

Lemma 5.29 [WGVWSKE] Let (V,E) be a conforming fan. Thenhyp(V,E) is
connected.

Proof Let [D] denote the set of combinatorial components of hyp(V,E). There
is a well-defined, continuous (in fact, locally constant) function fromY onto
[D] given as follows. Forp ∈ Y, chooseF such thatp ∈ UF and sendp to
the class ofF in [D]. By property (bijection), this map is well-defined. The
map extends continuously toC0(ε) for ε ∈ E by the following construction:
for everyp ∈ C0(ε), we choose the edge{x, y} of the hypermap associated with
the edgeε and sendp to the combinatorial component containing{x, y}. The
domain

Y∪
⋃

C0(ε)

is connected. The continuous map from this connected set onto the discrete set
is necessarily constant. As the map is onto, the set [D] reduces to a singleton.

�

The following lemma is the promised result on planarity.

Lemma 5.30 [GGRLKHP] Let (V,E) be a conforming fan. Thenhyp(V,E) is
planar.
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Proof The solid angle of a sphere is 4π. The setX(V,E) has measure zero, so
that

4π = sol(Y) =
∑

F

sol(UF) =
∑

F

(

2π +
∑

x∈F
(azim(x) − π)

)

. (5.31)

In the rightmost expression, the double sum over faces and darts in a face can
be replaced by a single sum over all darts. The sum of the azimuth angles of
all darts at a node is 2π. Thus, the sum over all azimuth angles is 2π #n. Thus,
the formula (5.31) becomes

4π = 2π # f + 2π #n− π #D.

In a plain hypermap in which the edge map has no fixed points, #D = 2 #e.
The relation (5.31) simplifies to

2+ #D = # f + #e+ #n.

This is the condition of planarity for a connected hypermap. �

5.3.3 existence

This section proves the existence of many conforming fans. The main result of
this subsection (Lemma 5.42) asserts that every fully surrounded fan is con-
forming. The proof breaks into a series of small lemmas. The primary method
to prove the existence of conforming fans is an induction on the following
invariant of a fan (V,E).

Definition 5.32(N(V,E)) [GBNIUVV] Let

N(V,E) =
∑

F

(kF − 3),

where (V,E) is a fan, the sum runs over facesF, andkF is the cardinality of the
faceF.

The following lemma gives the base case of an induction.

Lemma 5.33 [DWFBRQY] Let (V,E) be a fully surrounded fan such that
N(V,E) = 0. Then(V,E) is conforming.

Proof We run through the defining properties of a conforming fan (page 129).
If N(V,E) = 0, then the hypermap is a triangulation. By Lemmas 5.21 and
5.23, every topological component ofY has the formUF for some faceF. By
Lemma 5.24,U uniquely determines the faceF. Thus, there is a bijection be-
tween faces of the hypermap and topological components. By Lemma 5.24,
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the topological componentUF is the intersection of open half-spaces, as ex-
pressed in the property (half-space). The solid angle formula is given by Corol-
lary 5.25. The assertion of the lemma about diagonals is trivial for a hyper-
map that is already a triangulation. This completes the proof in the base case
N(V,E) = 0. �

To carry out proofs by induction, we assume the existence of aminimal
counterexample and then argue by contradiction. The proofsare so long that
it is necessary to break them into a series of lemmas. To organize an extended
proof by contradiction, we formulate the properties of a minimal counterex-
ample as a definition. We eventually show that minimally nonconforming fans
do not exist.

Definition 5.34 (minimally nonconforming fan) [JKYFSUP] A fan (V,E) is
said to beminimally nonconformingif the following properties hold.

1. (V,E) is fully surrounded.
2. (V,E) is not conforming.
3. N(V,E) > 0.
4. If (V,E′) is any other fully surrounded fan on the same node setV and if

N(V,E′) < N(V,E), then (V,E′) is conforming.

Remark5.35 (reduction data) [OEQAFJW]WhenN(V,E) > 0, choose a dart
x that lies in a faceF of the hypermap that is not a triangle. By Lemma 5.20,
C0{v,w} ⊂ UF , wherev = node(x), w = node(y), andy = f 2x. Form a new
fan (V,E′) on the same node set withE′ = E ∪ {{v,w}}. (See Figure 5.4 and
Lemma 5.22.)

The following notation is used to relate the two fans (V,E) and (V,E′). Add
primes to symbols denoting objects related to (V,E′). Let x′ = (v,w) andy′ =
(w, v) ∈ D′, whereD′ is the set of darts of hyp(V,E′). The dartsx′, y′ lead into
topological componentsU(x′) andU(y′) of Y′ = Y(V,E′) and belong to faces
F(x′), F(y′) of H′ = hyp(V,E′).

The following lemma is used to prove that if (V,E) is minimally noncon-
forming, then the fan (V,E′) is conforming.

Lemma 5.36 [ZSZIUQE] Let (V,E) be a fully surrounded fan. Assume that
N(V,E) > 0. Let x be a dart inhyp(V,E) such that the face F of x is not
a triangle. Let E′ = E ∪ {{v,w}}, x′, y′, . . . be the reduction data as above
associated with x. Then the faces F(x′) and F(y′) are distinct, and F(y′) is
a triangle. Moreover,hyp(V,E) is obtained by a double walkup along the
edge{x′, y′} of hyp(V,E′) that merges the two faces F(x′) and F(y′). Finally,
N(V,E′) < N(V,E).
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0

v
w

y′
x′

Figure 5.4[RNMBPJD] To prove results about fans by induction, we add a
bladeC0{v,w} betweenv andw to a fan to form a new fan with smaller in-
variant N. This partitions one of the topological componentsU into U(x′),
U(y′), and the new bladeC0{v,w}. We have dartsx′ andy′ of the new hyper-
map, leading intoU(x′) andU(y′), respectively. The face containing the dart
y′ in the new hypermap is a triangle.

Proof Let H′ = (D′, e′, n′, f ′) be the hypermap of (V,E′). Write x = (v, u),
f x = (u,w), f 2x = y = (w, ∗). Then it follows directly from the definition of
the face map on hyp(V,E′) and an inspection of the cyclic orderσ that

( f ′)3y′ = ( f ′)3(w, v) = ( f ′)2(v, u) = f ′(u,w) = (w, v) = y′.

It follows thatF(y′) is a triangle.
The hypermapH = hyp(V,E) is obtained fromH′ = hyp(V,E′) by a double

walkup transformation on the edge{x′, y′}. The facesF(x′) andF(y′) are dis-
tinct by Lemma 5.24, which asserts thatx′ does not lead intoU(y′). Thus, the
walkup transformation merges two faces by Lemma 4.17. Then

N(V,E) − N(V,E′) = ((k+ 1)− 3) − ((k− 3)+ (3− 3)) = 1 > 0,

wherek is the cardinality ofF(x′). �

The task of the rest of the section is now clear. We run througheach of the
properties of a conforming fan, one by one, and show that the conformance
of (V,E′) implies the conformance of (V,E). However, if (V,E) is minimally
nonconforming, this is an impossible situation: it cannot both conform and not
conform. Hence, no minimal nonconforming fan can exist (Lemma 5.42).

Lemma 5.37(bijection) [OBHTHCD] The property(bijection) of conforming
fans (on page 129) holds for any minimally nonconforming fan: F 7→ UF is a
bijection.
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Proof Let (V,E) be a minimally nonconforming fan. Choosex to obtain re-
duction data for (V,E). The bijection property holds for (V,E′) by the min-
imality assumption. The proof establishes a bijection by showing that (V,E)
has one more face and one more topological component than (V,E′).

The two facesF(x′) andF(y′) merge into a single faceF of hyp(V,E). Then

U = U(x′) ∪ U(y′) ∪C0(ε) (5.38)

is a connected open set inY. If F′ , F(x′) and F(y′) is any other face in
H′, thenUF′ is a connected open set inY. Moreover, the setU and setsUF′

are pairwise disjoint and exhaustY, so that they are precisely the topological
components ofY. Some dart ofF leads intoU, soU = UF . It follows that the
number of faces is equal to the number of topological components for (V,E),
so that the mapF 7→ UF is a bijection. �

Lemma 5.39 [TXFBALB] Let (V,E) be any minimally nonconforming fan.
Then it has property(solid angle) of conforming fans (page 129).

Proof Choose reduction data for (V,E). Every topological component ofY =
Y(V,E) exceptU = UF is already a topological component ofY′ and the con-
clusion holds for components ofY′. The topological componentU is a disjoint
union of two components ofY′ and a setC0(ε) of measure zero. Thus,U is
also measurable and eventually radial. The solid angle formula is additive over
the disjoint union in (5.38), so the formula holds forU. �

Lemma 5.40 [GGZWYRM] Let (V,E) be any minimally nonconforming fan.
Then the fan has property(diagonal) of conforming fans (page 129). That is,
for any dart x on any face F and dart z∈ F that is not adjacent to x under the
face map,

C0({node(x), node(z)}) ⊂ UF .

Proof By excluding trivial cases of the proof, we may assume that the dart
x is used to construct reduction dataE′, x′, y′, etc. We may assume thatF(y′)
is a triangle. Ifz = f 2x, then the diagonal is preciselyC0{v,w}, for which the
conclusion has already been established. Otherwise,z can be identified with a
dartz′ ∈ F(x′). Then, by minimality,

C0{node(x), node(z)} = C0{node(x′), node(z′)} ⊂ U(x′) ⊂ UF .

�

Lemma 5.41 [HYUAZSE]Let (V,E) be a minimally nonconforming fan. Then
property(half-space) of conforming fans (on page 129) holds for(V,E).
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Proof Choose a dartx to give reduction data for (V,E). By the non confor-
mance of (V,E), it is enough to consider the faceF containingx. (Indeed, the
other faces of hyp(V,E) can be identified with faces of hyp(V,E′) and these
cases are easily treated.)

The intersection U1 of half-spaces given by property(half-space) lies in U =
UF . Indeed, every point inR3 lies in the plane

A = aff{0, v,w}

or in one of the two open half-spaces bounded by this plane. These half-spaces,
A0(x′) andA0(y′), containU(x′) andU(y′) respectively, by the minimality of
(V,E) and the conformance of (V,E′). Also,

A0(x′) ∩ U1 ⊂ U(x′) ⊂ U.

Similarly, A0(y′) ∩ U1 ⊂ U. We have a sequence of subsets

A∩U1 ⊂ A∩W0
dart(x) ∩W0

dart(y) ⊂ C0{v,w} ⊂ U.

Thus,U1 ⊂ U.
For any dart z of F, the set U is a subset of the half-space with bounding

plane{0, node(z), node(f z)}. Indeed, if the reduction data for the dartz is used,
the claim does not change. Without loss of generality, assume thatz = x. By
the minimality of (V,E), the partition (5.38) ofU gives three pieces contained
respectively in the three sets:

W0
dart(x

′), C0{v,w}, W0
dart(x

′′),

wherex′, x′′ ∈ D′ correspond to the single dartx in D:

azim(x′) + azim(x′′) = azim(x) < π.

Thus,U itself is contained in the lune

W0({0, node(x)}, {node(f x), node(f −1x)}),

which is contained in the desired half-space. This proves the claim.
The reverse inclusionU ⊂ U1 follows immediately from the claim. �

Lemma 5.42(conformance) [PIIJBJK] Every fully surrounded fan is con-
forming.

Proof Suppose for a contradiction that a fully surrounded fan (V, ∗) exists that
is not conforming. Among all fully surrounded nonconforming fans (V, ∗) on
the same node set, select one (V,E) that minimizesN(V,E). In fact,N(V,E) > 0
because otherwise (V,E) is conforming by Lemma 5.33.

This is a minimally nonconforming fan. However, the preceding lemmas
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show that a minimally nonconforming fan actually satisfies all of the properties
of a conforming fan. This contradiction gives the proof. �

5.4 Polyhedron

This section shows that a bounded polyhedron inR3 with nonempty interior
determines a fan. The construction is elementary. Choose a point in the interior,
which for convenience we take to be the origin0. The setVP is defined as the
set of extreme points of the polyhedron. The setEP consists of pairs of extreme
points that are joined by an edge of the polyhedron. The pair (VP,EP) is a fan
(Figure 5.5). This section describes this construction in detail.

5.4.1 background on convex sets

We begin with a review of basic terminology about affine and convex sets. The
material in this subsection appears in standard textbooks on convexity [2], [48].

Definition 5.43 (affine set, affine hull, affine dimension, affinely independent,
hyperplane) [AJXYAWK]Recall that a setA ⊂ Rn is affineif for everyv,w ∈ A
and everyt ∈ R,

t v + (1− t)w ∈ A.

Recall that theaffine hullof P ⊂ Rn (denoted aff(P)) is the smallest affine set
containingP. Theaffine dimensionof P (written dim aff(P)) is card(S) − 1,
whereS is a set of smallest cardinality such that

P ⊂ aff(S).

In particular, the affine dimension of the empty set is−1. A finite setS is
affinely independentif dim aff(S) = card(S)−1. A hyperplanein Rn is any set
of the form

{p : u · p = b},

where0 , u ∈ Rn.

Definition 5.44(relative interior, closure, relative boundary)[EDANAOL] Let
A be the affine hull of a setP ⊂ Rn. A point p is aninterior pointof P if some
nonempty open ballB(p, r) is contained inP. A point p of P belongs to the
relative interiorof P if there is an open ball such thatB(p, r)∩A ⊂ P. Let ri(P)
be the set of relative interior points. Theclosureof P is the set

{p : ∀ r > 0. B(p, r) ∩ P , ∅}.
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The complement of ri(P) in the closure ofP is therelative boundaryof P.

Definition 5.45 (face, facet, edge, extreme point)[QLITJET] Let P be a
convex set. Afaceof P is a convex setF such that for allv,w ∈ P, the condition

∃ s t. sv + t w ∈ F, s> 0, t > 0, s+ t = 1

implies thatv,w ∈ F. A face F is proper if F , ∅,P. An extreme pointis
an elementv ∈ P such that{v} is a face (of affine dimension zero). Anedge
is a face ofP of affine dimension one. Afacetof P is aproper face of affine
dimension dim aff(P) − 1.

Remark5.46 (convex background)[IMZOOUB] We assume as background
knowledge various basic facts about convex sets. For example, if P is convex
andP =

⋃r
i=1 Pi , wherer ≥ 1, then

conv(A∪ P) =
r

⋃

i=1

conv(A∪ Pi).

Also, conv(A ∪ conv(B)) = conv(A ∪ B). Furthermore, ifA is convex, then
A = conv(A). An intersection of faces of a convex set is again a face.

Remark5.47 (affine background) [XHAZTVI] Various particular facts about
affine sets come up. IfU ⊂ Rn is open, then dim aff(U) = n. In particular,
we have dim aff(Rn) = n. At the other extreme dim aff({p}) = 0. If S1 ⊂
S2 ⊂ Rn, then dim aff(S1) ≤ dim aff(S2). If A is an affine set andp < A, then
dim aff(A) + 1 = dim aff(A∪ {p}). If A is affine of affine dimensionk and if B
is a hyperplane such thatA ∩ B , ∅, then dim aff(A ∩ B) ≥ k − 1. If C is a
convex set,A is an affine set andU ⊂ Rn is a neighborhood ofp ∈ C ∩ A such
thatC ∩ U = A∩ U, thenA = aff(C).

Remark5.48 (polysemes) The termfaceoccurs in this book with two mean-
ings: the face of a hypermap and the face of a convex set. The two contexts are
sufficiently different that misunderstandings should be avoidable. Graphs,hy-
permaps, fans, and polyhedra all haveedges. Fans and hypermaps havenodes,
while polygons havevertices. Polyhedra haveextreme points.

Lemma 5.49(Krein–Milman) [MUGGQUF]Every compact convex set P⊂ Rn

is the convex hull of its set of extreme points.

Proof See [48, Theorem 2.6.16]. �
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5.4.2 background on polyhedra

The material in this subsection appears in standard textbooks on polyhedra.
We follow [48].

Definition 5.50(polyhedron) [QSRHLXB]A polyhedronis the intersection of
a finite number of closed half-spaces inRn.

Lemma 5.51 [LTHQIAA] An affine set inRn is a polyhedron.

Proof See [48, Cor 1.4.2]. �

Lemma 5.52 [TZPUXZL] If A is a proper affine set inRn, then there exists
u ∈ Rn, with u , 0, and b∈ R such thatu · p = b for all p ∈ A. That is, every
proper affine set is contained in a hyperplane.

Proof By Lemma 5.51, the affine setA is a polyhedron and is thus contained
in a closed half-space defined by an inequalityu · p ≤ c for someu , 0 and
c. If u · p assumes at least two distinct values, then the image of the affine set
A under the mapp 7→ u · p is the entire affine lineR, and the inequality is
violated. Hence,u · p is constant onA. �

A polyhedron is closed and convex. A bounded polyhedron falls within the
scope of the Krein–Milman theorem and is thus the convex hullof its set of
extreme points.

Let P ⊂ Rn be a bounded polyhedron with affine hullA. Write

P = A∩ A+1 ∩ · · · ∩ A+r , (5.53)

whereA+i = {p : ui · p ≤ ai} with bounding hyperplaneAi = {p : ui · p = ai}
for someui ∈ Rn andai ∈ R. Assume that this representation is minimal in the
sense that none of the factorsA+i may be omitted from the intersection (5.53).
Let Fi = Ai ∩ P.

Lemma 5.54 [CZZHBLI] Let P⊂ Rn be a bounded polyhedron. Then

1. The facets of P are Fi , i = 1, . . . , r.
2. The relative boundary of P is F1 ∪ · · · ∪ Fr .
3. Every proper face is the intersection of the facets that contain it.
4. Every face of a face of P is a face of P.
5. A point is an extreme point of a face F if and only if it is an extreme point

of P that is contained in F.
6. If F and F′ are two faces of P with meeting relative interiors, then F= F′.
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Proof See [48, Thm 3.2.1] for the first three conclusions. See [48, Th 2.6.5]
for the proof of the fourth conclusion.

An extreme point singleton ofF is a face ofP (of dimension zero) by the
fourth conclusion. Hence, every extreme point ofF is an extreme point of
P. Conversely, a face ofP in F is a fortiori a face ofF. This gives the fifth
conclusion. See [48, Cor 2.6.7] for the final conclusion. �

Corollary 5.55 [QOEPBJD] A face of a polyhedron is itself a polyhedron.

Proof By Lemma 5.54, each facet is defined by a system of linear inequali-
ties. (See Lemma 5.51.) A proper face is an intersection of finitely many facets,
and is therefore given by the conjunction of the inequalities defining the vari-
ous facets. �

Lemma 5.56 [HNHTBYW] If P is a bounded polyhedron of positive affine
dimension with facets F1, . . . , Fr and if∅ , A ⊂ P, then

P =
r

⋃

i=1

conv(A∪ Fi).

Proof Chooseu ∈ A. Then
r

⋃

i=1

conv({u} ∪ Fi) ⊂
r

⋃

i=1

conv(A∪ Fi) ⊂ P.

Hence, it is enough to show that anyv ∈ P, with v , u, lies in one of the sets
on the left. By the boundedness ofP, the ray aff+{u, {v}) meetsP in an interval
conv{u,w}, wherew lies on the relative boundary ofP. By Lemma 5.54, in
fact,w lies in a facetFi . This gives

v ∈ conv{u,w} ⊂ conv({u} ∪ Fi).

�

Lemma 5.57 [LRXWHZC] Let S ⊂ Rn be a finite set. Then P= conv(S)
is a polyhedron. Assume moreover that S is an affinely independent set with
cardinality at least two. Then S is the set of extreme points of P. Furthermore,
F is a facet of P if and only if F= conv(S \ {u}) for someu ∈ S .

Proof The proof is left to the reader. �

Lemma 5.58 [NEHRQPR] Let P be a bounded polyhedron with0 as an inte-
rior point. Let F and F′ be proper faces of P; letp ∈ F andp′ ∈ F′; and let t
and t′ be positive scalars such that tp = t′p′. Then t= t′.
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Proof The facesF, F′ are subsets of facets ofP. We may assume without loss
of generality thatF andF′ are themselves facets. Without loss of generality,
assume for a contradiction thatt > 1 and t′ = 1. Thent p = p′ ∈ P. By
Lemma 5.54,F = A∩ P, whereA = {q : q · u = a} for someu anda. Also,

C{p} ∩ P = conv{0, p} = {q : 0 ≤ q · u ≤ a}.

In particular,t p < P for t > 1. This contradiction givest = t′. �

The following lemma is similar.

Lemma 5.59 [ODIGPXU] Let P be a bounded polyhedron with facets F and
F′. Let p ∈ F, p′ ∈ F′, p0 ∈ P, andp0 < F ∪ F′; and let t and t′ be positive
scalars such that

(1− t) p0 + t p = (1− t′) p0 + t′p′.

Then t= t′.

5.4.3 fan and polyhedron

We finally deliver our promise of showing that a fan can be associated with a
bounded polyhedron (Figure 5.5). Here is the definition of the setVP of nodes
and setEP of edges.

Figure 5.5[LSGYGPA] A bounded polyhedronP, its fan (VP,EP), and the
face permutation of the front half of its hypermap hyp(VP,EP). The set of
facets ofP is in bijection with the set of topological components ofY(VP,EP)
and with the set of faces of the hypermap. The set of edges of a single facet
F of P is in bijection with (the set of darts in) the corresponding face of the
hypermap.

Definition 5.60(VP,EP) [ZMQQFUP] Let P be a bounded polyhedron. LetVP

be the set of extreme points ofP. Let EP be the set of pairs{v,w} of extreme
points such that conv{v,w} is an edge ofP.
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Lemma 5.61(fan of a polyhedron) [JLIGZGS]Let P be a bounded polyhe-
dron inR3 with the interior point0. Then(VP,EP) is a fan.

Proof The properties of a fan can be checked one by one. By the Krein–
Milman lemma, the setVP of extreme points is nonempty. By Lemma 5.54, the
polyhedron has finitely many faces, so thatVP is finite. Since0 is an interior
point, it does not meet any proper face. This implies that0 < VP and that for
all ε ∈ EP, 0 < conv(ε).

Suppose for a contradiction that{v,w} ∈ EP and thatv andw are parallel.
As 0 < conv(ε), some relation has the formsv = t w for somes, t > 0. By
Lemma 5.58,s = t andv = w, which is contrary to the definition of edge as a
face of dimension one.

Finally, we check the intersection propertyC(ε) ∩ C(ε′) = C(ε ∩ ε′). By
Lemma 5.58,

C(ε) ∩C(ε′) = {0} ∪ {t p : p ∈ conv(ε) ∩ conv(ε′) and t ≥ 0}.

The sets conv(ε) and conv(ε′) are both faces ofP. The intersection is again a
face of P and hence the convex hull of its set of extreme points; that is, the
convex hull ofε ∩ ε′. Thus,

C(ε) ∩C(ε′) = {0} ∪ {t p : p ∈ conv(ε ∩ ε′)} = C(ε ∩ ε′).

Thus, all the defining properties of a fan are satisfied. �

We can relate the combinatorial properties of polyhedron tothe topological
properties of the fan.

Lemma 5.62 [AMHFNXP] Let P be a bounded polyhedron inR3 with 0 as an
interior point. Let(VP,EP) be the associated fan. There is a bijection between
the facets of P and the topological components of Y(VP,EP), given by

F 7→WF = {t p : p ∈ ri(F), t > 0}.

Proof It is enough to check the following claims aboutWF .
WF is connected.Indeed, by Lemma 5.54, the relative interior of a convex

polyhedron is the intersection of an affine set with open half-spaces, which is
the intersection of convex sets, and is therefore convex. The set ri(F) is convex
and is therefore connected. The positive half-lineI = {t : t > 0} is also
connected. The continuous image of the connected set ri(F) × I of these two
sets isWF . Hence,WF is connected.

The set WF is open.Indeed, this is a standardǫ-argument. LetA be the affine
hull of F. For anyp ∈ ri(F), selectr > 0 such thatB(p, r) ∩ A ⊂ ri(F).
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Selectr ′ > 0 and 0< ǫ < 1 such that for allq ∈ B(p, r ′), there existst
such that|t| < ǫ and (1+ t)q ∈ A. After shrinkingr ′, if q ∈ B(p, r ′), then
(1+ t)q ∈ B(p, r) ∩ A ⊂ ri(F). That is,B(p, r ′) ⊂WF . Hence,WF is open.

The sets WF are pairwise disjoint, and the map F7→ WF is one-to-one.
Indeed, select any two facetsF, F′ for which WF ∩ WF′ , ∅. That is, there
existp ∈ ri(F), p′ ∈ ri(F′), andt, t′ > 0 such thatt p = t′ p′. By Lemma 5.58,
t = t′ andp = p′ ∈ ri(F) ∩ ri(F′). By the final statement of Lemma 5.54, this
implies thatF = F′.

The union of the sets WF is Y(VP,EP). Indeed, select anyp ∈ Y(VP,EP). As
0 lies in the interior of the bounded polyhedron, we may rescalep by a positive
scalart so thatt p lies in the boundary ofP, and hence (by Lemma 5.54) in a
facetF. If t p ∈ ri(F), thenp ∈WF , as desired. Otherwise,t p lies in the relative
boundary ofF. The facets of a three dimensional polyhedron have dimension
two, and the facets forming the relative boundary ofF have dimension one.
These faces are edges ofP. Thus,t p lies in an edge ofP, so thatp ∈ X(VP,EP),
which is contrary to the assumption thatp ∈ Y(VP,EP). The claim ensues.

It follows that the setsWF are the topological components ofY(VP,EP). �

The following lemma shows that the fan (VP,EP) is completely surrounded.
Hence, by Lemma 5.42, all of the properties of conforming fans from the pre-
vious section apply to this fan.

Lemma 5.63 [BSXAQBQ] Let P be a bounded polyhedron with0 as an inte-
rior point. Thenazim(x) < π for every dart x in the hypermaphyp(VP,EP).

Proof The result is a consequence of the lemma that follows. �

Lemma 5.64 [FLVNSME] Let P be a bounded polyhedron with interior point
0. Letv be an extreme point of P. Let A be an open half space whose bounding
plane contains0 andv. Then there exists an extreme pointw of P, such that
w ∈ A andconv{v,w} is an edge of P.

Proof Use the definition of extreme point, to choose a half space

{p : u1 · p ≤ b1} ⊃ P,

where equality holds for a pointp ∈ P if and only if p = v. Since0 is an
interior point ofP, we may assume thatb1 > 0.

Let VP be the set of extreme points ofP. Selectb′1 with 0 < b′1 < b1 such
that

{p : u1 · p ≥ b′1} ∩ VP = {v}.

Let P′ be the polyhedronP∩ {p : u1 · p = b′1}.
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We claim that there exists an extreme pointw′ of P′ in A. Indeed, near0 we
can find a point

p ∈ A∩ P∩ {p : u1 · p < b′1}.

Then conv{p, v}∩P′ is a nonempty subset ofA. In particular,P′ meetsA. Since
P′ is the convex hull of its extreme points, some extreme pointw′ of P′ is an
element ofA.

Use the definition of extreme point, to choose a half space

{p : u2 · p ≤ b2} ⊃ P′,

where equality holds for a pointp ∈ P′ if and only if p = w′. By adjusting the
parameters (u2, b2) by a multiple of (u1, b′1), we may assume without loss of
generality thatu2 · v = b2.

If p ∈ P, there existsp′ ∈ P′ andt ≥ 0 such thatp = v + t(p′ − v). Then

u2 · p = u2 · (v + t(p′ − v))

= b2 + t(u2 · p′ − b2) ≤ b2,

where equality holds if and only ifp = v + t(w′ − v). It follows that

{p : u2 · p = b2} ∩ P

is an edge ofP containingv andw′. Let w , v be an extreme point of this
edge. This extreme point satisfies the conclusions of the lemma. �

We can relate the combinatorial properties of the polyhedron to the combi-
natorial properties of the hypermap.

Lemma 5.65 [WBLARHH] Let P⊂ R3 be a bounded polyhedron with interior
point 0. The facets of P are in bijection with the faces ofhyp(VP,EP), under
the correspondence

F ↔ F′ if and only if WF = UF′ .

Proof By the (bijection) property of conforming fans, the faces of the hyper-
map are in bijection with the set [Y] of topological components ofY(VP,EP).
The facets ofP are also in bijection with [Y], by Lemma 5.62. �

Lemma 5.66 [CFYXFTY] Let P ⊂ R3 be a bounded polyhedron with inte-
rior point 0. Under the bijection F↔ F′ of Lemma 5.65, there are bijections
among the following three sets:

1. the set of edges of the facet F;
2. the face F′ of hyp(VP,EP);
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3. a subset E1 of edges of the fan(VP,EP):

E1 = {ε ∈ EP : C0(ε) meets the closure of UF′ }.

Proof It is sufficient to give bijections of the first two sets ontoE1. Let
hyp(VP,EP) = (D, e, n, f ). Let F be a facet ofP and letF′ be the correspond-
ing face of hyp(Vp,EP). Write Ū for the closure ofWF = UF′ . As the closure
of a convex set,̄U is convex. In fact, wheneverv,w ∈ Ū, thenC{v,w} ⊂ Ū.

By the construction ofEP, there is an injective map from the set of edges
of F to EP that sends each edge ofP to its setε = {v,w} of extreme points.
We claim that this injection sends (1) into E1. Indeed, the extreme pointsv,w
belong toF ⊂ Ū and by convexity and rescaling,C0{v,w} ⊂ Ū as well.

We claim that this map sends (1) onto E1. Indeed, letε′ ∈ E1 and letp ∈
C0(ε′) ∩ Ū. Let q : N → WF be a sequence converging top. By rescaling the
sequence, we may assume thatq′ : N→ ri(F) converges top′ ∈ F∩C0(ε′)∩Ū .
This limit lies in X(VP,EP), and thus in the boundary ofF, which is a union of
edges. We obtainp′ ∈ convε ∩C0(ε′), whereε is the set of extreme points of
an edge ofF. By the (intersection) property of fans,ε = ε′. This shows that
the map sends (1) ontoE1.

Next, we construct a bijection fromF′ to E1. There is a map fromF′ to EP

given byx = (v,w) 7→ {v,w}.
This map is injective. Otherwise,y = ex ∈ F′ for somex ∈ F′. By the

simplicity of conforming fans (Lemma 5.28), the two dartsy and f x in the
same face and the same node are equal:f x = ex = e−1x = n f x, giving a
fixed point f x under the node mapn. By the definition of the node map on
hyp(VP,EP), this forces edge setE(w) to contain at most one element, which
is contrary to the fact that every azimuth angle of the dart isless thanπ in a
conforming fan.

The image is contained in E1. Indeed, ifx = (v,w) ∈ F′, thenx at nodev
leads intoUF′ and f x at nodew leads intoUF′ , which givesv,w ∈ Ū and by
convexity and rescaling,C0{v,w} ⊂ Ū.

Finally, we claim that the map from (2) to E1 is onto. Let {v,w} ∈ E1 and
write x = (v,w) andy = (w, v). Fix q ∈ C0{v,w}∩Ū. The proof of Lemma 5.23
constructs a neighborhood ofq that is a subset ofUx∪Uy∪C0{v,w}. The topo-
logical componentUF′ meets that neighborhood, forcing it to equal a topolog-
ical componentUx or Uy. SayUx = UF′ . By the property (bijection) of con-
forming fans (Definition 5.26),x ∈ F′. It follows that{v,w} ∈ E1 is the image
of x ∈ F′. �
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Packing

Summary. This chapter comprises much of the core material of the book.
At last we take up the topic of dense sphere packings. Associated with a
sphere packing V inR3 are various subsidiary decompositions of space.
This chapter focuses on three such decompositions: the Voronoi decom-
position into polyhedra, the Rogers decomposition into simplices, and the
Marchal decomposition into cells. Each of these decompositions leads to
a bound on the density of sphere packings. The bounds in the first two
cases are not sharp. The third decomposition leads to a sharpbound
π/
√

18 on the density of sphere packing in three dimensions. The final
sections of this chapter undertake a detailed study of the properties of the
Marchal cell decomposition.

6.1 The Primitive State of Our Subject Revealed

6.1.1 definition

Informally, apackingis an arrangement of congruent balls in Euclidean three
space that are nonoverlapping in the sense that the interiors of the balls are
pairwise disjoint. By convention, we take the radius of the congruent balls to
be 1. LetV be the set of centers of the balls in a packing. The choice of unit
radius for the balls implies that any two points inV have distance at least 2
from each other. Formally, the packing is identified with theset of centersV.

A packing in which no further balls can be added is said to besaturated
(Figure 6.1).
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Figure 6.1[DEQCVQL] A random packing of disks inR2 and a saturated ex-
tension.

Definition 6.1 (saturated, packing) [XASMJUK] [packing ! packing]

[saturated ! saturated]A packing V⊂ R3 is a set such that

∀u, v ∈ V. ||u − v || < 2⇒ (u = v).

A set V is saturatedif for every p ∈ R3 there exists someu ∈ V such that
||u − p || < 2.

Let B(p, r) denote the open ball in Euclidean three-space at centerp and
radiusr. The open ball is measurable with measure 4πr3/3. SetV(p, r) = V ∩
B(p, r). [ball ! ball] [V(p, r) ! V INTER ball(p,r)]

Lemma 6.2 [KIUMVTC] [formal proof by Nguyen Tat Thang]. Let
V be a packing and letp ∈ R3. Then the set V(p, r) is finite.

Proof Let p = (p1, p2, p3). The floor function gives the map

(v1, v2, v3) 7→ (⌊2(v1 − p1)⌋, ⌊2(v2 − p2)⌋, ⌊2(v3 − p3)⌋).

It is a one-to-one map fromV(p, r) into the setZ3∩B(0, 2r+1). By Lemma 3.28
the range of this one-to-one map is finite. Hence, the domainV(p, r) of the map
is also finite.1 �

6.1.2 Voronoi cell

Geometric decompositions of space give a way to estimate thedensity of
sphere packings. A popular decomposition of space is the Voronoi cell de-
composition (Figure 6.2).

Definition 6.3 (Voronoi cell,Ω) [YGFWXEH] [Ω ! voronoi closed] Let
V ⊂ R3 andv ∈ V. TheVoronoi cellΩ(V, v) is the set of points at least as close
to v as to any other point inV.

1 An alternative proof uses the open cover of the compact ballB̄(p, r) by the sets̄B(p, r) \ V and
B(v,1) for v ∈ V. By compactness, the cover is necessarily finite.
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Figure 6.2[XOHAZWO] Voronoi cells of a packing inR2.

Lemma 6.4(Voronoi partition) [TIWWFYQ] If V is a saturated packing, then

R
3 =

⋃

{Ω(V, v) : v ∈ V}. (6.5)

Proof If V is a saturated packing, then every pointp has distance less than
2 from some point ofV. The setV(p, 2) is finite by Lemma 6.2. Hence,p is
at least as close to somev ∈ V as it is to any otherw ∈ V. This means that
p ∈ Ω(V, v). �

We use half-spaces to separate one Voronoi cell from another.

Definition 6.6 (half-space) [BGXHPKY] [A ! bis] [A+ ! bis le]

A(u, v) = {p ∈ R3 : 2(v − u) · p = ||v ||2 − ||u ||2},
A+(u, v) = {p ∈ R3 : 2(v − u) · p ≤ ||v ||2 − ||u ||2},

whenu, v ∈ R3. The planeA(u, v) is thebisectorof {u, v} andA+(u, v) is the
half-spaceof points at least as close tou as tov.

Each Voronoi cell is a bounded polyhedron.

Lemma 6.7 (Voronoi polyhedron) [RHWVGNP] Let V ⊂ R3 be a saturated
packing. ThenΩ(V, v) ⊂ B(v, 2). Also,Ω(V, v) is a polyhedron defined by the
intersection of the finitely many half-spaces A+(v, u) for u ∈ V(v, 4) \ {v}.

Proof The Voronoi cellΩ(V, v) is the intersection of the half-spacesA+(v, u)
asu runs overV \ {v}.

Let p < B(v, 2). By saturation, there existsu ∈ V such that||p − u || < 2.
Then

||p − u || < 2 ≤ ||p − v || .

Hence,p < Ω(V, v). This proves the first conclusion.
LetΩ′ be the intersection of the half-spacesA+(v, u) asu runs overV(v, 4).

Clearly,Ω(V, v) ⊂ Ω′. Assume for a contradiction thatp ∈ Ω′ \ Ω(V, v). The
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intersection of the ray aff+{v, {p}} with Ω(V, v) is a closed and bounded convex
subset of the line. By general principles of convex sets, this intersection is an
interval conv{v, p′} for somep′ ∈ Ω(V, v) ⊂ B(v, 2). For some smallt > 0, the
point lies beyond the interval but remains within the ball:

q = (1+ t)p′ − tv ∈ (B(v, 2)∩ Ω′) \Ω(V, v).

Chooseu ∈ V \ V(v, 4) such thatq ∈ A+(u, v). By the triangle inequality,

||u − v || ≤ ||u − q || + ||v − q || ≤ 2||v − q || < 4.

This contradicts the assumptionu < V(v, 4).
The number of half-spacesA+(v, u) for u ∈ V(v, 4) is finite by Lemma 6.2.

A set defined by the intersection of a finite number of closed half-spaces is a
polyhedron. �

Lemma 6.8 (Voronoi compact) [DRUQUFE] [formal proof by Nguyen
Tat Thang]. Let V be a saturated packing. For everyv ∈ V, the Voronoi
cellΩ(V, v) is compact, convex, and measurable.

Proof By the previous lemma, it is a bounded polyhedron. Every bounded
polyhedron is compact, convex, and measurable. �

6.1.3 reduction to a finite packing

We finally state the main result of this book, the Kepler conjecture. The proof
fills most of this book. This section describes the outline ofthe proof and gives
references to the sources of the details of the proof.

Theorem∗ 6.9(Kepler’s conjecture on dense packings)[IJEKNGA][Kepler
conjecture ! kepler conjecture]Nopacking of congruent balls in Eu-
clidean three space has density greater than that of the face-centered cubic
(FCC) packing.

Remark6.10 [LLFORJR] This density isπ/
√

18 ≈ 0.74. There are other
packings, such as the HCP or the FCC packing with finitely manyballs re-
moved, that attain this same density.

The Kepler conjecture is a statement about space-filling packings. A space-
filling packing is specified by a countable number of real coordinates – three
for the position of each of countably many balls. The first task in resolving the
conjecture is to reduce the problem to one involving only a finite number of
balls. This is accomplished by Lemma 6.13.
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The relevant concepts arenegligibility andFCC-compatibility, given as fol-
lows. FCC-compatibility means that the Voronoi cells on average have volume
at least that of those in the FCC-packing. Negligibility means that the error
term is insignificant.

Definition 6.11(negligible, FCC-compatible)[ZREKEVW][FCC compatible
! fcc compatible] [negligible ! negligible fun 0] A function
G : V → R on a setV ⊂ R3 is negligibleif there is a constantc1 such that for
all r ≥ 1,

∑

v∈V(0,r)

G(v) ≤ c1r2.

A functionG : V → R is FCC-compatibleif for all v ∈ V,

4
√

2 ≤ vol(Ω(V, v))+G(v).

Remark6.12 [RTMZJVG] The value vol(Ω(V, v)) +G(v) may be interpreted
as anadjustedvolume of the Voronoi cell. The constant 4

√
2 that appears in

the definition of FCC-compatibility is the volume of the Voronoi cell in the
HCP and FCC packings. (See Chapter 1.) The corrected volume is at least the
volume of these Voronoi cells when the correction termG is FCC-compatible.

The densityδ(V, p, r) of a packingV within a bounded region of space is
defined as a ratio. The numerator is volume ofB(V, p, r), defined as the in-
tersection withB(p, r) of the union of all ballsB(v, 1) in the packingV. The
denominator is the volume ofB(p, r).

Lemma 6.13(reduction to finite dimensions)[JGXZYGW] [formal proof
by Nguyen Tat Thang]. If there exists a negligible FCC-compatible func-
tion G : V → R for a saturated packing V, then there exists a constant c= c(V)
such that for all r≥ 1,

δ(V, 0, r) ≤ π
/√

18+ c/r.

Proof The volume ofB(V, 0, r) is at most the product of the volume 4π/3 of
each ball with the number of centers inB(0, r + 1). Hence,

vol B(V, 0, r) ≤ card(V(0, r + 1)) 4π/3. (6.14)

Each truncated Voronoi cell is contained in a ball of radius 2that is concen-
tric with the unit ball in that cell. The volume of the large ball B(0, r + 3) is at
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least the combined volume of all truncated Voronoi cells centered inB(0, r+1).
This observation, combined with FCC-compatibility and negligibility, gives

4
√

2 card(V(0, r + 1)) ≤
∑

v∈V(0,r+1)

(G(v) + vol(Ω(V, v)))

≤ c1(r + 1)2 + vol B(0, r + 3)

≤ c1(r + 1)2 + (1+ 3/r)3vol B(0, r).

(6.15)

Recall thatδ(V, 0, r) = vol B(V, 0, r)/vol B(0, r). Divide Inequality 6.14 through
by volB(0, r). Use Inequality 6.15 to eliminate card(V(0, r + 1)) from the re-
sulting inequality. This gives

δ(V, 0, r) ≤ π
√

18
(1+ 3/r)3 + c1

(r + 1)2

r34
√

2
.

The result follows for an appropriately chosen constantc (depending onc1).
�

Remark6.16 (Kepler conjecture in precise terms)[ZHIQGGN] The precise
meaning of thesphere packing problemor theKepler conjectureis to prove
the bound boundδ(V, 0, r) ≤ π/

√
18+ c/r for every saturated packingV. The

error termc/r comes from the boundary effects of a bounded container hold-
ing the balls. The error tends to zero as the radiusr of the container tends
to infinity. Thus, by the preceding lemma, the existence of a negligible FCC-
compatible function provides the solution to the packing problem. The strategy
is to define a negligible function and then to solve an optimization problem in
finitely many variables to establish that the function is also FCC-compatible.

6.2 Rogers Simplex

Rogers gave a bound on the density of sphere packings in Euclidean space of
arbitrary dimension [36]. His bound states that the densityof a packing inn-
dimensions cannot exceed the ratio of the volume ofA∩T to the volume ofT,
whereT is a regular tetrahedron of side length 2 andA is the set ofn+1 balls of
unit radius placed at the extreme points ofT. In two dimensions, the Rogers’s
bound is sharp and gives a solution to the sphere packing problem. In three di-
mensions the bound is approximately 0.7797, which differs significantly from
the optimal valueπ/

√
18 ≈ 0.74. Rogers’s bound is the unattainable density

that would result if regular tetrahedra could tile space.2

2 Aristotle erroneously believed that regular tetrahedra tile space: “It is agreed that there are
only three plane figures which can fill a space, the triangle, the square, and the hexagon, and
only two solids, the pyramid and the cube.” [1].
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To prove his bound, Rogers gives a partition of Euclidean space into sim-
plices with extreme points in a packingV. This section develops the basis prop-
erties of Rogers simplices. The next section modifies the simplices to obtain a
sharp bound on the density of packings.

6.2.1 faces

The Rogers partition is a refinement of the Voronoi cell decomposition. In
preparation for this decomposition, this subsection goes into greater detail
about the structure of the faces of a Voronoi cell. We parameterize various faces
of the Voronoi cell by lists of points in a saturated packingV (Figure 6.3).

u0

Ω(V, [u0]) Ω(V, [u0; u1])

u0

u1

u0

u1

u2

Ω(V, [u0; u1; u2])

Figure 6.3[KFETCJS] We use lists [u0; · · · ; uk] of points in a packing to
select a Voronoi cell (shaded), one of its edges (thick segment), and one of its
extreme points (white dot). For simplicity, we illustrate the two-dimensional
analogue.

Definition 6.17(Ω reprise) [BBDTRGC][Ω(V,W) ! voronoi set] [Ω(V, u)
! voronoi list] Let V be a saturated packing. The notationΩ(V, ∗) can be
overloadedto denote intersections of Voronoi cells, when the second argument
is a set or list of points. IfW ⊂ V, then the intersection of the family of Voronoi
cells isΩ(V,W):

Ω(V,W) =
⋂

{Ω(V, u) : u ∈W}.

DefineΩ on lists to be the same as its value on point sets:

Ω(V, [u0; . . . ; uk]) = Ω(V, {u0; . . . ; uk}).

An intersection of Voronoi cells can be written in many equivalent forms:

Ω(V, v)∩Ω(V, u) = Ω(V, {u, v}) = Ω(V, v)∩A+(u, v) = Ω(V, v)∩A(u, v) = · · · .

Definition 6.18(V) [NOPZSEH] [V(k) ! barV] Let V be a saturated pack-
ing. Whenk = 0, 1, 2, 3, let V(k) be the set of listsu = [u0; . . . ; uk] of length
k+ 1 with ui ∈ V such that

dim aff(Ω(V, [u0; . . . ; u j ])) = 3− j (6.19)
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for all 0 < j ≤ k. (Recall that dim aff(X) is the affine dimension ofX from
Definition 5.43.) SetV(k) = ∅ for k > 3.

In particular,V can be identified withV(0) under the natural bijectionv 7→
[v], andV(1) is the set of lists [u; v] of distinct elements such that the Voronoi
cells atu andv have a common facet (Lemma 6.23).

Notation6.20 (underscore) The underscores follow a special syntax.In V(k),
the underscore is a function

: {V : V saturated packing} × N→ ∗.

The syntax is somewhat different inu. Here the underscore is not a function,
but part of its name, following a general typographic convention to mark lists
of points. The notations are coherent becauseu ∈ V(k).

Notation6.21 (d ju) [JNRJQSM] [d ju ! truncate simplex]Whenu =
[u0; . . . ; uk] and j ≤ k, write d ju = [u0; . . . ; u j ] for the truncation of the list.

Truncationu 7→ d ju mapsV(k) to V( j) when j ≤ k. Beware of the index:k
is thecodimensionof Ω(V, u) in R3, whenu ∈ V(k); it is not thelengthof the
list u (which isk+ 1).3

Lemma 6.22(Voronoi face) [KHEJKCI] Let V⊂ R3 be a saturated packing.
Let u = [u0; . . . ; uk] ∈ V(k). ThenΩ(V, u) is a face ofΩ(V, u0).

Proof This follows directly from the definition of face on page 137.The set
Ω(V, u) is an intersection of the convex setsΩ(V, ui) and is therefore convex.
Also, Ω(V, u) is the intersection ofΩ(V, u0) with the planesA(u0, ui), where
i > 0. Letp, q ∈ Ω(V, u0) and assume

p′ = sp + tq ∈ Ω(V, u), for somes> 0, t > 0, s+ t = 1.

Thenp′ ∈ A(u0, ui). Each planeA(u0, ui) is a face of the corresponding half-
spaceA+(u0, ui) containingp andq. By the definition of face,p, q must also
lie in A(u0, ui). It follows thatp, q also lie inΩ(V, u). By the definition of face,
Ω(V, u) is a face ofΩ(V, u0). �

Lemma 6.23(facets) [IDBEZAL] Let V ⊂ R3 be a saturated packing. Let
u ∈ V(k) for some k< 3. Then F is a facet ofΩ(V, u) if and only if there exists
v ∈ V(k+ 1) such that F= Ω(V, v) and dkv = u.

Proof Use Lemma 6.7 to write the polyhedronΩ(V, u) in the form of Equa-
tion 5.53:

Ω(V, u) = A∩ A±(v1, u0) ∩ · · · ∩ A±(vr , u0),

3 By convention ak-simplex is presented as ak+ 1-tuple. Because of this shift by one, the
notationdju also differs by the same shift.
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whereA is the affine hull ofΩ(V, u), vi ∈ V, whereA−(v,w) = A+(w, v) with
the signs± chosen as needed, andr is as small as possible. By Lemma 5.54, if
F is any facet ofΩ(V, u), then there exists ani ≤ r such that

F = Ω(V, u) ∩ A(vi, u0) = Ω(V, v),

wherev = [u0; · · · ; uk; vi] is the list that appendsvi to u. Also,

dim aff(Ω(V, v)) = dim aff(F) = dim aff(Ω(V, u)) − 1 = 3− k− 1,

becauseF is a facet. It follows thatv ∈ V(k + 1). This proves the implication
in the forward direction.

To prove the converse, letv ∈ V(k + 1), wheredkv = u. Elementary verifi-
cations show thatΩ(V, v) ⊂ Ω(V, u) and that this set is nonempty ifk < 3. By
Lemma 6.22 and Lemma 5.54,Ω(V, v) is a face ofΩ(V, u). By the definition of
V(∗),

dim aff(Ω(V, v)) = 3− (k+ 1) = dim aff(Ω(V, u)) − 1.

It follows thatΩ(V, v) is a facet ofΩ(V, u). �

6.2.2 partitioning space

Each Rogers simplex is given as the convex hull of its set of extreme points.
The extreme pointsω(diu) are defined by recursion.

Definition 6.24(ω) [JJGTQMN][ωk ! omega list n] [ω ! omega list]

Let V be a saturated packing and letu = [u0; . . .] ∈ V(k) for somek. Define
pointsω j = ω j(V, u) ∈ R3 by recursion overj ≤ k (Figure 6.4).

ω0 = u0,

ω j+1 = the closest point toω j onΩ(V, d j+1u).

Setω(V, u) = ωk(V, u), whenu ∈ V(k). The setV is generally fixed and is
dropped from the notation.

The pointω(u) exists whenu ∈ V(k). Indeed, the setΩ(V, u) is nonempty,
convex, and compact. Thus, by convex analysis, the closest point ω(u) exists
uniquely.

The pointωk depends onu through its projection todku so that

ωk(u) = ωk(dku) = ω(dku).
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ω0=u0

u1

u2ω1 ω2

Figure 6.4[HFFTUNW] The pointsω j are constructed in a nested sequence
of faces of a Voronoi cell. For simplicity, we illustrate thetwo-dimensional
analogue. The hexagon is a Voronoi cell aboutu0 andω j = ω j(V, [u0; u1; u2]).

Definition 6.25 (R, Rogers simplex) [PHZVPFY] [R ! rogers] Let V ⊂
R

3 be a saturated packing. Foru ∈ V(k), let

R(u) = conv{ω(d0u), ω(d1u), . . . , ω(dku)}.

The setR(u) is called the Rogers simplex ofu.

Each Voronoi cell can be partitioned into Rogers simplices (Figure 6.5).

Figure 6.5[BUGZBTW] The Rogers partition of a packing. For simplicity, we
illustrate the two-dimensional analogue. Heavy edges are facets of Voronoi
cells. The Rogers simplices that are not right triangles areshaded.

Lemma 6.26(Rogers decomposition)[GLTVHUM]For any saturated packing
V ⊂ R3, and anyu0 ∈ V,

Ω(V, u0) =
⋃

{R(v) : v ∈ V(3), d0v = [u0]}. (6.27)

Consequently,

R
3 =

⋃

{R(v) : v ∈ V(3)}.
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Proof The proof uses standard facts about convex sets and polyhedra from
Section 5.4.

By the covering ofR3 by Voronoi cells by (6.5), it is enough to show that
each Voronoi cell is covered by Rogers simplices.

Let u ∈ V( j) for j < 3. Consider the following set:

N =



















k ∈ N : j ≤ k ≤ 3, Ω(V, u) =
⋃

v∈V(k), djv=u

conv(Ok ∪ Ω(V, v))



















,

whereOk = {ω(d jv), . . . , ω(dk−1v)}.
We claim N= { j, . . . , 3}. Indeed, to see thatj ∈ N, we note that

Ω(V, u) = conv(Ω(V, u)),

which holds by the convexity of the polyhedronΩ(V, u). We assume thatk ∈ N
and consider the membership condition ofN for k + 1. We may assume that
k+ 1 ≤ 3. Then

⋃

v∈V(k+1), djv=u

conv(Ok+1 ∪ Ω(V, v))

=
⋃

v∈V(k+1), djv=u

conv(Ok ∪ conv({ω(dkv)} ∪ Ω(V, v)))

=
⋃

w∈V(k), djw=u,

⋃

v∈V(k+1), dkv=w

conv(Ok ∪ conv({ω(dkv)} ∪ Ω(V, v)))

=
⋃

w∈V(k), djw=u

conv(Ok ∪Ω(V,w))

= Ω(V, u).

The induction hypothesis is used in the last step. This proves k + 1 ∈ N, and
induction givesN = { j, . . . , 3}.

Consider the extreme casej = 0 andk = 3. The setΩ(V, v) reduces to{ω(v)}
and the convex hull becomes

conv(Ok ∪ Ω(V, v)) = R(v)

whenv ∈ V(3). This gives

Ω(V, u0) =
⋃

{R(v) : v ∈ V(3), d0v = [u0]}. (6.28)

This proves the lemma. �

Although the Rogers simplexR(u) need not determine the parameteru (Fig-
ure 6.6), the intersection of two different Rogers simplices is a null set.
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ω0=u0

ω1 ω2

u1

u2

u′2

R

Figure 6.6[ELMXAFH] Two different parametersu, v ∈ V(k) can determine
the same Rogers simplexR(u) = R(v). In this example,u = [u0; u1; u2] and
v = [u0; u1; u′2].

Lemma 6.29(Rogers disjoint) [DUUNHOR] Let V be a saturated packing and
let u, v ∈ V(3) be lists such that R(u) , R(v). Then the intersection

R(u) ∩ R(v)

is contained in a plane (and hence has measure zero).

This result and the previous lemma show that the simplicesR(u) partition
Euclidean three-space.

Proof We may assume that the affine dimension ofR(u) is three, for other-
wise R(u) is contained in a plane. Similarly, we may assume that the affine
dimension ofR(v) is three.

Let u = [u0; . . .] andv = [v0; . . .]. Let k be the first index such that

Ω(V, [u0; . . . ; uk]) , Ω(V, [v0; . . . ; vk]).

Such an index k exists.Indeed, the definition of pointsω(diu) depends on
u only through the setsΩ(V, d ju). Hence,R(u) , R(v) implies that the two
sequencesΩ(V, ∗) must differ at some index. We haveωi(u) = ωi(v), for i < k.

Selectw ∈ R(u) ∩ R(v). Write

w =
3

∑

j=0

sjω j(u) =
3

∑

j=0

t jω j(v), where
3

∑

j=0

sj =

3
∑

j=0

t j = 1.

Setσi =
∑3

j=i sj .

We claim that si = ti , andσi+1 =
∑3

j=i+1 t j , for i = 0, . . . , k − 1. Indeed, the
proof is an induction oni. Assume that the claim holds for all indices less than
i so that

3
∑

j=i

sjω j(u) =
3

∑

j=i

t jω j(v).
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We apply Lemma 5.59 to the points

p0 = ωi(u) = ωi(v), p =
3

∑

j=i+1

sj

σi
ω j(u), p′ =

3
∑

j=i+1

t j

σi
ω j(v)

in the polyhedronΩ(V, [u0; . . . ; ui ]) to obtain the induction stepsi = ti .
Let

Ω′ = Ω(V, [u0; . . . ; uk]) ∩ Ω(V, [v0; . . . ; vk]) = Ω(V, [u0; . . . ; uk; vk]).

The claim implies that

1
σk

3
∑

j=k

sjω j(u) =
1
σk

3
∑

j=k

t jω j(v) ∈ Ω′.

It follows that the intersectionR(u) ∩ R(v) lies in the convex hullC of

{ω([u0]), . . . , ω([u0; . . . ; uk−1])}

andΩ′. The setΩ′ lies in a facet ofΩ(V, dku). Hence, the affine dimension of
Ω′ is at most 3−k−1 = 2−k. In general, if a setA has affine dimensionr, then
the affine dimension of conv({p} ∪ A) is at mostr + 1. It follows that the affine
dimension ofC is at mostk+ (2− k) = 2. The intersection is thus contained in
a plane. �

6.2.3 circumcenter

The extreme points of a Rogers simplex are closely related tothe circumcen-
ter of various subsets ofV. This subsection develops the connection between
Rogers simplices and circumcenters.

Definition 6.30 (circumcenter, circumradius)[IFLFHKT] [circumcenter
! circumcenter][circumradius ! radV]Let S ⊂ Rn. A point p is a
circumcenterof S if it is an element in the affine hull ofS that is equidistant
from everyv ∈ S. If S has circumcenterp, then the common distance||p − v ||
for all v ∈ S is thecircumradiusof S.

The circumcenter comes as a solution to a system of linear equations. We
pause to review a standard result from the theory of linear algebra, asserting
the existence of a solution to a system of equations. Recall that a finite setS is
affinely independentif dim aff(S) = card(S) − 1. [affinely independent
! ˜affine dependent s]
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Lemma 6.31(linear systems) [QXSKIIT] Let S = {v0, . . . , vm} ⊂ Rn be an
affinely independent set of cardinality m+ 1. Then every system of equations

p · (vi − v0) = bi − b0, for i = 1, . . . ,m

has a unique solutionp that lies in the affine hull of S .

Proof This is a standard result from linear algebra. We sketch a proof for the
sake of completeness.

Let wi = vi−v0 and replacebi−b0 with bi. The lemma reduces to the follow-
ing claim. LetS′ = {w1, . . . ,wm} be alinearly independentset of cardinality
m. Then every system of equations

p · wi = bi , for i = 1, . . . ,m

has a unique solution inp that lies in the linear span ofS′.
A solution is unique. Indeed, the differencep = p′ − p′′ =

∑

siwi of two
solutionsp′, p′′ satisfies

||p ||2 = p · p =
∑

siwi · (p′ − p′′) =
∑

si(bi − bi) = 0.

It follows thatp = 0 andp′ = p′′. This proves uniqueness.
Let W be the linear span ofw1, . . . ,wm. The image of the mapW → Rm,

p 7→ (p · w1, . . . , p · wm) is a linear space and is therefore an affine set.
A solution exists; that is, the image is all ofRm. Otherwise, by Lemma 5.52

some equation must hold; that is, there existsu , 0 such thatu ·q = b for every
pointq in the image. As0 lies in the image,b = 0. Writep =

∑

uiwi ∈W and
let q ∈ Rm be the image ofp ∈W. Then

||p ||2 = p · p =
∑

ui(p · wi) = u · q = 0.

Thusp = 0 so thatu = 0. We have reached a contradiction. �

Lemma 6.32(circumcenter exists) [OAPVION] Let S ⊂ Rn be a nonempty
affinely independent set. Then there exists a unique circumcenter of S .

Proof A point p is a circumcenter if and only if it is a point in the affine hull
of S that satisfies the system of equations:

||p − vi ||2 = ||p − v0 ||2, i = i, . . . ,m.

Equivalently,

p · (vi − v0) = bi − b0, i = 1, . . . ,m,

wherebi = ||vi ||2/2. By Lemma 6.31, this system of equations has a unique
solution. �
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The following lemma describes the structure of the affine hull of a face of
a Voronoi cell. It describes the affine hull as an intersection of half-spaces and
shows that it meets aff(S) orthogonally at the circumcenter ofS.

Lemma 6.33 [MHFTTZN] Let V be a saturated packing and let k≤ 3. Let
S = {u0, . . . , uk}, whereu = [u0, . . . , uk] ∈ V(k). Then

1. dim aff(S) = k. (In particular,card{u0, . . . , uk} = k + 1, and S is affinely
independent.)

2. aff Ω(V, u) = ∩k
i=1A(u0, ui).

3. aff Ω(V, u) ∩ aff(S) = {q}, whereq is the circumcenter of S .
4. (aff Ω(V, u) − q) ⊥ (aff(S) − q), where X− q denotes the translate of a set

X by−q, and(⊥) is the orthogonality relation.

Proof The proof is by induction onk.
The lemma holds when k= 0. Indeed,Ω(V, u0) contains an open ball cen-

tered atu0, so its affine hull isR3. This is the first conclusion. The other conclu-
sions reduce to trivial facts: dim affR3 = 3, dim aff{u0} = 0,R3 ∩ {u0} = {u0},
andR3 ⊥ {0}.

Assume the induction hypothesis fork. We may assume thatk < 3 be-
cause otherwise there is nothing further to prove. Letu ∈ V(k + 1). Let v =
dku ∈ V(k). Let qk be the circumcenter of (the point set of)v. Write A j =

∩ j
i=1A(u0, ui); B j = aff(Ω(V, d ju)); C j = aff{u0, . . . , u j}; S j = {u0, . . . , u j}. By

the induction hypothesisAk = Bk.
We claimdim affSk+1 = k+1. Otherwise, by general background facts about

affine sets,uk+1 ∈ Ck. Write uk+1 − qk =
∑

i≤k ti(ui − qk). If p ∈ Ak, then by the
orthogonality induction hypothesis:

(uk+1 − qk) · (p − qk) =
∑

ti(ui − qk) · (p − qk) = 0,

and consequently

||uk+1 − p ||2 − ||u0 − p ||2 = ||uk+1 − qk ||2 − ||u0 − qk ||2.

Thus, if Ak meetsA(u0, uk+1) at some pointp, then both sides of this equa-
tion vanish andAk ⊂ A(u0, uk+1). This is contrary to 0≤ dim aff(Ak+1) =
dim aff(Ak) − 1, which holds becauseu ∈ V(k+ 1) with k < 3.

We claim that Bk+1 = Ak+1. Indeed, by definition,Bk+1 ⊂ Ak+1 ⊂ Ak. Also,

dim aff Bk+1 = 3− (k+ 1) ≤ dim aff Ak+1 ≤ dim aff Ak = 3− k.

Hence, by general background on affine sets, ifAk+1 , Ak, thenBk+1 = Ak+1.
Suppose for a contradiction thatAk = Ak+1. ThenΩ(V, v) ⊂ Ω(V, u) = Ω(V, v)∩
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A(u0, uk+1) ⊂ Ω(V, v), so thatBk = Bk+1. This contradicts the defining condi-
tions ofV(k+ 1).

We claim that Ak+1 ∩ Ck+1 = {qk+1}. Indeed, by the definition ofAk+1, any
point in this affine set is equidistant from every point ofSk+1. By the definition
of Ck+1, the intersection lies in the affine hull ofSk+1. This uniquely character-
izes the circumcenter.

Finally, (Ak+1 − qk+1) ⊥ (Ck+1 − qk+1). Indeed, ifp ∈ Ak+1, then

0 = ||p − ui ||2 − ||p − u0 ||2

= ||(p − qk+1) − (ui − qk+1) ||2 − ||(p − qk+1) − (u0 − qk+1) ||2

= −2(p − qk+1) · (ui − u0).

Since the linear span of the pointsui − u0 is all of Ck+1 − qk+1, the final claim
and the proof by induction ensue. �

Definition 6.34(h) [CHNGQBD] [h ! hl]If u = [u0; u0; . . . ; uk] is a list of
points inRn, then leth(u) be the circumradius of its point set{u0, . . . , uk}.

Remark6.35 The constantr =
√

2 is the smallest real numberr such that
there exist four cocircular points in the plane with pairwise distances at least
2 and with circumradiusr (Figure 6.7). The four points are the vertices of a
square of side length 2. Eight two-dimensional Rogers simplices meet at the
circumcenter of the square, but whenr <

√
2, only six Rogers simplices meet

at the circumcenter. In general, atr =
√

2, certain degeneracies start to appear
in n-dimensions that cannot occur for a smaller radius. To avoiddegeneracies,
many lemmas in this section assume that the circumradius is less than

√
2.

√
2

Figure 6.7[NOCHOTB] There are eight two-dimensional Rogers simplices of
diameter

√
2 that meet at the center of a square. Whenever the diameter ofthe

Rogers simplex is less than
√

2, the simplex is one of exactly six that meet at
an extreme point of a Voronoi cell. Heavy edges are facets of Voronoi cells.

Lemma 6.36(nondegeneracy)[XYOFCGX] Let V ⊂ R3 be a saturated pack-
ing. Let S⊂ V be an affinely independent set with circumcenterp. Assume that
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the circumradius of S is less than
√

2. Then ||v − p || > ||u − p || for all u ∈ S
and all v ∈ V \ S .

Proof Assume for a contradiction that there is a pointw ∈ V \ S satisfying

||w − p || ≤ ||u − p || , for all u ∈ S. (6.37)

The angles arcV(p, {v, u}) are obtuse for distinct elementsv, u of S ∪ {w} be-
cause of the law of cosines and

||p − u || <
√

2, ||p − v || <
√

2, ||u − v || ≥ 2.

Let S = {u0, . . . , uk}. A case-by-case argument follows for eachk ∈ {0, 1, 2, 3}.

0. The casek = 0 is trivial.
1. In the casek = 1, the pointsp, u0, u1 are collinear and cannot give two

obtuse angles.
2. In this case, letw′ be the projection ofw to the plane containingp, u0, u1, u2.

Under orthogonal projection, the angles remain obtuse:

(ui − p) · (w − p) = (ui − p) · (w′ − p) < 0.

The four pointsw′, u0, u1, andu2 can be arranged cyclically aroundp, ac-
cording to the polar cycle, each forming an obtuse angle withthe next. A
circle aroundp cannot give four obtuse angles because the sum is 2π.

3. In this case, assume thatu0, . . . , u3 are labeled according to the azimuth
cycle around the line aff{p,w}. Consider the dihedral angle

γ = γi = dih({p,w}, {ui , ui+1})

of the simplex{p,w, ui , ui+1} along the edge{p,w}. By the spherical law of
cosines, the angleγ of the spherical triangle with sphere centerp is given
in terms of the edges as

cosc− cosacosb = sinasinbcosγ.

The anglesa, b, c are obtuse, so that both terms on the left-hand side are
negative. Thus,γ > π/2. The angle azim(p,w, ui, ui+1) is then also greater
thanπ/2 by Lemma 2.80. This is impossible, as the sum of the four azimuth
anglesγ is 2π by Lemma 2.94.

�

With nondegeneracy established, we can now give further details about the
extreme points of a Rogers simplex and their relationship tothe circumcenter
of a subsetS of the packingV.
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Lemma 6.38 (Rogers simplex and circumcenter)[XNHPWAB] Let V be a
saturated packing. Letu = [u0; . . . ; uk] ∈ V(k) for some k≤ 3, and let
S = {u0, . . . , uk} be the point set ofu. Assume that h(u) <

√
2. Then

1. ω(u) is the circumcenter of S .
2. ω(u) ∈ conv(S).
3. The set{ω(d ju) : j ≤ k} has affine dimension k.
4. The sequence h(d ju) is strictly increasing in j.

Proof The four conclusions of the lemma are proved separately.

1. We claim thatω(u) is the circumcenter of S .Indeed, by definition, ifu ∈
V(k), then

dim affΩ(V, [u0; . . . ; uk]) = 3− k.

The casek = 0 of the claim is trivially satisfied. Assume by induction the
result holds for natural numbers up tok.

Now consider the casek + 1. Letu ∈ V(k + 1) and letSk+1 be the point
set of u. By the induction hypothesis,ω(dku) is the circumcenter of the
point set ofdku. Let p be the point inA = aff(Ω(V, u)) closest toω(dku).
By Lemma 6.33, the circumcenter ofSk+1 is the point of intersection of
orthogonal affine sets aff(Sk+1) and A. Thus, the circumcenter equals the
unique pointp of A closest to the pointω(dku) in aff(Sk+1). By Lemma 6.36,
p ∈ Ω(V, u). Thus,p = ω(u). The claim ensues.

2. We claimω(u) ∈ conv(S). Otherwise, selectv ∈ S such that aff(S′) sep-
aratesω(u) from v, whereS′ = S \ {v}. Let p′ (resp.p = ω(u)) be the
circumcenter ofS′ (resp.S). Whenu ∈ S′, the law of cosines gives

||u − p ||2 = ||u − p′ ||2 + ||p′ − p ||2

||v − p ||2 ≥ ||v − p′ ||2 + ||p′ − p ||2.

This gives||v − p′ || ≤ ||u − p′ || , which is contrary to Lemma 6.36.
3. The set{ω(d ju) : j ≤ k} has affine dimension k.Lemma 6.33 implies that

the vectorsω(di+1u)−ω(diu) are mutually orthogonal. Thus, the claim about
affine dimension easily follows if we show that these vectors arenonzero.
Otherwise, the circumcenterω(diu) of Si = {u0, . . . , ui} has an equally close
pointui+1 ∈ V \ Si , which is impossible by Lemma 6.36.

4. The sequence h(d ju) is strictly increasing in j.Indeed, by the Pythagorean
theorem,

||ω(d ju) − ω(d0u) ||2 =
j

∑

i=1

||ω(diu) − ω(di−1u) ||2. (6.39)
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So the result follows from the previous claim.

�

Lemma 6.40 [WAUFCHE] Let V be a saturated packing. Letu = [u0; . . .] ∈
V(k) for some k. Then h(u) ≤ ||ω(u) − u0 || . Moreover, if h(u) <

√
2, then

h(u) = ||ω(u) − u0 || .

Proof By construction, the pointω(u) belongs toΩ(V, u) and is therefore
equidistant to the points inS = {u0, . . . , uk}. The orthogonal projection ofω(u)
to aff(S) is the circumcenter ofS. The orthogonal projection cannot increase
distances, and the inequality ensues. Ifh(u) <

√
2, thenω(u) is already the

circumcenter by Lemma 6.38, so that equality holds. �

Lemma 6.41 [NJIUTIU] Let V be a saturated packing. Letu, v ∈ V(3).
Suppose that R(u) = R(v) and thatdim affR(u) = 3. Thenωi(u) = ωi(v), for
i = 0, 1, 2, 3.

Proof Let R= R(u) = R(v). The set

W = {ω0(u), · · · , ω3(u)}

is characterized as the set of extreme points of the simplexR. It is the same
for both u andv. SinceR ⊂ Ω(V, u0) ∩ Ω(V, v0), and the Rogers simplexR
has full dimension, we must haveu0 = v0. Inductively, we may determine
ωi = ωi(u) = ωi(v) as follows. The pointω0 is u0 = v0. The pointωi+1 is the
closest point of conv(W \ {ω0, . . . , ωi}) toωi . Note that conv(W \ {ω0, . . . , ωi})
is a subset containingωi+1 of the setΩ(V, di+1u) that is used to defineωi+1(u)
(Definition 6.24). This description of the pointsωi is independent ofu ∈ V(3)
such thatR= R(u). �

Lemma 6.42 [TEZFFSK] Let V be a saturated packing. Letu = [u0; . . .] ∈
V(3) be such thatdim affR(u) = 3. Select k≤ 3 such that h(dku) <

√
2.

Suppose that R(u) = R(v), for somev ∈ V(3). Then

dku = dkv.

Proof Write ωi for ωi(u). By Lemma 6.41, these points are determined by
R(u). By Lemma 6.38,h(diu) <

√
2, andωi is the circumcenter of{u0, . . . , ui},

for all i ≤ k.
SinceR(u) = conv{ω0, . . . , ω3} has affine dimension 3, the pointsω0, . . . , ωk

are affinely independent. These circumcenters are constructed as points in the
affine hull of{u0, . . . , uk}. Henceu0, . . . , uk are also affinely independent.

By Lemma 6.36, we have the following recursive description of the points
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ui in terms ofωi , for i ≤ k. The pointu0 is ω0. The pointui+1 is the unique
v ∈ V \ {u0, . . . , ui} such that

||v − ωi+1 || = ||u0 − ωi+1 || .

This description of [u0; . . . ; uk] = dku depends onu only throughR(u). �

6.2.4 Delaunay simplex

The Delaunay decomposition of space into simplices is dual to the Voronoi
cell. It is presented as a collection ofk-simplices with vertices inV, for k =
1, 2, 3. The Delaunay 1-simplices are defined as the edges between two points
in a packingV whose their Voronoi cells have a common facet.4 A 2-simplex
is given with vertices at three points inV if their Voronoi cells have a common
edge. A 3-simplex is given for every four points inV whose Voronoi cells have
a common extreme point. A Delaunay 3-simplex is the convex hull of four
points in the packingV.

Under a nondegeneracy condition (on the circumradius of theset of points),
we may construct a Delaunay simplex as a union of Rogers simplices. To this
end, we examine the set of all Rogers simplices around a common extreme
point. The convex hull of a nondegenerate setS ⊂ V of four points consists of
4! Rogers simplices, each facet of the convex hull consists of 3! pieces, and so
forth (Lemma 6.48). In brief, the Rogers simplices give every nondegenerate
Delaunay simplex an identical simplicial structure.

Recall that Sym(k+ 1) is thegroupof all permutations on the set{0, . . . , k}.
Let u = [u0, . . . , uk] be a list of lengthk+ 1. For anypermutationρ ∈ Sym(k+
1), letρ∗(u) be therearrangementgiven by

ρ∗(u)i = uρ−1i ,

whereui denotes theith element of a listu.[permutation ! permutes][ρ∗
! left action list]

The following lemma shows that rearrangements have the sameextreme
point of a Rogers simplex.

Lemma 6.43 (extreme point rearrangement)[YIFVQDV] Let V be a satu-
rated packing. Letu ∈ V(k). Assume that h(u) <

√
2. Letv be any rearrange-

ment ofu under a permutation. Thenv ∈ V(k) andω(u) = ω(v).

Proof Let v = [v0; . . . ; vk]. Let S j = {v0, . . . , v j}, Ω j = Ω(V, d jv), A j =

4 The Delaunay decomposition may be degenerate if the points of V are not in general position.
This book confines itself to the nondegenerate situation.
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∩ j
i=1A(v0, vi), anda j = dim aff(A j), for 0≤ j ≤ k. By convention, setA0 = R

3,
so thata0 = dim aff(A0) = 3. Also, seta−1 = 4 by convention.

The setSk is the point set ofu, which is affinely independent by Lemma 6.33.
The setS j is also affinely independent. Letp j be the circumcenter ofS j . The
circumradius ofS j is at most the circumradius ofSk, which by assumption is
less than

√
2.

We claim thatdim aff Ω j = a j, when0 ≤ j ≤ k. By Lemma 6.36, ifp = p j ,
then

||v − p || > ||u − p || for all u ∈ S j and for allv ∈ V \ S j . (6.44)

Select a small neighborhoodU of p j such that (6.44) holds for allp ∈ U j . By
the definition of Voronoi cell,Ω j ∩U = A j ∩U. By background facts on affine
sets dim aff Ω j = dim aff A j = a j . This gives the claim.

To prove the lemma, we prove the following claim by simultaneous induc-
tion on j. For all 0≤ j ≤ k we have

a j ≥ a j−1 − 1 ≥ 3− j.

a j = 3− j if and only if ai = 3− i for all 0 ≤ i ≤ j.

The base casej = 0 is trivial. Assume the induction hypothesis forj.
We haveA j+1 = A j∩A(v0, v j+1). The intersection containsp j+1 and is there-

fore nonempty. By general background facts on the intersection of an affine set
with a hyperplane,a j+1 ≥ a j−1. By the induction hypothesis,a j−1 ≥ 3−( j+1).
If a j+1 = 3− ( j + 1), thena j = 3− j and by the induction hypothesisai = 3− i
for all 0 ≤ i ≤ j. This completes the proof of the claim by induction.

We haveak = dim aff Ak = dim aff Ωk. However,Ωk = Ω(V, u), and since
u ∈ V(k), it follows that 3−k = dim aff Ω(V, u) = ak. By the established claims,
ai = 3− i for all 0 ≤ i ≤ k. This provesv ∈ V(k).

Finally, ω(u) = ω(v) because both equal the circumcenter of the point set
Sk. �

The next lemma shows that the map from permutations to Rogerssimplices
is one-to-one.

Lemma 6.45 (permutations one-to-one)[KSOQKWL] Let V be a saturated
packing and letu ∈ V(k). Assume that h(u) <

√
2. Let ρ ∈ Sym(k + 1) such

that R(u) = R(ρ∗u). Thenρ = I.

Proof We assume thatρ , I , write v = ρ∗u, and prove thatR(u) , R(v). By
Lemma 6.38, the sets{ω(d ju) : j ≤ k} and{ω(d jv) : j ≤ k} are each affinely
independent of cardinalityk + 1. By Lemma 5.57, these are sets of extreme
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points ofR(u) andR(v), respectively. Thus, it is enough to show that the sets
of extreme points are unequal.

Let j be the largest index such thatd ju = d jv. The assumptionρ , I implies
that j < k. Let p be the circumcenter of{u0, . . . , u j+1}. By Lemma 6.36,

||u0 − p || = ||u j+1 − p || < ||v j+1 − p || .

Thus,ω(d j+1u) , ω(d j+1v). The result ensues. �

To prepare for Lemma 6.48, we need a preliminary lemma that does some in-
dex shuffling for us. It gives an explicit representatives of the cosets of Sym(k+
1) in Sym(k+ 2).

Definition 6.46 [TSIVSKG] [ui
! DROP] Let u be any list. For eachi, let

ui = [u0; . . . ; ûi ; . . .] be the list that drops theith entry.

Lemma 6.47(coset representatives)[IVFICRK]There is a bijection between
the set

{(i, σ) : 0 ≤ i ≤ k+ 1, σ ∈ Sym(k+ 1)}

andSym(k+ 2) such that for any listu of length k+ 2

(ρ∗u) j =















(σ∗(ui)) j 0 ≤ j ≤ k

ui j = k+ 1.

Proof The bijection sends (i, σ) to the permutationρ, where

ρ−1 j =



























σ−1 j, σ−1 j < i

(σ−1 j) + 1 σ−1 j ≥ i

i j = k+ 1.

This has the required properties. �

This lemma shows that each (nondegenerate) Delaunay simplex can be par-
titioned as a union of Rogers simplices, indexed by the permutation group
(Figure 6.8).

Lemma 6.48(Delaunay simplex) [WQPRRDY] Let V be a saturated packing
and letu = [u0; . . . ; uk] ∈ V(k). Assume that h(u) <

√
2. Then

conv{u0, . . . , uk} =
⋃

{R(ρ∗u) : ρ ∈ Sym(k+ 1)}.

Proof The proof is by induction onk. The base case of the inductionk = 0
reduces to the trivial assertion: conv{u0} = conv{u0}.

We claimui ∈ V(k), whenu = [u0; . . . ; uk+1] ∈ V(k + 1). Indeed, some
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1! 2! 3! 4!

Figure 6.8[YAJOTSL] In dimensionk, the union of (k + 1)! nondegenerate
Rogers simplices is again a simplex.

permutationρ ∈ Sym(k + 2) carriesu to v = [u0; . . . ; ûi ; . . . ; uk+1; ui ]. By
Lemma 6.43,v ∈ V(k+ 1), so thatui = dkv ∈ V(k).

By the induction hypothesis

conv(S \ {ui}) =
⋃

{R(σ∗ui) : σ ∈ Sym(k+ 1)}, (6.49)

whereS = {u0, . . . , uk+1}. By Lemma 5.57, the facets of the polyhedron conv(S)
are the sets conv(S \ {ui}). Lemma 5.56 gives the partition

conv(S) =
k+1
⋃

i=0

conv({ω(u)} ∪ conv(S \ {ui})). (6.50)

Substitute the formula (6.49) into (6.50) and use the bijection of Lemma 6.47 to
replace the double union by a single union overρ ∈ Sym(k + 2). Background
facts in affine geometry then simplify the expression to the desired formula.
The proof by induction ensues. �

In summary of this section, by construction, the Rogers simplicesR(u) are
compatible with the Voronoi decomposition of space. Under mild restrictions
on the circumradius, they can also by Lemma 6.48 be reassembled into sim-
plices (the Delaunay simplices) with extreme points at the centers of the pack-
ing.

6.3 Cells

6.3.1 definition

Marchal [31] has proposed an approach to sphere packings that gives some im-
provements to the original proof in [22]. He gives a partition of space into cells
that is a variant of Rogers’s partition into the simplicesR(u). The main part
of the construction is the decomposition obtained by truncating Voronoi cells
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with a ball of radius
√

2. In a few carefully chosen situations, the simplices
R(u) are assembled into larger convex cells (Delaunay cells), as suggested by
Lemma 6.48.

Definition 6.51 (Marchal cells) [QEEHXUB] [i-cell ! mcell] [ξ !

mxi]Let V be a saturated packing. Let

u = [u0; . . . ; u3] ∈ V(3).

Defineξ(u) as follows. If
√

2 ≤ h(d2u), then letξ(u) = ω(d2u). If h(d2u) <√
2 ≤ h(u), defineξ(u) to be the unique point in

conv{ω(d2u), ω(u)}

at distance
√

2 fromu0. Seta(u) = h(d1u)/
√

2. A set cell(u, i) ⊂ R3 is associ-
ated withu andi = 0, 1, 2, 3, 4.

0. The 0-cell ofu is defined to be empty unless
√

2 ≤ h(u). If this inequality
holds, then the 0-cell is

cell(u, 0) = R(u) \ B(u0,
√

2).

1. The 1-cell ofu is defined to be empty unless
√

2 ≤ h(u). If this inequality
holds, then the 1-cell is

cell(u, 1) = (R(u) ∩ B̄(u0,
√

2)) \ rcone0(u0, u1, a(u)),

(The set rcone0(u0, u1, a) is empty whena > 1.)

2. The 2-cell ofu is defined to be empty unlessh(d1u) <
√

2 ≤ h(u). If this
inequality holds, then the 2-cell is (witha = a(u) as above)

cell(u, 2) = rcone(u0, u1, a) ∩ rcone(u1, u0, a) ∩ aff+({u0, u1}, {ξ(u), ω(u)}).

3. The 3-cell ofu is defined to be empty unlessh(d2u) <
√

2 ≤ h(u). If this
inequality holds, thenξ(u) ∈ conv{ω(d2u), ω(u)} and the 3-cell is

cell(u, 3) = conv{u0, u1, u2, ξ(u)}.
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4. The 4-cell ofu is defined to be empty unlessh(u) <
√

2. If this inequality
holds, the 4-cell is

cell(u, 4) = conv{u0, u1, u2, u3}.

√
2 ≤ h1;

0-cell:

1-cell:

2-cell:

3-cell:

4-cell:

h1<
√

2 ≤ h2; h2<
√

2 ≤ h3; h3<
√

2.

Figure 6.9[KVIVUOT] A cell can be visualized by intersecting it with a
Rogers simplex. The Rogers simplex is drawn as an orthosimplex formed
from four extreme points (white dots) of a rectangle. The shape of the in-
tersection cell(u, k) ∩ R(u) (dark gray) depends on the relationship between
hi = h(diu) and

√
2. The constantsh1, h2, andh3 are the distances from the

lower front left of the rectangle to the upper front left, upper front right, and
upper back right, respectively. Each column features a particular Rogers sim-
plex, and the cells in each column partition the Rogers simplex. The empty
cells are not illustrated.

The 0- and 1-cells are subsets of a Rogers simplexR (Figure 6.9). Yet, the
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2-, 3-, and 4-cells lie in a union of simplices. The indexi in cell(u, i) indicates
the number of points ofV that are extreme points of the cell (Figures 6.9 and
6.10).

Figure 6.10[BWEYURN] The Marchal partition. For simplicity, we illustrate
the two-dimensional analogue of the partition. The cells are shaded according
to level: 0, 1, 2, and 3. The 3-cells are the darkest. Each diskhas radius

√
2.

6.3.2 informal discussion

A cell, short for Marchal cell, can be described in an alternative intuitive way.
If S ⊂ R3, let

equi(S, r) = {p : ||p − v || = r for all v ∈ S}.

If S is a finite set of cardinalityk, of affine dimensionk− 1, and with circum-
radius less thanr, then equi(S, r) is a sphere of dimension 3− k. In particular,
if k = 3, then equi(S, r) is a set of two points.

Let V be a saturated packing. Define

C(S) = conv(S ∪ equi(S,
√

2))

for S ⊂ V. The setC(S) is empty if the circumradius ofS is greater than
√

2.
The setC(∅) isR3. The setC({w}) is a ball of radius

√
2 with centerw. The

setC({v,w}) is a double cone,C({u, v,w}) a bipyramid, andC({t, u, v,w}) is a
simplex.

Lemma 6.52 [VXIQEJC] Let V be a saturated packing. If S⊂ V is not
empty, then C(S) is contained in the union of sets

C(S \ {v}), v ∈ S.
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Lemma 6.53 [WHCFBMJ] Let V be a saturated packing and let S⊂ V. Set

C′(S) = C(S) \
⋃

S⊂S′⊂V

C(S′),

where S′ ⊂ V runs over subsets of cardinality k= card(S) + 1 that contain S .
Then C′(S) equals a union of k-cells, up to a null set.

In other words, up to a null set, the union of 0-cells is the setof points outside
the ballsC({v}), for v ∈ V. The union of the 1-cells is the set of points inside
the ballsC({v}) but outside the double conesC({u,w}), and so forth.

It is possible to base a construction of cells on this lemma, dispensing en-
tirely with Voronoi cells and Rogers simplices. It is quick and intuitive. We
have followed a longer path that gives more detail about the structure of cells.

At first, the definition of cells seems unmotivated. Some history might help.
The 1998 proof of the Kepler conjecture partitioned space into a hybrid of trun-
cated Voronoi cells and Delaunay-like simplices (Figure 6.11). In vague terms,
the Delaunay simplices are tuned for detail. The Voronoi cells are coarsely
tuned, suitable for rough hewing. Delaunay simplices articulate the foreground,
while Voronoi cells fill the background. The solution to the problem lies in
the right balance between foreground and background. Too many Delaunay
simplices and the details overwhelm. Too many Voronoi cellsand the esti-
mates become too weak. The central geometrical insights of the original proof
are expressed as rules that delineate foreground against background, Delaunay
against Voronoi.

Figure 6.11[FIFJALK] The hybrid partition of space that was used to
prove the Kepler conjecture in 1998. For simplicity, we illustrate the two-
dimensional analogue of that partition.

Cells give a hybrid decomposition. A 4-cell is a Delaunay simplex. The



i

i

174 Packing

0- and 1-cells are parts of a Voronoi cell. The 2- and 3-cells are gradations
between the two.

Examples show the shortcomings of a nonhybrid approach. Recall that the
density of the face centered cubic packing isπ/

√
18 ≈ 0.74048. Numerical

evidence shows that an approach based entirely on Delaunay simplices should
give a bound of about 0.740873, a failure that comes tantalizingly close [18].
The dodecahedral theorem, which asserts that the Voronoi cell of smallest vol-
ume in the regular dodecahedron, gives the bound of about 0.755 [23]. Thus,
the pure Voronoi cell strategy fails as well. The pure approaches can be modi-
fied in ways that are conjectured to produce sharp bounds. These modifications
are complex and daunting.

A common practice that started with L. Fejes Tóth is to truncate Voronoi
cells by intersecting them with a ball concentric with the cell. Different au-
thors use different radii for the truncating sphere: 7/

√
27 ≈ 1.347 [12],

√
2,

1.385, and 1.255 [22],
√

2 [31], and
√

3 tanπ/5 ≈ 1.258 [23]. A larger radius
retains more information and complexity than a smaller radius. The 0-cells are
the refuse that lie outside the ball of truncation and are inconsequential to the
proof.

6.3.3 cell partition

Lemma 6.54 [EMNWUUS] [formal proof by Vu Khac Ky]. Let V be a
saturated packing. Letu ∈ V(3). The following are equivalent.

1. cell(u, i) = ∅ for i = 0, 1, 2, 3.
2. cell(u, 4) , ∅.
3. h(u) <

√
2.

Proof The diameter ofR(u) is easily seen to beh(u). Hence, ifh(u) <
√

2
all of the defining conditions are empty for cell(u, i) for i < 4. The result
ensues. �

Lemma 6.55 [SLTSTLO] Let V be a saturated packing and letu ∈ V(3).
Then every point in R(u) belongs tocell(u, i) for some0 ≤ i ≤ 4. Furthermore,
there is a null set Z such that each point in R(u)\Z belongs to a uniquecell(u, i).

Proof Explicitly, the null set is the union ofR(u)\R0(u) (which lies in a finite
union of planes), the sphere of radius

√
2 atu0, the difference rcone(u0, u1, a)\

rcone0(u0, u1, a), and the plane aff{u0, u1, ξ(u)}. Let p ∈ R(u). To make the
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cases disjoint, each of the following cases assumes that theconditions of pre-
ceding cases fail. It is convenient to reorder the cases to make the 4-cell appears
first.

4. If h(u) <
√

2, thenp ∈ cell(u, 4).
0. If ||p − u0 || ≥

√
2, thenp ∈ cell(u, 0).

1. If p < rcone0(u0, u1, h(d1u)/
√

2), thenp ∈ cell(u, 1).
2. If p ∈ aff+({u0, u1}, {ξ(u), ω(u)}), thenp ∈ cell(u, 2).
3. If p ∈ aff+({u0, u1}, {u2, ξ(u)}), thenp ∈ cell(u, 3).

When the corresponding strict inequalities are used, we obtain uniqueness for
R(u) \ Z. �

Definition 6.56 (i-rearrangement) [BGXEVQU] [i-rearrangement ! ]

Let u = [u0; . . . ; uk], v = [v0; . . . ; vk] be two lists of the same length. One is
an i-rearrangementof the other ifρ∗u = v for someρ ∈ Sym(k + 1) such that
ρ( j) = j when j ≥ i.

In particular, ifu, v are 0- or 1-rearrangements of one another, thenu = v.
The constraintρ( j) = j is vacuous whenj > k.

Lemma 6.57 [YNHYJIT] Let V be a saturated packing, letu ∈ V(3), and
let i ∈ {2, 3, 4}. Assume that h(di−1u) <

√
2. Letv be an i-rearrangement ofu.

Thenv ∈ V(3) andω j(u) = ω j(v), for j = i − 1, . . . , 3.

Proof Let S j = {u0, . . . , u j}, for j ≥ i − 1, whereu = [u0; . . .]. Sincev =
[v0; . . .] is an i-rearrangement ofu, we haveS j = {v0, . . . , v j} andΩ(V, d ju) =
Ω(V, d jv), for all j ≥ i−1. By Lemma 6.43,ωi−1(u) = ωi−1(v). By the recursive
definition of the pointsω j , we then haveω j(u) = ω j(v), for j = i − 1, . . . , 3.

We show thatv ∈ V(3) by checking the defining condition

dim aff Ω(V, d jv) = 3− j, for 0 < j ≤ 3.

When j ≤ i − 1, the conclusiondi−1v ∈ V(i − 1) of Lemma 6.43 implies the
condition. Wheni − 1 < j, the identityΩ(V, dJv) = Ω(V, d ju) andu ∈ V(3)
imply the condition. The result ensues. �

Lemma 6.58 [RVFXZBU] Let V be a saturated packing, letu, v ∈ V(3), and
let i ∈ {0, 1, 2, 3, 4}. If u is an i-rearrangement ofv, thencell(u, i) = cell(v, i).

Proof The statement follows from the definition of cells. �

Lemma 6.59 [QZKSYKG] Let V be a saturated packing, letu ∈ V(3), and k∈
{0, 1, 2, 3, 4}. Assume thatcell(u, k) is not empty. Then each k-rearrangement
v of u lies in V(3). Moreover,cell(u, k) is contained in the union of R(v), asv
runs over all k-rearrangements ofu.
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Proof If k = 0 ork = 1, then by definition, cell(u, k) ⊂ R(u).
Assume that 2≤ k ≤ 4. The nonemptiness hypothesis impliesh(dk−1u) <√

2. Lemma 6.57 implies thatv ∈ V(3).
The definition of the cells can be used to show directly that

cell(u, k) ⊂ conv{u0, u1, . . . , uk−1, ωk(u), . . . , ω3(u)}.

The definition ofk-rearrangement, Lemma 6.48, and Lemma 6.57 partition this
convex hull according tok-rearrangements ofu. The result ensues. �

Lemma 6.60 [DDZUPHJ] Let V be a saturated packing, letu, v ∈ V(3), and
let k ∈ {0, 1, 2, 3, 4}. Suppose that R(u) = R(v), that R(u) has affine dimension
three, and thatcell(u, k) is not empty. Thencell(u, k) = cell(v, k).

Proof We break the proof into cases, according tok. Assumek = 4. By the
definition of the cell, the nonemptiness condition implies thath(u) <

√
2. By

Lemma 6.40 and Lemma 6.42,u = v.
Assume thatk = 3. The nonemptiness condition givesh(d2u) <

√
2 ≤ h(u).

By Lemma 6.40 and Lemma 6.42,d2u = d2v. The pointω(u) is determined
by R(u) by Lemma 6.41. The pointξ(u) is determined byω(d2u) andω(u).
Finally, cell(u, 3) is determined byd2u andξ(u). The conclusion cell(u, 3) =
cell(v, 3) ensues.

The other cases are similar. Assume thatk = 2 and that cell(u, 2) is not
empty. Ifh(d2u) <

√
2, thend2u = d2v, and the cell is determined byd2u and

ξ(u), as in the casek = 3. If h(d1u) <
√

2 ≤ h(d2u), thend1u = d1v, and the
cell is determined byd1u and the pointsω j(u), which in turn depend only on
R(u), by Lemma 6.41.

The casesk = 0 andk = 1 are similar, but even more trivial, and are left to
the reader. �

The following lemma and Lemma 6.55 show that the cells partitionR3.

Lemma 6.61 [AJRIPQN] Let V be a saturated packing, letu, v ∈ V(3), and
let k, k′ ∈ {0, 1, 2, 3, 4}. Suppose thatcell(u, k)∩cell(v, k′) has positive measure.
Then k= k′ andcell(u, k) = cell(v, k).

Proof Selectw ∈ V(3) such that

R(w) ∩ cell(u, k) ∩ cell(v, k′)

has positive measure. In particular,R(w) has affine dimension three. By Lem-
mas 6.59 and 6.58 and 6.29, we may replaceu with a k-rearrangement, and
v with a k′-rearrangement to assume without loss of generality thatR(w) =
R(u) = R(v).
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Lemma 6.60 implies that cell(u, k) = cell(w, k) and cell(v, k′) = cell(w, k′).
SinceR(w)∩cell(w, k′)∩cell(w, k) has positive measure, Lemma 6.55 implies
thatk = k′. The result ensues. �

6.3.4 edges of cells

Definition 6.62 [LEPJBDJ] [V(X) ! VX] Let V be a saturated packing
and letu = [u0; . . .] ∈ V(3). Let X = cell(u, k). WhenX , ∅, defineV(X) =
{u0, . . . , uk−1}. In particular, ifX is a 0-cellV(X) = ∅.

Lemma 6.63 [HDTFNFZ]Let V be a saturated packing and letu = [u0; . . .] ∈
V(3). Let X = cell(u, k). If X , ∅, then V(X) = V ∩ X. In particular, the set
V(X) is well-defined.

Proof If i ≤ k − 1, thenui ∈ V andX = cell(v, k), for somek-rearrangement
v = [ui ; . . .] of u. By the definition of cell(v, k), we find thatv0 = ui belongs to
cell(v, k), whenk ≥ 1. This implies thatV(X) ⊂ V ∩ X.

Conversely, letv ∈ V ∩ cell(u, k). It can be checked from definitions that
cell(u, 0) ⊂ Ω(V, u0) and

cell(u, k) ⊂ Ω(V, u0) ∪ · · · ∪ Ω(V, uk−1), whenk ≥ 1.

This impliesv ∈ V ∩ Ω(V, ui) for somei ≤ k. This forcesv = ui . Hence
V(X) = V ∩ X. �

Lemma 6.64 [URRPHBZ] Let V be a saturated packing and letu ∈ V(3).
Then X= cell(u, k) is measurable and eventually radial at eachv ∈ V. Fur-
thermore, the cell X is bounded away from every v∈ V \V(X), so that the solid
angle of X is zero, except atv ∈ V(X).

Proof The first claim of the lemma follows from the fact thatR(u) is a sim-
plex, andR(u) ∩ V = {u0}. Each cell is compact, and is bounded away from
every point not in the cell. Lemma 6.63 implies the second claim of the lemma.

�

Lemma 6.65 [QZYZMJC] Let V be a saturated packing. For everyv ∈ V,
∑

X : v∈V(X)

sol(X, v) = 4π,

where the sum runs over all cells X such thatv ∈ V(X).

Proof Indeed, the cells partitionR3 and sol(B(v, ǫ)) = 4π. �
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Definition 6.66(tsol) [LZYLTFY] [tsol ! total solid]Define thetotal
solid angleof a cellX to be

tsol(X) =
∑

v∈V(X)

sol(X, v).

Definition 6.67 (edge) [WYORUNK] [E(X) ! edgeX] Let E(X) be the set
of extremal edgesof thek-cell X in a saturated packingV. More precisely, let

E(X) = {{ui , u j} : ui , u j ∈ V(X)}.

In particular,E(X) is empty for 0 and 1-cells and contains
(

k
2

)

pairs when
2 ≤ k ≤ 4.

Definition 6.68(dih) [RSDYMHV][dih ! dihX] LetV be a saturated pack-
ing. Let X be ak-cell, where 2≤ k ≤ 4. Let ε ∈ E(X). We define the di-
hedral angle dih(X, ε) of X along ε as follows. Explicitly, if X is a null set,
then set dih(X, ε) = 0. Otherwise, chooseu = [u0; u1; u2; u3] ∈ V(3) such that
X = cell(u, k) andε = {u0, u1}. Set dih(X, ε) = dihV({u0, u1}, {v,w}), where

{v,w} =



























{ξ(u), ω(u)} k = 2

{u2, ξ(u)} k = 3

{u2, u3} k = 4.

This is independent of the choiceu definingX.

Each edgeε = {u, v} ∈ E(X) has a half-lengthh(ε) = ||u − v ||/2. This
definition ofh is compatible with the previous definition of the circumradius
of lists in the sense thath([u; v]) = h(ε).

Lemma 6.69 [GRUTOTI] Let V be a saturated packing. Assume thatu0, u1 ∈
V satisfy||u0 − u1 || < 2

√
2. Setε = {u0, u1}. Then

∑

X : ε∈E(X)

dih(X, ε) = 2π.

The sum runs over cells X such thatε ∈ E(X).

Proof Consider the setC = B(u0, r) ∩ rcone0(u0, u1, a), wherer anda are
small positive real numbers. From the definition ofk-cells, it follows that we
can chooser anda sufficiently small so that ifX is a k-cell that meetsC in
a set of positive measure, thenk ≥ 2 and there existsu ∈ V(3) such that
X = cell(u, k) andd1u = [u0; u1]. Moreover,

C ∩ X = C ∩ A, A = aff+({u0, u1}, {v,w}),
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whereA is the lune of Definition 3.14 andv, w are chosen as in Definition 6.68.
By Lemma 3.27 and Definition 6.68, the volume of this intersection is

vol(C ∩ A) = vol(C) dihV({u0, u1}, {v,w})/(2π) = vol(C) dih(X, ε)/(2π).

The set of cells meetingC in a set of positive measure gives a partition ofC
into finitely many measurable sets. This gives

vol(C) =
∑

X : ε∈E(X)

vol(C ∩ X) = vol(C)
∑

X : ε∈E(X)

dih(X, ε)/(2π).

The calculation of volumes in Chapter 3 gives vol(C) > 0. The conclusion
follows by canceling vol(C) from both sides of the equation. �

6.3.5 A conjecture

This section shows how the existence of a FCC-compatible negligible function
is a consequence of an explicit inequality related to the distancesh(u), where
u ∈ V(1).

Definition 6.70 (sol0, τ0, m1, m2, h+, M) [AOZUTMU] [sol0 ! sol0][τ0

! tau0][m1 ! mm1][m2 ! mm2][h+ ! hplus][M ! marchal]Define
the following constants and functions:

sol0 = 3 arccos(1/3)− π (6.71)

τ0 = 4π − 20 sol0 (6.72)

m1 = sol0 2
√

2/τ0 ≈ 1.012 (6.73)

m2 = (6 sol0−π)
√

2/(6τ0) ≈ 0.0254 (6.74)

h+ = 1.3254 (exact rational value). (6.75)

Let M : R→ R be the following piecewise polynomial function (Figure 6.12):

M(h) =























√
2− h√
2− 1

h+ − h
h+ − 1

17h− 9h2 − 3
5 h ≤

√
2

0 h >
√

2.
(6.76)

The constant sol0 is the area of a spherical triangle with sidesπ/3. Simple
calculations based on the definitions give

m1 − 12m2 =
√

1/2 (6.77)

and

M(1) = 1, M(h+) = 0, M(
√

2) = 0. (6.78)
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h+1
0

1

M

√
2

Figure 6.12[TULIGLY] The quartic polynomialM.

Definition 6.79 (γ) [KGFDCFM] [γ ! gammaX] For any cellX of a satu-
rated packing, define the functionalγ(X, ∗) on { f : R→ R} by

γ(X, f ) = vol(X) −
(

2m1

π

)

tsol(X) +

(

8m2

π

)

∑

ε∈E(X)

dih(X, ε) f (h(ε)). (6.80)

Theorem∗ 6.81 [HJKDESR] Let V be any saturated packing and let X be any
cell of V. Then

γ(X,M) ≥ 0, (6.82)

where M is the function defined in(6.76).

Remark6.83 We do not use this inequality, and its proof is omitted. The only
published proof [31] is not satisfactory because it plots sample level curves of
the function and reaches conclusions based on the visual appearance of these
level curves.

Conjecture 6.84(Marchal) [PHNFUXP] For any packing V and anyu ∈ V,
∑

v∈V\{u}
M(h([u; v])) ≤ 12.

This book proves a variant of the conjecture.

Theorem 6.85 [QFUXEXR]The conjecture(6.84)and inequality(6.82)imply
that for every saturated packing V, there exists a negligible FCC-compatible
function G: V → R.

The theorem follows from the following more general statement.

Lemma 6.86 [KIZHLTL] Let f be any bounded, compactly supported func-
tion. Set

G(u0, f ) = −vol(Ω(V, u0)) + 8m1 −
∑

8m2 f (h([u0; u])),
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with sum running overu ∈ V \ {u0}. If
∑

v∈V\{u}
f (h([u; v])) ≤ 12,

then G(∗, f ) is FCC-compatible. Moreover, if there exists a constant c0 such
that for all r ≥ 1

∑

X⊂B(0,r)

γ(X, f ) ≥ c0r2,

then G(∗, f ) is negligible.

Theorem 6.85 is the special casef = M. Inequality 6.82 implies that we can
takec0 = 0 in the lemma.

Proof The functionG(∗, f ) is FCC-compatible (page 151) directly by equa-
tion (6.77) and the assumption of the lemma:

4
√

2 = 8m1 − 8(12m2)

≤ 8m1 − 8m2

∑

u∈V\{u0}
f (h([u0; u]))

= vol(Ω(V, u0)) +G(u0, f ).

The issue is to prove that it is negligible. More explicitly,we show that there is
a constantc such that for allr ≥ 1:

−
∑

G(u, f ) =
∑

vol(Ω(V, u))−
∑

8m1 +
∑ ∑

v∈V\{u}
8m2 f (h([u; v]))

≥
∑

X⊂B(0,r)

γ(X, f ) + cr2, (6.87)

where all unmarked sums run overu ∈ V(0, r). The lemma follows from this
inequality, the assumption of the lemma, and the definition of negligible (Def-
inition 6.11).

Lemmas 3.30 and 6.2 show that the number of points ofV near the boundary
of B(0, r) is at mostcr2, for somec.

The functionγ(X, f ) is defined as a sum of three terms (6.80). The sum
of γ(X, f ) over all cells in a large ballB(0, r) is a sum of the contributions
T1(r) + T2(r) + T3(r) from the three separate terms definingγ. The sum of−G
in equation (6.87) is a sum of three corresponding termsT′i (r). It is enough to
work term by term, producing constantsci such that

T′i (r) ≥ Ti(r) + cir
2, i = 1, 2, 3.

The sum of the volumes of the Voronoi cellsu ∈ B(0, r) is not exactly the
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volume of B(0, r) because of the contribution at the boundary ofB(0, r) of
Voronoi cells that are only partly contained inB(0, r). Similarly, the sum of
the variousk-cells forX ⊂ B(0, r) is not exactly the volume ofB(0, r) because
of contributions from the boundary. The boundary contributions have orderr2.
See Section 3.3 for orderr2 calculations. Thus,

T′1 =
∑

u∈V(0,r)

vol(Ω(V, u)) ≥
∑

X⊂B(0,r)

vol(X) + c1r2 = T1 + c1r2.

The estimates on the other terms are similar. The solid angles around each
point sum to 4π. In Landau big O notation, this gives

∑

X⊂B(0,r)

tsol(X) =
∑

X⊂B(0,r)

∑

u∈V(X)

sol(X, u)

=
∑

u∈V(0,r)

∑

X : u∈V(X)

sol(X, u) +O(r2)

=
∑

u∈V(0,r)

4π +O(r2).

Hence

T′2 = −
∑

V(0,r)

8m1 = −
∑

X⊂B(0,r)

(

2m1

π

)

tsol(X)+O(r2) = T2 +O(r2).

Similarly, the dihedral angles around each edge sum to 2π. A factor of two
enters the following calculation because there are two ordered pairs for each
unordered pairε = {u0, u1}:

∑

X⊂B(0,r)

∑

ε∈E(X)

dih(X, ε) f (h(ε))

=
∑

ε⊂B(0,r)

∑

X : ε∈E(X)

dih(X, ε) f (h(ε)) +O(r2)

=
∑

ε⊂B(0,r)

2π f (h(ε)) +O(r2)

=
∑

u0∈V(0,r)

∑

u1∈V(0,r)

π f (h(u0, u1)) +O(r2).
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Finally,

T′3 =
∑∑

8m2 f (h(u))

≥
(

8m2

π

)

∑

X⊂B(0,r)

∑

ε∈E(X)

dih(X, ε) f (h(ε)) +O(r2)

= T3 +O(r2).

�

6.4 Clusters

This section introduces a variant of Conjecture 6.84. In this variant, a piece-
wise linear functionL replaces the piecewise polynomial functionM. More
crucially, the support of the functionL is contained in [2, 2.52]. By contrast,
the functionM is positive on a large interval: [2, 2.6508). This difference in
the support of the function creates a large difference in the difficulty of the
conjectures.

The conjecture formulated in this section also implies the existence of FCC-
compatible negligible functions. To prove this existence result, it is helpful to
group cells together into new aggregates, calledclusters. This section makes a
detailed study of clusters in order to produce a negligible function. The aim of
this section is to prove a variant (Theorem 6.97) of Theorem 6.85 that uses the
functionL rather thanM.

Recall thatM(h+) = 0, whereh+ = 1.3254.

Definition 6.88 (L, h0, h−) [ULZRABY] [h0 ! h0] [h− ! hminus] [L
! lmfun] Set

h0 = 1.26.

Let L : R→ R be the piecewise linear function

L(h) =



















h0 − h
h0 − 1, h ≤ h0

0, h ≥ h0.

It follows from the definition that

L(1) = 1 and L(h0) = 0.

Let h− ≈ 1.23175 be the unique root of the quartic polynomialM(h) − L(h)
that lies in the interval [1.231, 1.232].

The inequalityL(h) ≥ M(h) holds except whenh ∈ [h−, h+].
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M

L

h− h0 h+

Figure 6.13[BJLIEKB]Detail of the quarticM and piecewise linear function
L on the domain [1.2,1.35].

Definition 6.89 (critical edge, EC, wt) [MZSRVBC] A critical edgeε of a
saturated packingV is an unordered pair that appears as an element ofE(X)
for somek-cell X of the packingV such thath(ε) ∈ [h−, h+]. Let EC(X) be the
set of critical edges that belong toE(X). If X is any cell such that EC(X) is
nonempty, let theweightwt(X) of X be 1/card(EC(X)).

Definition 6.90(β0, β) [PQFEXQN] [β0 ! bump] [β ! beta bump]Set

β0(h) = 0.005(1− (h− h0)2/(h+ − h0)2).

(See Figure 6.14.) IfX is a 4-cell with exactly two critical edges and if those
edges are opposite, then set

β(ε,X) = β0(h(ε)) − β0(h(ε′)), where EC(X) = {ε, ε′}.

Otherwise, for all other edges in all other cells, setβ(ε,X) = 0.

h−

0.005

0.000

h0 h+

Figure 6.14[PQFEXQN] The functionsβ0.

Definition 6.91(cell cluster,Γ) [YSULGYR][cell cluster ! cell cluster]

[Γ ! cluster gammaX] Let V be a saturated packing. Letε ∈ EC(X) be a
critical edge of ak-cell X of V for some 2≤ k ≤ 4. A cell clusteris the set

CL(ε) = {X : ε ∈ EC(X)}
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of all cells aroundε. Define

Γ(ε) =
∑

X∈CL(ε)

γ(X, L)wt(X) + β(ε,X).

The following weak form of Theorem 6.81 is sufficient for our needs.

Lemma 6.92 [TSKAJXY] Let V be any saturated packing and let X be any
cell of V such thatEC(X) is empty. Then

γ(X, L) ≥ 0.

Proof This is acomputer calculation5 [21]. �

Theorem 6.93(cell cluster inequality) [OXLZLEZ] Let CL(ε) be any cell
cluster of a critical edgeε in a saturated packing V. ThenΓ(ε) ≥ 0.

Proof sketch The proof of this cell cluster inequality is acomputer calcula-
tion6 [21], which is the most delicate computer estimate in the book. It re-
duces the cell cluster inequality to hundreds of nonlinear inequalities in at
most six variables. In degenerate cells with a face of area zero, Euler’s formula
(Lemma 2.73) should be used to calculate solid angles, because the standard
dihedral angle formula for solid angles can lead to the evaluation of arctan2 at
the branch point (0, 0), which is numerical unstable and is best avoided.�

Example 6.94 [JXEHXQY]We construct an example of a cell cluster in the
form of an octahedron, with four4-cells joined along a common critical edge
ε. Assume that all of the edges of the octahedron have length2, except for one
of length y for some edge that does not meetε. If y ∈ [2h−, 2h+], then one of the
four simplices has weight1/2 and the other three simplices have weight1. The
parameter y determines the cell cluster up to isometry. We plot the function
f (y) = Γ(ε) as a function of y. We also plot the function

g(y) =
∑

X∈CL(ε)

γ(X, L)wt(X).

As the plot shows, the function g is not positive. This shows that without the
small correction termβ, the cell cluster inequality is false. Numerical evidence
suggests that the global minimum ofΓ(ε) occurs when the cell cluster has the
form of an octahedron with parameter y= 2h+ and value f(2h+) ≈ 0.0013.

The proof of the following lemma is deferred, because it relies on many
computer calculations and is extremely long and complex. The non-computer

5 [TSKAJXY]
6 [OXLZLEZ]



i

i

186 Packing

f

g
2h−

0.01

0.00

2h0 2h+

Figure 6.15[JXEHXQY] The functionsg takes negative values, but the func-
tion f remains positive, as predicted by the cell cluster inequality. The non-
differentiability at 2h0 is inherited from the nondifferentiability ofL.

parts of the proof take up most of the remainder of the book. Inthis chapter the
lemma is treated as an unproved assertion.

Lemma∗ 6.95 [BJERBNU] For any saturated packing V and anyu0 ∈ V,
∑

u1∈V : h(u0,u1)≤h0

L(h{u0, u1}) ≤ 12. (6.96)

Lemma 6.97 [UPFZBZM] Inequality(6.96) implies that for every saturated
packing V, there exists a negligible FCC-compatible function G : V → R.

Remark6.98 In light of Lemma 6.13, inequality 6.96 implies the Kepler con-
jecture.

Proof By Lemma 6.86, the proof reduces to showing that there existsa con-
stantc0 such that for allr ≥ 1

∑

X⊂B(0,r)

γ(X, L) ≥ c0r2.

If a cell X does not belong to any cell cluster, then

γ(X, L) ≥ 0

by Lemma 6.92. Note that the functionβ(ε,X) averages to zero for any 4-cell
X:

∑

ε∈EC(X)

β(ε,X) = 0.

Hence, the terms involvingβ in sums may be disregarded in this proof. (These
terms may be disregarded here, but they are needed in Lemma 6.93.)

Theorem 6.93 gives the required inequality for cell clusters. Again, using
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big O notation,
∑

X⊂B(0,r)

γ(X, L) =
∑

X⊂B(0,r) : EC(X),∅

γ(X, L) +
∑

X⊂B(0,r) : EC(X)=∅

γ(X, L)

≥
∑

X⊂B(0,r) : EC(X),∅

γ(X, L)

=
∑

X⊂B(0,r)

γ(X, L)
∑

ε∈EC(X)

wt(X)

=
∑

ε⊂B(0,r)

∑

X : ε∈EC(X)

γ(X, L)wt(X) +O(r2)

=
∑

ε⊂B(0,r)

Γ(ε) +O(r2)

≥ O(r2).

�

Definition 6.99 (B) [WTKURHK] [B ! ball annulus] Let B be thean-
nulusB̄(0, 2h0) \ B(0, 2), whereB̄(0, r) is the closed ball of radiusr.

Corollary 6.100 [RDWKARC] If the Kepler conjecture is false, there exists a
finite packing V⊂ B with the following properties.

∑

u∈V
L(h{0, u}) > 12. (6.101)

The proof of the Kepler conjecture proceeds by assuming thatthere is a
counterexample to Inequality 6.96 and then deriving a contradiction. This corol-
lary formulates the potential counterexample in slightly simpler terms.

Proof If the Kepler conjecture is false, Inequality 6.96 is violated for some
packingV and someu0 ∈ V. After translatingV to V−u0 andu0 to 0, it follows
without loss of generality thatu0 = 0 ∈ V. After the replacement ofV with the
finite subsetV ∩ B, it follows without loss of generality that the packing is a
finite subset ofB. �

6.5 Counting Spheres

This section proves two estimates about a packingV ⊂ B that satisfies Inequal-
ity 6.101. The first estimate (Lemma 6.110) shows that the cardinality of V is
thirteen, fourteen, or fifteen. The second estimate (See Lemma 6.112.) shows
that no pointv ∈ V can be strongly isolated from the other points ofV. To
prove these two estimates, we need a formula for the smallestpossible area of
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a spherical polygon that contains a disk. This formula is developed in the first
subsection.

6.5.1 solid angle

The following lemma is analogous to the Rogers decomposition of a polyhe-
dron into simplices. The lemma constructs 2k points to be used to triangulate
(a subset of) a polygon (Figure 6.16).

Lemma 6.102 [EUSOTYP] Let P be a two-dimensional bounded polyhedron
in R2. Let k be the number of facets of P. Let r> 0. Suppose that

{v ∈ R2 : ||v|| < r} ⊂ P.

Then there exist nonzero pointsw j ∈ P for j = 0, . . . , 2k− 1 such that

1. The polar cycle on{w j : j} is given byσ(w j) = w j+1, with indexing mod
2k.

2. θ(w2i ,w2i+1) = θ(w2i+1,w2i+2) < π/2, whereθ denotes the relative polar
coordinate of Lemma 2.89.

3. ||w2i || = r and ||w2i+1 || = r secθ(w2i ,w2i+1), for i = 0, . . . , k− 1.
4. w2i · (w2i±1 − w2i) = 0.

w0

w1

w2

w3

w4

w5
w6

w7

w8

w9

P

Figure 6.16[YAHDBVO] A set of reference pointswi can be constructed out-
side an open disk of radiusr and inside a given polyhedronP in R2.

Proof Enumerate the distinct facetsF1, . . . , Fk of P, and for each one select
a defining equation

Fi = P∩ {p : ui · p = bi}, where||ui || = 1 andbi ≥ 0.

We may assume that ordering of facets by increasing subscripts is the ordering
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by the polar cycle onui ∈ R2. The assumption thatP contains an open disk of
radiusr givesr ≤ bi .

We claim that rui ∈ P and does not lie in any facet except possibly Fi .
Otherwise, for somej,

r ≤ b j ≤ (rui) · u j ≤ r ||ui || ||u j || = r.

This is the case of equality in Cauchy–Schwarz, which implies thatui = u j .
The definition of face implies thatbi = b j , andi = j. The claim ensues.

We claim that0 < θ(ui , ui+1) < π. Indeed, from the previous claim it follows
that 0 < θ(ui , ui+1). By the boundedness ofP, for any nonzerov orthogonal
to ui , there existss > 0 such thatrui + sv lies in some facetF j , Fi . This
givesru j · ui + su j · v = b j. The conditionrui ∈ P \ F j givesru j · ui < b j.
Henceu j · v > 0. For an appropriate choice of sign ofv, this givesθ(ui , ui+1) ≤
θ(ui , u j) < π.

Suppressing the subscripti, we writeψ = θ(ui , ui+1)/2. Let u′i be the point
in the plane given in polar coordinates by

||u′i || = r secψ, θ(ui , u′i ) = θ(u
′
i , ui+1) = ψ.

We claim thatu′i ∈ P. Indeed, for everyj, we have

u j · u′i = ||u j || ||u′i || cosϕ = r secψ cosϕ,

whereϕ = θ(u′i , u j). From the polar order, and the construction ofu′i along the
bisector ofui , ui+1, it follows that

ψ ≤ ϕ ≤ 2π − ψ.

Hence, cosϕ ≤ cosψ. This gives

u j · u′i ≤ r ≤ b j .

This shows thatu′i satisfies all the defining conditions ofP.
Setw2i = ui andw2i+1 = u′i . It is clear from construction that the polar cycle

on {w j : j} is compatible with the indexing. The enumerated propertiesof the
lemma now follow from Lemma 2.89. The lemma ensues. �

Lemma 6.103 [GOTCJAH] Let P be a bounded polyhedron inR3 that con-
tains0 as an interior point. Let F be a facet of P, given by an equation

F = {p : p · v = b0} ∩ P.

Let WF be the corresponding topological component of Y(VP,EP). Assume that
WF contains the right-circular cone

rcone0(0, v, t) ⊂WF (6.104)
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for some t such that0 < t < 1. Then

sol(WF ) ≥ 2π − 2k arcsin( t sin(π/k) ) ,

where k is the number of edges of F.

Proof Project the facetF toR2 by projecting onto the coordinates ofe2 ande3

of an orthonormal frame (e1, e2, e3) adapted to (0, v, . . .). By the Pythagorean
theorem, the hypothesis (6.104) implies that a disk of radius

b1

√
1− t2/t

is contained in the projected face, whereb1 = b0/ ||v || is the distance from
aff(F) to 0. Apply Lemma 6.102 to the projected face, and pull the pointsw j

back to points onF with the same names.
By the additivity of measure over measurable sets that are disjoint up to a

null set, we may partition into wedges:

sol(WF) =
∑

j

sol(WF ∩W(0, v,w j,w j+1))

≥
∑

j

sol(aff0
+(0, {v,w j,w j+1})).

The solid triangles that appear in the last sum are primitivevolumes, which are
computed in terms of dihedral angles in Chapter 3. Set

β2 j = β2 j+1 = dihV({0, v}, {w2 j,w2 j±1}) anda = arcV(0, {v,w2 j}) = arccost.

The three vectorsv, w2 j − v, andw2 j+1 − w2 j are mutually orthogonal by the
final claim of Lemma 6.102. Lemma 2.68 gives

dihV({0,w2 j}, {v,w2 j+1}) = π/2,

because

(w2 j × v) · (w2 j × w2 j+1) = (w2 j × v) · (w2 j × (w2 j+1 − w2 j))

= (w2 j+1 − w2 j) · ((w2 j × v) × w2 j)

= 0.

Consider a spherical triangle with sidesa, b, c and opposite anglesα, β, γ. If
γ = π/2, then by Girard’s formula, the area of the triangle is

α + β − π/2,

and by the spherical law of cosines (Lemma 2.71)

cosα = cosasinβ.
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This determines the areag(a, β) of the triangle as a function ofa andβ:

g(a, β) = β − arcsin(cosasinβ).

The solid angle ofWF is at least sum of the areas of the triangles:

2k−1
∑

j=0

g(a, β j),

with angle sum
2k−1
∑

j=0

β j = 2π.

The second partial ofg with respect toβ is

∂2g(a, β)
∂β2

=
cosasin2 asinβ

sin2α
≥ 0.

Thus, the function is convex inβ. By convexity, the minimum area occurs when
all angles are equalβ = β j = π/k.

The solid angle bound of the lemma is equal to

2kg(a, π/k)

where cosa = t. �

6.5.2 a polyhedral bound

Definition 6.105(weakly saturated) [HUCFLEB] Let r andr ′ be real numbers
such that 2≤ r ≤ r ′. Define a setV ⊂ R3 \ B(0, 2) to beweakly saturatedwith
parameters (r, r ′) if for everyp ∈ R3

2 ≤ ||p || ≤ r ′ =⇒ ∃u ∈ V. ||u − p || < r.

Lemma 6.106 [TARJJUW] [formal proof by Dang Tat Dat]. Fix r
and r′ such that2 ≤ r ≤ r ′. Let V be a weakly saturated finite packing with
parameters(r, r ′). For any g : V → R, let P(V, g) be the polyhedron given by
the intersection of half-spaces

{p : u · p ≤ g(u)}, u ∈ V.

Then P(V, g) is bounded.
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Proof Assume for a contradiction thatP = P(V, g) is unbounded and there
existsp ∈ P such that||p || > g(u)r ′/2 for all u ∈ V. Let v = r ′p/ ||p || so that
r ′ = ||v || . By the weak saturation ofV, there existsu ∈ V such that||v − u || < r.
Then,

||p || > g(u)r ′/2 ≥ u · (r ′p)/2 = ||p ||u · v/2
= ||p ||( ||u ||2 + ||v ||2 − ||u − v ||2)/4

> ||p ||(4+ r ′2 − r2)/4

≥ ||p || .

This contradiction shows thatP is bounded. �

Lemma 6.107 [YSSKQOY] Let

g(h) = arccos(h/2)− π/6.

Then

arc(2h, 2h′, 2) ≥ g(h) + g(h′), (6.108)

for all h, h′ ∈ [1, h0].

Proof The functiong can be rewritten as

g(h) = arc(2h, 2, 2)− arc(2, 2, 2)/2.

It is enough to prove a more general inequality in symmetrical form

f (a2, b2) − f (a1, b2) − f (a2, b1) + f (a1, b1) ≥ 0, (6.109)

when

2 ≤ a1 ≤ a2 ≤ 2h0, and 2≤ b1 ≤ b2 ≤ 2h0,

where f (a, b) = arc(a, b, 2). A calculation gives

∂2 f (a, b)
∂a∂b

=
32ab

υ(a2, b2, 4)3/2
> 0.

Thus, by holdinga fixed,∂ f /∂a is increasing inb:

∂ f (a, b2)
∂a

− ∂ f (a, b1)
∂a

≥ 0.

This shows that withb1 and b2 fixed, f (a, b2) − f (a, b1) is increasing ina.
Equation 6.109 ensues. �

SinceL(h) ≤ 1 whenh ≥ 1, it is clear that a finite packingV that satisfies
Inequality 6.101 has cardinality greater than twelve. The following lemma also
gives an upper bound on the cardinality ofV.
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Lemma 6.110 [DLWCHEM] If V ⊂ B is a packing that satisfies Inequal-
ity 6.101, then the cardinality of V is thirteen, fourteen, or fifteen.

Proof (Following Marchal.) Consider a finite packingV = {u1, . . . , uN} ⊂ B
satisfying Inequality 6.101. The packingV contains more than twelve points
because otherwise Inequality 6.101 cannot hold, asL(h) ≤ 1.

By adding points as necessary, the packing becomes weakly saturated in the
sense of Definition 6.105, withr = 2 andr ′ = 2h0. It is enough to show that
this enlarged set has cardinality less than sixteen. Let

g(h) = arccos(h/2)− π/6,

and lethi = ||ui ||/2. Thenhi ≤ h0 = 1.26. Consider the spherical disksDi of
radii g(hi), centered atui/ ||ui || on the unit sphere. These disks do not overlap
by Lemma 6.107.

For eachi, the plane through the circular boundary ofDi bounds a half-space
containing the origin. The intersection of these half-spaces is a polyhedronP,
which is bounded by Lemma 6.106. (See Figure 6.17.) Lemma 5.61 associates
a fan (VP,EP) with P. (The setVP is dual toV; the setVP is in bijection with
extreme points ofP, whereasV is in bijection with the facets ofP.) There are
natural bijections between the following sets.

1. V = {u1, . . . , uN}.
2. The facets ofP.
3. The set of topological components ofY(VP,EP).
4. The set of faces in the hypermap hyp(VP,EP).

The first conclusion of Lemma 5.54 gives the bijection of the first two sets.
Lemmas 5.62 and 5.42 give the other bijections.

Figure 6.17[ZXEVDCA] A polyhedron is constructed by extending planes
through the circular boundaries of disksDi on the unit sphere.

By Lemma 5.66, the number of edges of the faceti is ki , the cardinality of
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the corresponding face in hyp(VP,EP). By Lemma 6.103, the solid angle of the
topological componentWi of Y(VP,EP) is at least reg(g(hi), ki), where

reg(a, k) = 2π − 2k(arcsin(cos(a) sin(π/k))).

By acomputer calculation7 [21]

reg(g(h), k) ≥ c0+c1k+c2L(h), for all k = 3, 4, . . . , 1 ≤ h ≤ h0, (6.111)

where

c0 = 0.591, c1 = −0.0331, c2 = 0.506.

The sum
∑

i ki is the number of darts in hyp(VP,EP) by Lemma 5.61. By
Lemma 4.22,

∑

i ki ≤ (6N − 12). Summing overi, an estimate onN follows:

4π =
∑

i

sol(Wi)

≥
∑

i

reg(g(hi), ki)

≥ c0N + c1

∑

i

ki + c2

∑

L(hi)

≥ c0N + c1(6N − 12)+ c212.

This gives 16> N. �

Lemma 6.112 [XULJEPR] Assume that V⊂ B is a packing that satisfies
Inequality 6.101. Then for everyv ∈ V such that||v || = 2, there existsu ∈ V
such that0 < ||v − u || < 2h0.

Proof Assume for a contradiction that a packingV exists that satisfies the
inequality for which there existsv ∈ V for which

2h0 ≤ ||v − u || , u , v. (6.113)

The assumption that (6.101) holds implies thatN ≥ 13. Create one large disk
D′1 centered atv/2 and repeat the proof of the previous lemma. Extend the
packing to a weak saturation with parametersr = r ′ = 2h0. This can be done
in a way that maintains the assumptions onv. By Lemma 6.106, the polyhedron
is bounded. By acomputer calculation8 [21]

a′ = 0.797< arc(2, 2h, 2h0) − g(h) for 1 ≤ h ≤ h0.

7 [BIEFJHU] This is a linear lower bound on the area of a regular polygon.
8 [WAZLDCD]
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By (6.113), we may takea′ for the arcradius of the large diskD′1. By a com-
puter calculation9 [21]

reg(a′, k) ≥ c0 + c1k+ c2L(1)+ c3, k = 3, 4, . . . (6.114)

wherec3 = 1. Then

4π =
N

∑

i=1

sol(Wi)

≥ reg(a′, k1) +
N

∑

i=2

reg(g(hi), ki)

≥ c0N + c1

N
∑

i=1

k+ c2

N
∑

i=1

L(hi) + c3

≥ c0N + c1(6N − 12)+ c212+ c3.

This gives a contradiction 13> N ≥ 13. �

9 [UKBRPFE]
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6.6 Appendix on OXLZLEZ

This appendix was written in Nov 2012 to give details of the formalization of
LemmaOXLZLEZ.

6.6.1 Formulas forγ and dih

The dihedral angle of a cell is given by a formula dihX, which is defined in
terms of dihV. Various lemmas related dihV to the function giving the dihedral
angle of a simplex as a function of its edge lengths.

The functionγ can also be expressed as a function of edge lengths. In the
following lemmas, we fix a saturated packingV and take cells with respect to
V.

Lemma 6.115 [YJBIAOE]Let X be a4-cell. Let y1, . . . , y6 be its edge lengths.
Thenγ(X, L) is given by

gamma4fgcy y1 y2 y3 y4 y5 y6 lmfun

defined formally in the module Sphere.

Lemma 6.116 [XKYBPAI] Let X be a3-cell. Let y4, y5, y6 be the lengths of
the three edges in E(X). Thenγ(X, L) is given by

gamma3f y4 y5 y6 sqrt2 lmfun

defined formally in the module Sphere.

Lemma 6.117 [KKHWUHM] Let X be a2-cell. Let y be the length of the unique
edge in E(X). Letα be the dihedral angle along that edge. Thenγ(X, L) = α · t,
where t is

gamma2 x div azim (h0cut y) (y ∗ y)

defined formally in the module Functionalequation.

Lemma 6.118 [OWEWPJG] Let X be a1-cell. Letv be the unique element of
V(X). Let s= sol(X, v). Thenγ(X, L) = st, where t is

8π
√

2
3
− 8m1

Lemma 6.119 [KPJNKIL] Let X be a0-cell. Thenγ(X, L) is equal to the
volume of X.
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6.6.2 Leaf and cell

Definition 6.120(leaf) [NIPHFIE] Let V be a saturated packing. Aleaf of
V is an elementu = [u0; u1; u2] ∈ V(2) such thath(u) <

√
2. Thestemof the

leaf is{u0, u1}.

Lemma 6.121 [GBEWYFX]Let V be a saturated packing, and letu = [u0; u1; u2]
be a leaf of V. Then S= {u0, u1, u2} is not collinear.

Proof Part 1 of MHFTTZN states thatS has affine dimension 2, hence the
set is not collinear. �

Lemma 6.122 [NWVRFMF] Let V be a saturated packing, and letu be a leaf
of V. Letp ∈ R3 be such that{p} is a facet ofΩ(V, u). Then there existsv ∈ V(3)
such that d2v = u andω3(v) = p.

Proof This follows directly from Lemma IDBEZAL andu ∈ V(2). �

Lemma 6.123 [YBZFUPO] Let V be a saturated packing with leafu. Then
there exist distinctp1 andp2 such thatΩ(V, u) is the convex hull of{p1, p2} and
such that F is a facet ofΩ(V, u) if and only if F∈ {{p1}, {p2}}.

Proof By the definition ofV(2), we have thatu ∈ V(2) implies that the affine
dimension ofΩ(V, u) is one. This is a bounded polyhedron of dimension one,
hence a segment given as a convex hull of distinct pointsp1 andp2. The facets
of a segment are its extreme points as given. �

Lemma 6.124 [ZASUVOR]Let V be a saturated packing with leaf[u0; u1; u2].
Then[u1; u0; u2] is also a leaf with the same stem.

Proof The stem is clearly the same, and the circumradius does not change
upon reordering of elements. Letv ∈ V(3) be an element constructed in the
previous lemma such thatd2v = u. Let v′ be obtained by transposing the first
two elements. By YNHYJIT, we havev′ ∈ V(3). Thend2v′ = [u1; u0; u2] ∈
V(2). The result ensues. �

Lemma 6.125 [FUZBZGI] Let V be a saturated packing with leafu. let q be
the circumcenter ofu. Thenq ∈ Ω(V, u), but is not an extreme point ofΩ(V, u).

Proof The third part of Lemma MHFTTZN gives thatq ∈ Ω(V, u).
Assume for a contradiction thatq is an extreme point, then Lemma 6.122

givesv ∈ V(3) such thatd2v = u andω3(v) = q. The setΩ(V, v) is convex of
affine dimension 0, and is therefore a singletonω3(v). By Lemma MHFTTZN
applied tov, we have thatq = ω3(v) is the circumcenter ofv. This contradicts
the strict inequality of Lemma XYOFCGX. �
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Definition 6.126(χ) [MSBKFLD] For any listu = [u0; u1; u2] of elements in
R

3, defineχ(u, p) = ((u1 − u0) × (u2 − u0)) · (p − u0).

Lemma 6.127 [JDHAWAY] Let V be a saturated packing with leafu. Letp1

andp2 be the distinct points constructed in Lemma 6.123. Thenχ(u, pi) is not
zero, andχ(u, p1) andχ(u, p2) have opposite signs.

Proof Let q be the circumcenter ofu. If χ(u, pi) = 0, thenpi lies in the affine
hull of u. By MHFTTZN, this implies thatq = pi , which is impossible by the
previous lemma. Henceχ(u, pi) , 0.

By the previous lemma, the circumcenterq of u has the formq = p1t1+p2t2,
for someti such thatt1 + t2 = 1 andti > 0. Sinceq lies in the affine hull ofu,
we have

0 = χ(u, q) = t1χ(u, p1) + t2χ(u, p2)

Sinceti > 0, this implies thatχ(u, p1) andχ(u, p2) have opposite signs. �

Remark6.128 [LITLFSC]Recall from Lemma JBDNJJB thatχ(u, p) has the
same sign as

sin(azim(u0, u1, u2, p)).

Also,χ([u0; u1; u2], p) = −χ([u1; u0; u2], p).

Definition 6.129(pe, û, ke, c) [AQEQEDX] Let V be a saturated packing with
leafu. We definepe(u), û, andke as functions ofu as follows. By the previous
lemma, there exists a unique extreme pointpe ofΩ(V, u) such thatχ(u, pe) > 0.
By an earlier lemma, there existsû ∈ V(3) (choose one) whered2(û) = u and
ω3(û) = pe. Finally, letke ∈ {3, 4} be given by

ke =















4, h(û) <
√

2

3, otherwise.

We abbreviatec(u) = cell(û, ke(u)).

This construction uses a leafu = [u0; u1; u2] to select an extreme point
of Ω(V, u) and an associated cell. By earlier lemmas, the other extreme point
of Ω(V, u) is determined by the other leaf [u1; u0; u2] with the same stem. It
reverses the sign ofχ. Note that [u1; u0; u2] is the unique nontrivial rearrange-
ment ofu with the same stem. Ifu is a leaf, we write

A0
+(u) = aff0

+({u0; u1}, u2), andA(u) = aff{u0, u1, u2}.

Lemma 6.130 [NUNRRDS] Let V be a saturated packing with leafu. Then
c(u) meets A0+(u). Furthermore, for everyq ∈ c(u), we haveχ(u, q) ≥ 0.
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Proof The cell is given as a convex hull of{u0, u1, u2, p}, for some pointp.
Hence the cell containsu2 which lies inA+(u). The convex hull clearly lies in
a half space bounded byA(u).

We haveχ(u, p) > 0. Sinceq is in the convex hull of four points withχ ≥ 0,
we also haveχ(u, q) ≥ 0. �

6.6.3 Planarity

Lemma 6.131 [RIJRIED] Let V be a saturated packing. Let X be a cell with
an edge. Then X is not coplanar.

Proof By definition, the vertex set is empty, if the cell is a null set. �

Lemma 6.132 [ZWVCBMN] Assume that S= {u0, . . . , u3} ⊂ R3 is not copla-
nar. Then the convex hull of S has positive measure.

Proof The volume of a tetrahedron has the form
√
∆/12, and the condition

of planarity is∆ = 0. �

Lemma 6.133 [ASVAYEW] Let V be a saturated packing and let X be a
nonempty3 or 4-cell. Then X is not coplanar.

Proof Write the cell as cell(u, k). A nonempty 3 or 4-cell has the form of a
convex hull of four points,{u0, u1, u2, p}, wherep = u3 in the case of a 4-cell
(h(u) <

√
2) orp = ξ in the case of a 3-cell (h2 <

√
2 ≤ h(u)). In the case of a

4-cell the points are not coplanar by Lemma MHFTTZN.
In the case of a 3-cell, we have thatA(u) has dimension 2 by Lemma MHFTTZN.

It is enough to show thatξ is not in this affine hull. The pointξ is equidistant
from u0, u1 andu2. If ξ is in the affine hull, then it is the circumcenter, and we
arrive at a contradiction

√
2 = ||ξ − u0 || = h(d2u) <

√
2.

�

6.6.4 Classification of cells

Lemma 6.134 [CFFONNL]Let V be a saturated packing with leafu = [u0; u1; u2].
Let X be a cell of V, and let{u0, u1} ∈ E(X) be an edge. Suppose that

X ∩ A0
+(u) , ∅.

Then there exists a2-rearrangementu′ of u such that

X = c(u′).
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Proof SinceX has an edge, it is at least a 2-cell. The cellX is not a subset
of A(u). Pick q ∈ X \ A, and choose a 2-rearrangementu′ of u such that
χ(u′, q) > 0. The cellX contains the convex hull of four points

u0, u1, p, q

wherep ∈ A0
+ andχ(u′, q) > 0.

Let v = û′ ∈ V(3) andk = ke(u′). Let X′ = cell(v, k). The cellX′ also
contains the convex hull of four points

u0, u1, p′, q′

wherep′ ∈ A0
+ andχ(u′, q′) > 0. Any two such convex hulls meet in a set of

positive measure. SoX∩X′ has positive measure. Hence by Lemma AJRIPQN,
we haveX = X′. This gives the result. �

Lemma 6.135 [FUEIMOV]Suppose that V is a saturated packing with leaves
u andu′ with the same stem. Let k= ke(u) and k′ = ke(u′). Assume thatu , u′.
and c(u) = c(u′). Then k= k′ = 4, û = [v0; v1; v2; v3], andû′ = [v1; v0; v3; v2].

Proof If the cells are equal, thenk = k′ ∈ {3, 4} by the definiton ofke and
Lemma AJRIPQN.

We consider two cases depending on the value ofk. Suppose thatk = 4.
The definition ofke givesh(û) <

√
2. The setV ∩ cell(v, 4) determines the

parameterv up to rearrangement. The stem is fixed, giving only two possibili-
ties [u0; u1; . . .] and [u1; u0; . . .] for the first two elements. The last two entries
must also be equal or transpositions. To preserve the sign ofχ, the permutation
must be even. The only nontrivial possibility is the one given in the lemma.

Suppose thatk = 3. The cell is the convex hull of its extreme points, three
of which are elements of the vertex setV(X). The first two entries ofu are
determined by the stem, up to transposition. The third entryis fixed by mem-
bership inV(X). The fourth entry must be the common extreme pointξ. If
u = [u0; u1; u2] andu′ = [u1; u0; u2], then

0 < χ(u, ξ) = −χ(u′, ξ).

This gives incompatible sign constraints. �

Lemma 6.136 [YSAKKTX] Let V be a saturaed packing. Let X be a cell with
edge{u0, u1}. Then X= cell(u, k), for someu of the form[u0; u1; . . .].

Proof This follows from RVFXZBU. �

Lemma 6.137 [RBUTTCS] Let V be a saturated packing. Let X be a4-cell
with edge{u0, u1}. Then there exists a leafu with stem{u0, u1} such that X=
c(u).



i

i

6.6 Appendix on OXLZLEZ 201

Proof By YSAKKTX, we may write X = cell(v, 4), wherev has the form
v = [u0; u1; v2; v3], for somev2 andv3. Setu = d2v. We haveh(u) <

√
2, so

thatu is a leaf. The cell meetsA0
+(u) at v2. Lemma 6.134 gives thatX = c(u′)

for some 2-rearrangement ofu. �

Lemma 6.138 [FCHKUGT]Let V be a saturated packing, and letu = [u0; u1; u2]
andu′ = [u0; u1; u′2] be two leaves with the same first two entries, such that
A0
+(u) = A0

+(u
′). Thenu = u′.

Proof We have thatc(u) andc(u′) both meetA0
+. Hence, there is a 2-rearrangement

u′′ of u′ such thatc(u) = c(u′′). By FUEIMOV, k = k′ = 4, andu′′ is a rear-
rangement ofu. If u , u′′, thenu′′ = [u1; u0; u3], wherec(u) = conv{u0, . . . , u3}.
But this final possibility is impossible, since{u0, . . . , u3} is not coplanar. �

Lemma 6.139 [BDXKHTW] Let V be a saturated packing. Let X be a cell of
V with edge e= {u0, u1}. Letu = [u0; u1; u2] andu′ = [u0; u1; u′2] be distinct
leaves with stem e. Assume that the intersection of X withwedge0(u0, u1, u2, u′2)
is nonempty. Then X is a subset ofwedge(u0, u1, u2, u′2).

Proof We claim thatX is not coplanar. Otherwise it is a null set, and by
definition a null set has no vertices or edges.

Since the leaves are distinct, by FCHKUGT, we haveA0
+(u) , A0

+(u
′). This

implies that the wedges are nondegenerate.
For a contradiction, pickp ∈ X ∩ wedge0(u0, u1, u2, u′2) and q ∈ X ∩

wedge0(u0, u1, u′2, u2). We may assume that{u0, u1, p, q} is not coplanar. The
sets wedge0 are open and disjoint. By the connectedness of the unit interval,
the patht 7→ (1− t)p + tq crossesA0

+(u) or A0
+(u
′) at qt, for some 0< t < 1.

We then have that{u0, u1, qt} is not collinear. This point of crossing, by an
earlier lemma givesX = c(u′′) for some 2-rearrangement ofu or u′, and say
A0
+(u
′′) = A0

+(u). By an earlier lemma,

0 ≤ (1− t)χ(u′′, p) + tχ(u′′, q) = χ(u′′, qt) = 0.

This forcesχ(u′′, p) = χ(u′′, q) = 0, which is contrary to our assumption that
{p, q, u0, u1} is not coplanar. �

Lemma 6.140 [EWYBJUA] Let V be a saturated packing. Let X be any cell
with edge{u0, u1}. Letu = [u0; u1; u2] andu′ = [u0; u1; u′2] be distinct leaves
of V. Then

X ⊂ wedge(u0, u1, u2, u′2) or X ⊂ wedge(u0, u1, u′2, u2).

Proof The cellX is not a null set, so there exists a point in the intersection of
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X with

wedge0(u0, u1, u2, u′2) or X ⊂ wedge0(u0, u1, u′2, u2).

Then apply the previous lemma. �

6.6.5 Angle Sums Revisited

In the following lemma, the hypothesis (6.142) always holdsby preceding lem-
mas, but we include it to make it independent of these lemmas.The lemma is
a variant of Lemma GRUTOTI.

Lemma 6.141 [REUHADY]Let V be a saturated packing. Assume thatu0, u1 ∈
V satisfy ||u0 − u1 || < 2

√
2. Setε = {u0, u1}. Let [u0; u1; w] and [u0; u1; w′]

be two leaves (not necessarily distinct) such that for everycell X with edge
{u0, u1} we have

X ⊂ wedge(u0, u1,w,w′) or X ⊂ wedge(u0, u1,w′,w). (6.142)

Then
∑

X∈X
dih(X, ε) = azim(u0, u1,w,w′).

The sum runs over the setX of cells X such thatε ∈ E(X) and X⊂ wedge(u0, u1,w,w′).

Proof Consider the sets

C = B(u0, r) ∩ rcone0(u0, u1, a), andC′ = C ∩ wedge(u0, u1,w,w′),

wherer anda are small positive real numbers. From the definition ofk-cells,
it follows that we can chooser anda sufficiently small so that ifX is ak cell
that meetsC′ in a set of positive measure, thenk ≥ 2 and there existsu ∈ V(3)
such thatX = cell(u, k) andd1u = [u0; u1]. Moreover,

C′ ∩ X = C ∩ X = C ∩ A, A = aff+({u0, u1}, {v,w}),

whereA is the lune of Definition 3.14 andv, w are chosen as in Definition 6.68.
By Lemma 3.27 and Definition 6.68, the volume of this intersection is

vol(C ∩ A) = vol(C) dihV({u0, u1}, {v,w})/(2π) = vol(C) dih(X, ε)/(2π).

The set of cells meetingC′ in a set of positive measure gives a partition ofC′
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into finitely many measurable sets. This gives

vol(C)azim(u0, u1,w,w′)/(2π) = vol(C′)

=
∑

X∈X
vol(C ∩ X)

= vol(C)
∑

X∈X
dih(X, ε)/(2π).

The calculation of volumes in Chapter 3 gives vol(C) > 0. The conclusion
follows by canceling vol(C) from both sides of the equation. �

6.6.6 Linear Programs

Let V be a saturated packing and let{u0, u1} be a critical edge (of some cell).
We may order the set

Leaf = {v ∈ V : [u0; u1; v] is a leaf}

(and the corresponding leaves) by arbitrarily fixing one elementv0 ∈ L and
then ordering them by increasing azimuth angle azim(u0, u1, v0, v), for v ∈
Leaf. This partitionsR3 into finitely many wedges delimited by the leaves.
Each cell with edge{u0, u1} lies in one of these wedges.

If h(û) <
√

2, thenc(u) = c(u′) is a 4-cell in the wedge, and this is the only
cell (of positive measure or in fact the only cell at all) contained in the wedge.

If h(û) ≥
√

2, thenc(u) andc(u′) are distinct 3-cells in the wedge, and these
are the only 3 cells in the wedge. The wedge may also include a finite number
of 2-cells, but it has no 4-cells. The 2-cells within a given wedge are combined
into a totalγ and total azimuth angle.

We have a number of nonlinear inequalities bounding the value of

γ(X, L)wt(X) + β({u0, u1},X)

as a function of its azimuth angle. These inequalities are based on the parti-
tion of cells according to wedges. Based on these inequalities, we run linear
programs giving lower bounds for

∑

γ(X, L), subject to the constraint that the
azimuth angles sum to 2π. In every case, we find thatΓ ≥ 0 for each cluster. We
run a separate linear program depending on the number of leaves. A generic
case handles the case of five or more leaves. The following subsection gives
details.
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6.6.7 Cell Cluster Inequality

This section shows how to deduce Lemma OXLZLEZ from a collection of
nonlinear inequalities. The nonlinear inequalities are specified in an abbrevi-
ated way according to the table at the end of this section. Some collections
of nonlinear inequalities have been merged into a single inequality. Once the
source of a nonlinear inequality has been cited, we assume that the reader has
become familiar with it, and it is not repeatedly cited.

Remark6.143 (preparation) [XSBYGIQ]

1. If a leaf separates two 3-cells, erase it, scoring it at 0.008azim. This is jus-
tified by acomputer calculation10 [21].

2. Score all 2-cells at 0.008azim by acomputer calculation11 [21].
3. Score all 3-cells withη+ at 0.008azim, but keep the leaf, bycomputer cal-

culation12 [21].

Definition 6.144(small leaf, subcritical, supercritical)[HYTORSD]A critical
edge has length 2h− ≤ y ≤ 2h+. A subcriticaledge has length 2≤ y < 2h−. A
supercriticaledge has length 2h+ < y ≤

√
8. A small leafis a triangle along

the critical edgey1 with one critical edgey1 and two subcritical edgesy2, y6.
A β-cell is one with two critical edgesy1, y4 and the remaining four edges
subcritical. Set ˇγ = γ(X)wt + β(X). A 23-cell is used to refer to the collection
of 2 and 3-cells that lie between two consecutive nonerased leaves. The term
cell will now refer to a 4-cell or a 23-cell, rather than a Marchal cell.

A cell along a fixed stem [u0; u1] is call a quarter, if it is a 4-cell with a
critical edge along the stem and five subcritical edges. We write QU for a
quarter. We write QX as an abbreviation for any 4-cell that isnot a quarter, and
QY for any 23-cell. Writeǫ = 0.0057. When we speak of a leaf, we restrict our
usage to the two leaves along the common stem. We writeη+ for the condition
that the circumradius of a leaf> 1.34 andη− for the circumradius≤ 1.34.

In the following lemmas, we work in the context of OXLZLEZ. That is, we
have a number of cells sharing a critical edge. For a contradiction, we assume
that we are working with a counterexample. That is, we assumeas a hypothesis
in each lemma that

∑

γ̌i < 0.

Lemma 6.145 [CHQSQEY] There are at least three4-cells (in every coun-
terexample).

10 [cell3]
11 [grki]
12 [cell3]
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Proof We consider cases, according to the number of 4-cells. If there are no
quarters, then ˇγi ≥ 0 for all i by computer calculation13 [21]. We may in fact
assume that there is a quarter with ˇγ < 0.

If there is one 4-cell (a quarter), then dih< 2π bycomputer calculation14 [21]
so there is another cell, a 23-cell. Then ˇγ4 + γ̌3 > 0 by computer calcula-
tion15 [21] If there are two 4-cells. The total angle of the two cellsis at most
2(2.8) < 2π, so there is at least one 23-cell, and each 4-cell is flanked byat
least one 23-cell. Then use ˇγ4 + γ̌3 > 0. �

Lemma 6.146 [MTMLSRF] There exists a quarter witȟγ < 0 and flanked on
both sides by another4-cell.

Proof Otherwise, we again have ˇγ4 + γ̌3 > 0. �

Lemma 6.147 [LXDEYBO] There are at most four4-cells.

Proof Otherwise, by acomputer calculation16 [21]
∑

(5)

γ̌ ≥ 5a5 + b5α ≥ 5a5 + b5(2π) > 0.

�

Lemma 6.148 [UNPNFVW] The4-cells are all contiguous. That is, there is at
most one23-cell.

Proof The number of 4-cells is three or four. By Lemma 6.146, there is a
contiguous block of three or four 4-cells. Thus, if they are not all contiguous,
there is a block of three and a block of one, with 23-cells interspersed. That is,
there would be at least two 23-cells, each with angle at least0.606. Then by a
computer calculation17 [21]

∑

γ̌ ≥ 2(0.606)(0.008)+ 4a5 + (2π − 2(0.606))b5 > 0.

�

Lemma 6.149 [DHCVTVE] The configuration must be one of the four possi-
bilities Cn,k, where n is the number of leaves, k is the number of4-cells, and
n− k is the number of23-cells:

C3,3 C4,4 C4,3 C5,4.

13 [gamma qx]
14 [azim c4] ,
15 [quqy] .
16 [ztg4]
17 [gckb ztg4 cell3 grki]
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Proof Since there are three or four 4-cells and zero or one 23-cell,there are
four cases as given. �

Lemma 6.150 [PMZTATI] LetQX be a cell with one small leaf and the other
not small. Theňγ > ǫ or QX is aβ-cell.

Proof This is acomputer calculation18 [21]. �

Lemma 6.151 [RJSZKQX] LetQU be a cell with (at least) one leafη+. Then
γ̌ > ǫ.

Proof This is acomputer calculation19 [21]. �

Lemma 6.152 [IXPFBKA] If η−, then the leaf is small.

Proof This is acomputer calculation20 [21]. �

Remark6.153 (neutralize) [XCLCXWG] γ̌QU > −ǫ andγ̌QX ≥ 0 by acomputer
calculation21 [21] If QX has one leaf that is small and another that is not small,
it neutralizesa quarter in the sense that it givesǫ against the−ǫ of the quarter.
Notice that this condition propagates, forcing one cell after another to have
small leaves, if it doesn’t neutralize. If a 4-cell is next toa 23-cell, then we
have by acomputer calculation22 [21],

γ̌4 + γ̌3 > ǫ,

and again we can neutralize a quarter. Call this 234-neutralization.

Lemma 6.154 [IPVICGW] All leaves along the stem are small.

Proof We consider many cases, breaking it down intially accordingto the
casesCn,k.

C3,3: If there are at least two quarters, every leaf lies along a quarter and is
small. If there is one quarter, we can neutralize it, unless all leaves are small.

C4,4, C4,3: If there are at least three quarters (or two that are nonadjacent),
then every leaf lies along a quarter and is small. If there aretwo adjacent or
one quarter, we can neutralize them unless every leaf is small.

C5,4: If there are four quarters, then every leaf is along a quarter. If there is
one quarter, we can neutralize it, if it is not small. There remain two cases: two
or three quarters.

C5,4: two or three quarters. There are various combinatorial placements of

18 [gamma8]
19 [fhvb2]
20 [jsp]
21 [gamma qu gamma gx] .
22 [gamma10 gamma11 qu qy]
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the quarters among the four 4-cells. If two of them are not adjacent to the 23-
cell, then we can treat it with neutralization arguments. The one case that is not
easily neutralized is an arragnement with a single contiguous block of quarters,
occupying the two slots that are not adjacent to the 23-cell,and possibly one
other slot. Furthermore, there is exactly one leaf (along the 23-cell) that is not
small. That nonsmall leaf hasη+. We break this case into subcases.

Assumeazim23 > 1.074. By acomputer calculation23 [21], we have
∑

γ̌ > 0.008azim23 + (4a5 + b5(2π − azim23)) > 0.

Assumeazim23 ≤ 1.074and assumeη− on the small leaf along the23-cell.
By acomputer calculation24 [21], the 23-cell can be included in the estimate,

∑

γ̌ > 5a5 + b5(2π) > 0.

Assumeazim23 ≤ 1.074and assumeη+ on the small leaf along the23-cell.
In this case we can split the 4-cells into two groups of two, each with a quarter
paired with a neutralizing 4-cell by acomputer calculation25 [21]. �

Lemma 6.155 [RSIWAMP] There are at most four leaves. That is, C5,4 does
not occur.

Proof Otherwise, we have reduced to the case of five leaves, four 4-cells,
and one 23-cell, and all leaves small. LetA andB be the two leaves along the
23-cell. We consider various cases.

Assumeazim23 > 1.074. This case is the same as in the previous lemma.
Without generality we now assume that azim23 ≤ 1.074.

Assumeη−A or η−b . In this case, by acomputer calculation26 [21], we have
∑

(5)

γ̌ > 5a5 + b5(2π) > 0.

Assumeη+A andηB > 1.3. If further, some 4-cell is not a quarter, then by a
computer calculation27 [21],
∑

(5)

γ̌ > 0.606(0.008)+ 0.21849+ 3(0.161517)− (2π − 0.606)0.119482> 0.

And if all 4-cells are quarters, then we can easily neutralizes the two pairs of
4-cells. �

23 [cell3 grki ztg4]
24 [pem ztg4]
25 [gamma10 gamma11 fhbv2]
26 [pem tew]
27 [gaz9 gaz6 gckb]



i

i

208 Packing

Lemma 6.156 [BKLETJQ] If QX is adjacent to a23-cell, thenγ̌4 + γ̌3 > ǫ.

Proof This is acomputer calculation28 [21]. �

Lemma 6.157 [UTEOITF] There is no23-cell. That is, C4,3 does not occur.

Proof Again, there are several cases. Label the three consecutive4-cells as
A, B, C. All leaves are small,B is a quarter with ˇγB < 0 and its two leaves have
η−. If any leaf hasη+, then we can easily neutralize. Assume now thatη− for
all leaves. If any 4-cell is not a quarter, we can neutralize.

Assume that all 4-cells are quarters.
Assumeazim23 ≥ 2.089. By a computer calculation29 [21],
∑

γ̌ > azim23(0.008)+ 3(0.161517)+ (2π − azim23)(−0.119482)> 0.

Assumeazim23 ≤ 1.946. By a computer calculation30 [21],
∑

γ̌ > azim23(0.008)+ 3(−0.0659)+ (2π − azim23)0.42> 0.

Assume1.946≤ azim23 ≤ 2.089. By acomputer calculation31 [21],
∑

γ̌ > 3ǫ − 3ǫ ≥ 0.

�

Lemma 6.158 [LUIKGMH] The case C3,3 does not occur.

Proof By a computer calculation32 [21], we have azim< 2.8. If γ̌ < ǫ, then
azim< 2.3. If γ̌ < 0, then azim< 1.65.

If there are at least two negative quarters, then the total angle is

2π ≤ 1.65+ 1.65+ 2.8 < 2.8.

If there is one negative quarter, it will be neutralized unless both others have
angle< 2.3. Then

2π ≤ 1.65+ 2(2.3) < 2π.

�

Lemma 6.159 [GRHIDFA] The case C4,4 does not occur.

28 [gamma10 gamma11]
29 [gaz6]
30 [azim1]
31 [txq]
32 [azim nqu azim c4 g qxd]
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Proof Let k be the number of quarters. We have seen that all faces are small.
If k ≤ 2, then by acomputer calculation33 [21],

kQU+ (4− k)QX :
∑

γ̌ > k1.61517+ (4− k)0.213849−2π(0.119482)> 0.

if k = 4, then by acomputer calculation34 [21],
∑

γ̌ > −4(0.0659)+ 0.42(2π) > 0.

Finally assume thatk = 3. If the fourth cell is aβ-cell, we are done by acom-
puter calculation35 [21] Thus, the fourth edge of the fourth cell is supercritical.
This gives by acomputer calculation36 [21],

3QU+QX : 3(−0.0142852)+ (0.00457511)+ 2π(0.00609451)> 0.

�

6.6.8 Table of inequalities

Here is a table of the inequalities that were used. The first column gives the
name referenced in the text. Then it is indicated if the inequality is in the mod-
ule Ineqor Moduleand the name of the inequality in the computer develop-
ment. The final column gives a shorthand form of the inequality.

33 [gaz6 gaz9]
34 [azim1]
35 [ox3q1h] .
36 [gaz4 azim2]
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general bounds

jsp ineq JSPEVYT η+

gckb ineq GCKBQEA azim> 0.606
azim c4 ineq BIXPCGW 6652007036 a2 QU∨QX⇒ azim< 2.8
ox3q1h merge ox3q1hmerge 3QU+ 1B⇒ ∑

4 γ̌ > 0.

quarters

gammaqu ineq BIXPCGW 9455898160 QU⇒ γ̌ > −ǫ
fhbv2 ineq FHBVYXZv2 a QUη+ ⇒ γ̌ > ǫ
quqy merge gquqyag quqyb QU+QY⇒ γ̌4 + γ̌3 > 0
ztg4 merge ztg4 QU∨QX⇒ (a5,b5)
azim1 ineq QITNPEA 5653573305 QU⇒ (γ̌,azim)
gaz4 ineq QITNPEA 6206775865 QU⇒ (γ̌,azim)
gaz6 ineq QITNPEA 3848804089 QU⇒ (γ̌,azim)

nonquarter 4-cells

gammaqx merge gammaqx QX⇒ γ̌ > 0
g qxd merge gammaqxd QXD⇒ γ̌ > ǫ
gamma10gamma11 merge gamma10gamma11 QXss+QY⇒ γ̌4 + γ̌3 > ǫ

gamma8 merge QITNPEA9063653052weak QX1s⇒ γ̌ > ǫ
gaz9 ineq QITNPEA 2134082733 QXss⇒ (γ̌,azim)
azim2 ineq QITNPEA 9939613598 QXss,super⇒ (γ̌,azim)

23-cells

cell3 merge cell3008 from ineq γ̌3 > 0.008azim
grki ineq GRKIBMP a ˇγ2 > 0.008azim
pem ineq PEMKWKU QYη+ η− azim− ⇒ (a5,b5)
tew ineq TEWNSCJ QY, 2η− ⇒ (a5,b5)
txq ineq TXQTPVC, IXPOTPA QY 2η−azim[]⇒ γ̌ > 3ǫ

Table 6.1 inequalities
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Local Fan

Summary. The difficult technical estimates that we need for the proof of
the Kepler conjecture are found in this chapter. The standard form of the
main estimate (Theorem 7.43) takes the form

τ(V,E, F) ≥ d(k), k = card(V) ∈ {3, 4, 5, 6}. (7.1)

Here (V,E) is a fan satisfying various technical conditions, and F is a
face of the hypermap of(V,E). The function d is defined by a table of real
numbers. Heuristically, the real-valued functionτ measures the looseness
of a packing. Large values ofτ indicate that the points of V are loosely ar-
ranged around the face and small values ofτ indicate a tight packing. The
main estimate gives limits to the tightness of a packing, with the eventual
aim of showing that no packing can have density greater than the FCC
packing.

This chapter also proves the well-known result that the perimeter of a
geodesically convex spherical polygon is never greater than2π, the length
of a great circle.

7.1 Localization

The localizationof a fan along a face discards everything but the part of the
fan near the face. The localization is used to focus attention on a single face in
a fan. We also introduce a notion of convexity that is suitable for local fans.
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7.1.1 basics

Roughly speaking, a local fan is to a fan what a polygon is to a biconnected
plane graph.

Definition 7.2 (local fan) [FTNGOGF][local fan ! local fan2] [nonreflexive

local fan ! convex local fan] A triple (V,E, F) is a local fan if the
following conditions hold.

1. (fan) (V,E) is a fan.
2. (face) F is a face ofH = hyp(V,E).
3. (dihedral) H is isomorphic to Dih2k, wherek = card(F).

A local fan (V,E, F) is said to benonreflexive1 if the following additional con-
ditions hold.

4. (angle) azim(x) ≤ π for all dartsx ∈ F.
5. (wedge) V ⊂Wdart(x) for all x ∈ F.

In the proof of the Kepler conjecture in this chapter and the next, all local
fans are nonreflexive. Local fans (that are reflexive) appearin applications to
other packing problems in Section 8.6.

Remark7.3 (visualization) [PNCVUMY] If (V,E, F) is a local fan, the intersec-
tion of X(V,E) with the unit sphere is a spherical polygon, which gives a visual
representation of the fan (Figure 7.1). In the first part of the chapter, the lengths
||v || , for v ∈ V, have little importance, and the spherical polygon captures the
relevant features of the local fan. The choice ofF distinguishes the interior of
the polygon from its exterior. If the local fan is nonreflexive, then the interior
of the polygon is geodesically convex.

Lemma 7.4 [WRGCVDR] [formal proof by Nguyen Quang Truong].

fly[WRGCVDR BIJ, WRGCVDR ORBIT, LOCAL FAN RHO NODE PROS]For any
local fan(V,E, F), there is a bijection from F onto V given by

(v,w) 7→ v.

Moreover, writev 7→ (v, ρv) for the inverse map. Thenρ : V → V is a cyclic
permutation. That is, the orbit of eachv underρ is V.

Proof The map from a face to the set of nodes is a bijection for the dihedral
hypermap Dih2k. It is a also bijection for a fan isomorphic to Dih2k.

1 An angle greater thanπ is areflex angle.
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nonreflexive

p

reflex angle atp

Figure 7.1[FWYNFVS] To represent a local fan, each blade is intersected
with the unit sphere to give a spherical polygon. The spherical polygon of a
nonreflexive local fan has no reflex angles.

For all (v, ρv) ∈ F,

f (v, ρv) = (ρv, ρ2v),

so that the orbit ofv underρ in V corresponds under the bijection to the orbit
of a dart underf on F, which F. Thus,ρ is a cyclic permutation ofV of order
k = card(V). �

Definition 7.5 (ρ, node) [MFMPCVM][ρ ! rho node1] [ρ−1
! ivs rho node1]

[node! FST] For any local fan (V,E, F), write ρ = ρV,E,F : V → V and
node :F → V for the bijections of the preceding lemma.

Definition 7.6 (interior angle,∠, Wdart) [PJRIMCV] [interior angle !

interior angle1][Wdart ! wedge in fan ge] [W0
dart

! wedge in fan gt]

For any local fan (V,E, F), write

∠(v) = azim((v, ρv)),

for all v ∈ V. This is theinterior angle of the local fan atv. Also, write

W0
dart(F, v) =W0

dart((v, ρv)), Wdart(F, v) =Wdart((v, ρv)).

Definition 7.7 (localization) [BIFQATK][localization ! localization]

[V′ ! v prime] [E′ ! e prime] Let (V,E) be a fan and letF be a face
of hyp(V,E). Let

V′ = {v ∈ V : ∃ w ∈ V. (v,w) ∈ F}.
E′ = {{v,w} ∈ E : (v,w) ∈ F}.

The triple (V′,E′, F) is called thelocalizationof (V,E) alongF.
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Lemma 7.8(localization) [LVDUCXU][formal proof by Nguyen Quang
Troung]. Let (V,E) be any fan and let F be a face of its hypermap that is
simple and has cardinality of at least three. Then the localization(V′,E′, F)
is a local fan.2 Moreover, the angleazim(x) and the wedges Wdart(x) and
W0

dart(x) do not depend on whether they are computed relative tohyp(V,E)
or to hyp(V′,E′) for all x ∈ F.

Proof The proof that (V′,E′) is a fan consists of various simple verifications
based on the techniques of Remark 5.6. The details are left tothe reader.

The dart setD′ of hyp(V′,E′) is naturally identified with the disjoint union
F

∐

F′, whereF = {(v, ρv) : v ∈ V} andF′ = {(v, ρ−1v) : v ∈ V}. Under this
identification,F is a face of hyp(V′,E′). The face, node, and edge permutations
have ordersk, 2, and 2, respectively. By Lemma 4.54, this bijection extends to
an isomorphism of hypermaps Dih2k onto hyp(V′,E′).

The proof that azim(x) andW0
dart(x) do not depend on the choice of fan is a

consequence of their definitions:

azim(x) = azim(0, v,w, σ(v,w)), and

W0
dart(x) =W0

dart(v,w).

wherex = (v,w). It is enough to check thatσ(v,w) ∈ E′(v). But {σ(v,w), v} ∈
F, so this is indeed the case. �

Lemma 7.9 [RNSYJXM] Let (V,E) be any fan and let F be a face of its
hypermap. Let(V′,E′) be the localization of(V,E) along F. Assume that(V,E)
is fully surrounded. Then(V′,E′, F) is a nonreflexive local fan.

Proof Lemma 7.8 gives all the properties of a nonreflexive local fanexcept
for property (wedge): V′ ⊂ Wdart(x) for every dartx ∈ F. By Lemma 5.42,
UF ⊂ W0

dart(x). The wedgeWdart(x) is closed and containsW0
dart(x). Hence, the

closureŪF is contained inWdart(x). Let v ∈ V′ and choosew ∈ V such that
y = (v,w) ∈ F. Since the darty leads intoUF , every neighborhood ofv meets
UF . Thus,v ∈ ŪF ⊂Wdart(x). This completes the proof. �

7.1.2 geometric type

Definition 7.10(generic, lunar, circular)[RTPRRJS][generic ! generic clf]

[lunar ! lunar] [circular ! circular]A local fan (V,E, F) isgeneric

2 In flyspeck, the entire hypermap is simple.



i

i

7.1 Localization 215

if it is nonreflexive and if for every{v,w} ∈ E and everyu ∈ V,

C{v,w} ∩C0
−{u} = ∅.

A local fan iscircular if it is nonreflexive and if there existsu ∈ V and{v,w} ∈
E such that

C0{v,w} ∩C0
−{u} , ∅.

A nonreflexive local fan islunar with pole{v,w} ⊂ V if it is nonreflexive, if it
is not circular, ifv , w, and if {v,w} is a parallel set (Figure 7.2).

generic lunar circular

Figure 7.2[QTCGYTB] A nonreflexive local fan is generic, lunar, or circular.
The figures follow the conventions of Remark 7.3.

Lemma 7.11(trichotomy) [CIZMRRH][formal proof by Nguyen Quang
Truong]. Every nonreflexive local fan is either generic, lunar, or circular.
Moreover, these three properties are mutually exclusive.

Proof If (V,E, F) is not generic, select some{v,w} ∈ E and someu ∈ V such
that

C{v,w} ∩C0
−{u} , ∅. (7.12)

Now C{v,w} = C0{v,w} ∪C{v} ∪ C{w}. If, for some such triple (u, v,w), the
intersection (7.12) meetsC0{v,w}, then the nonreflexive local fan is circular.
Otherwise, the nonreflexive local fan is lunar. �

Definition 7.13(straight) [YPSTLXA] [straight ! undefined] Let (V,E, F)
be a local fan. If∠(v) = π, thenv is straight.

Lemma 7.14 [LDURDPN] [formal proof by Nguyen Quang Truong].
Assume that{0, u,w} and{0, u, v}are not collinear sets. Thenazim(0, u, v,w) =
π if and only if there exists a plane A such that{0, u, v,w} ⊂ A and such that
the lineaff{0, u} separatesv from w in A.
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Proof The given azimuth angle isπ if and only if dih({0, u}, {v,w}) = π. This
holds exactly when{0, u, v,w} is coplanar, and the line aff{0, u} separatesv
from w in A. �

Lemma 7.15 [KOMWBWC] [formal proof by Nguyen Quang Truong].
Let (V,E, F) be a nonreflexive local fan. Let k= card(F). Assume that for some
0 < r ≤ k − 1 and somev ∈ V, the set U= {v, ρv, . . . , ρrv} is contained in a
plane A passing through0. Letebe the unit normal to A in the directionv×ρv.
Then the set U is cyclic with respect to(0, e), and the azimuth cycleσ on U is

σu =















ρu, u , ρrv,

v, u = ρrv.

Furthermore, for all0 ≤ i ≤ r − 1,

(ρiv × ρi+1v) · e> 0.

Proof We writevi = ρ
iv for i = 0, . . . , r.

We claim that(vi × vi+1) · e > 0 for all i ≤ r − 1. Indeed, the base case
(v0 × v1) · e> 0 of an induction argument holds by assumption. Assume for a
contradiction that the inequality holds fori, but not fori + 1. Then

aff0
+({0, vi+1}, vi) = aff0

+({0, vi+1}, vi+2).

This forcesC0{vi , vi+1} to meetC0{vi+1, vi+2}, which is contrary to the defini-
tion of a fan. Thus, the claim holds.

The fact thatU is cyclic follows trivially from the fact thatU is contained in
a planeA through0 and thate is orthogonal toA.

For all 0 ≤ i ≤ r − 1, σvi = vi+1. Otherwise, there is some

u ∈ (U \ {vi , vi+1}) ∩W0(0, e, vi, vi+1) ∩ A.

However, by the claim, this intersection is a subset ofC0{vi , vi+1}, andu ∈
C0{vi , vi+1} is contrary to the property (intersection) of fans. The result ensues.

�

Lemma 7.16 [OZQVSFF] [formal proof by Nguyen Quang Truong].
Let (V,E, F) be a nonreflexive local fan and letu, v,w ∈ V satisfy the following
conditions.

1. {0, u, v,w} is contained in a plane A.

2. u,w < aff{0, v}.
3. aff0

+({0, v}, u) , aff0
+({0, v},w).

Thenv is straight. Moreover,ρv, ρ−1v ∈ A.
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Proof Let x = (v, ρv) ∈ F. Orderu andw so that

azim(0, v, ρv, u) ≤ azim(0, v, ρv,w).

By the definition of nonreflexive local fan, by the conditionsu,w ∈ Wdart(x),
and by Lemma 7.14,

0 ≤ azim(0, v, ρv, u)

= azim(0, v, ρv,w) − azim(0, v, u,w)

= azim(0, v, ρv,w) − π
≤ azim(0, v, ρv, ρ−1v) − π
= azim(x) − π
= ∠(v) − π
≤ 0.

Hence, each inequality is equality. In particular,v is straight. In particular,
0 = azim(0, v, ρv, u), so that

ρv ∈ aff+({0, v}, u) ⊂ A.

Similarly,

ρ−1v ∈ aff+({0, v},w) ⊂ A.

�

If Lemma 7.16 can be applied once to a set of vectors, then it can often be
applied repeatedly along a chain of vectors. For example, the conclusion of the
lemma implies thatρ−1v ∈ A. In fact, by the definition of fan,

ρ−1v ∈ A \ aff{0, v} = aff0
+({0, v}, u) ∪ aff0

+({0, v},w).

Suppose thatρ−1v lies in the second term of the union. Ifw , ρ−1v, then the
assumptions of the lemma are met for{w, ρ−1v, v}, giving the conclusions that
ρ−1v is straight and thatρ−2v ∈ A. Repeating the argument on a new set of
vectors, we obtain a chain

π = ∠(v) = ∠(ρ−1v) = · · · ,

with v, ρ−1v, . . . ∈ A. Another chainv, ρv, . . . of vectors can be constructed in
the other direction. This process of chaining gives the following lemma.

Lemma 7.17(circular geometry) [KCHMAMG] [formal proof by Nguyen
Quang Truong]. Let (V,E, F) be a circular fan. Then

1. v is straight for allv ∈ V.
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2. The set V lies in a plane A through0.
3. For some choice of unit vectore orthogonal to A, the set V is cyclic with

respect to(0, e), and the azimuth cycle on V coincides withρ : V → V.
4. azim(0, e, v, ρv) = dih({0, e}, {v, ρv}) = arcV(0, {v, ρv}) < π.

Proof Let v, u ∈ V be such thatC0{u, ρu} meetsC0
−{v}. Apply Lemma 7.16

to {u, v, ρu} to conclude thatv is straight, and that some planeA contains
{0, u, ρu, v, ρv, ρ−1v}. If w ∈ V∩ A, then there existsw1,w2 ∈ (V∩ A) \ {w} for
which the assumptions of Lemma 7.16 hold forw1,w,w2. Thenw is straight,
andρw ∈ V∩A. The setV∩A is therefore preserved byρ. By observing thatV
is the only nonempty subset ofV that is preserved byρ, it follows thatV ⊂ A
and thatw is straight for allw ∈ V.

By Lemma 7.15,V is cyclic with respect to a unit vectore orthogonal toA.
The azimuth cycle onV is v 7→ ρv.

We turn to the final conclusion. By the final conclusion of Lemma 7.15
and Lemma 2.81, the azimuth angle is less thanπ. Under this constraint, the
azimuth angle equals the dihedral angle by Lemma 2.80. By definition, the
dihedral angle is the angle arcV(0, ∗) of an orthogonal projection of{v, ρv} to a
plane with normale. But {v, ρv} is already a subset of the planeA, so that the
projection is the identity map, and the dihedral angle is arcV(0, {v, ρv}). �

Lemma 7.18 (lunar geometry) [HKIRPEP] [formal proof by Nguyen
Quang Truong]. Let (V,E, F) be a lunar fan with pole{v,w} ⊂ V. Then

1. u is straight for allu ∈ V \ {v,w}.
2. 0 < ∠(v) = ∠(w) ≤ π.

3. V∩ aff+({0, v}, ρv) = {v, ρv, . . . ,w}.
4. V∩ aff+({0, v}, ρ−1v) = {w, ρw, . . .v}.

Proof SetV1 = {v, ρv, . . . ,w} andV2 = {w, ρw, . . . , v}. Let u ∈ V \ {v,w} be
arbitrary. Apply Lemma 7.16 to the set{v, u,w} to find thatu is straight and
that{0, u, ρu, ρ−1u} belongs to a planeA(u). Now A(u) andA(ρu) are both the
unique plane containing{0, u, ρu}; hence,A(u) = A(ρu) whenρu < {v,w}. By
induction, there are planesA1,A2 such thatVi ⊂ Ai . There is an azimuth cycle
σi onVi such thatσiu = ρu, whenu ∈ Ai \ {v,w}.

The angles∠(v) and∠(w) are both equal to the dihedral angle between the
half-planes aff+({0, v}, ρ±v). In particular, 0< ∠(v) = ∠(w) ≤ π. �

Lemma 7.19(monotonicity) [EGHNAVX] Let (V,E, F) be a nonreflexive lo-
cal fan and let k be the cardinality of F. Fixv0 ∈ V. Assume that{0, v0, u}
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is not collinear for anyu ∈ V \ {v0}. For all i, set vi = ρiv0 and β(i) =
azim(0, v0, v1, vi). Then

0 = β(1) ≤ β(2) ≤ · · · ≤ β(k− 1) ≤ π.

(See Figure 7.3.) Moreover, ifβ(i) = 0 for some1 < i ≤ k− 1, then

∠(v1) = · · · = ∠(vi−1) = π,

and{v1, . . . , vi} ⊂ aff0
+({0, v0}, v1). Finally, if β(i) = β(k − 1) for some1 ≤ i <

k− 1, then

∠(vi+1) = · · · = ∠(vk−1) = π, and {vi , . . . , vk−1} ⊂ aff0
+({0, v0}, vk−1).

β(4)
β(3)

β(2)

Figure 7.3[QTICQYN] The anglesβ(k) are increasing ink on a nonreflexive
local fan. The three arrows mark the anglesβ(2), β(3), andβ(4).

Proof With respect to a frame, the pointsv j can be represented in spherical
coordinates (r j, θ j , φ j). In an appropriate frame,φ0 = 0 andθ j = β( j) for all j.
Fromv j ∈ Wdart(F, v0) and∠(v0) ≤ π, it follows that 0≤ θ j ≤ θk−1 ≤ π when
0 ≤ j ≤ k− 1.

One may assume the induction hypothesis that 0≤ β(1) ≤ · · · ≤ β(i). The
condition

v0 ∈Wdart(F, vi)

implies that

0 ≤ azim(0, vi, vi+1, v0) ≤ azim(0, vi, vi+1, vi−1) ≤ π.

By Lemma 2.81, the resulting inequality

sin(azim(0, vi, vi+1, v0)) ≥ 0

reduces to a triple-product:

(v0 × vi) · vi+1 ≥ 0.
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In spherical coordinates, this inequality becomes

r0r ir i+1 sinφi sinφi+1 sin(θi+1 − θi) ≥ 0. (7.20)

Under the noncollinearity assumption, sinφi sinφi+1 , 0 (when 0< i < k− 1).
Once we deal with the degenerate caseθi+1 = 0, θi = π, these inequalities give
θi ≤ θi+1, and the result follows by induction.

Turn to the degenerate caseθi+1 = 0, θi = π. In this case, the set{0, v0, vi, vi+1}
is coplanar. LetC0

+ = C0
+{vi , vi+1}. The values of the anglesθi andθi+1 imply

thatC0
+ meets the line aff{0, v0}. In particular,ǫv0 ∈ C0

+ for some choice of sign
ǫ ∈ {±1}. The definition of a fan impliesv0 < C0

+. Hence−v0 ∈ C0
+. By the

definition of a circular fan, (V,E, F) is circular. The lemma follows in this case
from the explicit description of circular fans in Lemma 7.17. This completes
the proof of the first statement of the lemma.

Assume thatβ(i) = θi = 0 for some 1< i ≤ k − 1. Then by the first
conclusion,β( j) = 0 for 0 ≤ j ≤ i. That is,v1, . . . , vi all lie in the half-plane
aff0
+({0, v0}, v1). In particular, they are coplanar. A chaining argument based on

Lemma 7.16 gives the result.
The final conclusion follows by a similar chaining argument. �

7.2 Modification

7.2.1 deformation

This subsection develop a theory of deformations of a nonreflexive local fan
(V,E, F), including sufficient conditions for the deformation of a nonreflexive
local fan to remain a nonreflexive local fan.

Definition 7.21(deformation) [YWNHMBP][deformation ! deformation]

A deformationof a nonreflexive local fan (V,E, F) over an intervalI ⊂ R is a
functionϕ : V × I → R3 with the following properties.

1. ϕ(v, ∗) : I → R3 is continuous for eachv ∈ V,
2. 0∈ I , and
3. ϕ(v, 0) = v for all v ∈ V.

Notation7.22 Beware of the notational distinction between the zenith angle
φ and the deformationϕ. When a deformationϕ is given, writev(t) as an
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abbreviation ofϕ(v, t) for t ∈ I . Also, set

V(t) = {v(t) : v ∈ V},
E(t) = {{v(t),w(t)} : {v,w} ∈ E},
F(t) = {(v(t),w(t)) : (v,w) ∈ F}.

A deformation does not require (V(t),E(t), F(t)) to be a nonreflexive local
fan for all t ∈ I , although this is often the case. The permutationρ : V → V
givesϕ(ρv, t) ∈ V(t) for everyv ∈ V.

The following three lemmas give conditions ensuring that properties of fans
are preserved under deformation.

Lemma 7.23(local deformation) [XRECQNS] Let (ϕ,V, I ) be a deformation
of a local fan(V,E, F) over an interval I. Then(V(t),E(t), F(t)) is a local fan
for all sufficiently small t∈ I.

Lemma 7.24 (lunar deformation) [MHAEYJN] Let (ϕ,V, I ) be a deforma-
tion of a lunar fan(V,E, F) with pole{v,w} over an interval I. Assume that
∠(w) < π. Suppose that there isu ∈ V \ {v,w} such thatu′ remains fixed for all
u′ ∈ V \ {u}. Suppose thatu(t) remains in the plane through{0, v,w, u}. Then
(V(t),E(t), F(t)) is a lunar fan with pole{v(t),w(t)} for all sufficiently small
t ∈ I.

Lemma 7.25(generic deformation) [ZLZTHIC] Let (ϕ,V, I ) be a deforma-
tion of a generic local fan(V,E, F) over an interval I. Assume that the az-
imuth angle ofv(t) is at mostπ for all t ∈ I, wheneverv is straight. Then
(V(t),E(t), F(t)) is a generic local fan for all sufficiently small t∈ I.

Proof (7.23) We examine in turn each of the defining properties of a local
fan.

(cardinality) The setV(t) is the image ofV and is therefore finite and
nonempty.

(origin) Sinceϕ is continuous and0 < V, it follows that0 < V(t) for suffi-
ciently smallt.

(nonparallel) If v,w are nonparallel, thenv(t) andw(t) are nonparallel for
sufficiently smallt.

(intersection) If ε ∩ ε′ = ∅, thenC(ε) ∩ S2 has a positive distance from
C(ε′) ∩ S2, whereS2 is a unit sphere. Hence, for sufficiently small times, the
deformation of these sets remain disjoint. Ifε = {u, v} andε′ = {v,w}, where
u , w, then again the deformation ofC(ε) ∩ C(ε′) is C({v(t)}) for sufficiently
small t. The other cases are similar.
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(face), (dihedral) The azimuth cycle onE(v(t)) is preserved; hence, the
combinatorial properties of the hypermap do not change whent is sufficiently
small. �

proof (7.24) (7.25) The proofs of these two lemmas may be combined.The
main part of the proof shows that the local fans obtained by deformation are
nonreflexive. From there, the proof is completed in two casesas follows.

(lunar) By assumption, the poles{v,w} of the lunar fan are not straight. The
poles remain fixed poles under the deformation and remain unstraightened.
This shows that the deformation of a lunar fan is lunar.

(generic) Genericity is stated as a finite collection of open conditionsv <
C{u,w}. These conditions continue to hold for sufficiently smallt.

Now we return to the proof of nonreflexivity (page 212).
(angle) If azim(x) < π, then the inequality remains strict for sufficiently

small t. If azim(x) = π, then the straightness assumptions of the lemmas give
the inequality azim(x) ≤ π for all sufficiently smallt.

(wedge) We consider two cases, depending on the type of the local fan.
If the fan (V,E, F) is lunar with pole{v,w}, the assumptions of the lemma

makeWdart(x(t)) independent oft for every dartx of F. Thenvi(t) (for the
special indexi that appears in the statement of the lemma) remains in the half-
plane aff0

+({v,w}, vi), which is a subset ofWdart(x), for everyx ∈ F. The result
ensues.

Finally consider a generic fan (V,E, F). For simplicity, writeWdart(u) for
Wdart(x), wherex = (u, ρu) ∈ F. The propertyv ∈ W0

dart(x) is an open con-
dition. It holds for sufficiently small t. The proof then reduces to the case
v ∈ Wdart(u) \W0

dart(u), for someu, v ∈ V. By Lemma 7.19,u andv can be
connected by a sequence

ρu, ρ2u, . . . ρru or ρv, ρ2v, . . . , ρrv,

where all intermediate terms are straight.
Thus, it suffices to prove the following statement by an induction onr: for

all v,w ∈ V, we havev(t) ∈Wdart(w(t)) andw(t) ∈Wdart(v(t)), wherew = ρrv,
providedρiv is straight for all 0< i < r. If r = 1, the statement is a triviality
because the azimuth angle spanned byWdart(v(t)) is defined by the azimuth
angle of (0, v(t), ρv(t), ρ−1v(t)).

Now assume the induction hypothesis holds for all numbers less thanr. Fix
v and writevi = ρ

iv. We show thatvr (t) ∈Wdart(v0(t)), leaving the symmetrical
claimv0(t) ∈Wdart(vr(t)) to the reader. We return to the coordinate representa-
tion that was used in the proof of Lemma 7.19, which applies togeneric fans.
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With respect to a frame, the pointsv j can be represented in spherical coordi-
nates (r j , θ j , φ j). In an appropriate frame,φ0 = 0 andθ j = β( j) for all j.

From the induction hypothesisv0(t) ∈ Wdart(vr−1(t)) and the assumption
azim(x(t)) ≤ π of the lemma, we find

0 ≤ azim(0, vr−1(t), vr(t), v0(t)) ≤ azim(0, vr−1(t), vr (t), vr−2(t)) ≤ π.

By relation (7.20), this gives

sin(θr (t) − θr−1(t)) ≥ 0. (7.26)

When t = 0, we haveθ j(0) = β( j) = 0, for j = 1, . . . , r. By continuity,
when t is sufficiently small,θr (t) − θr−1(t) is near zero, so that (7.26) gives
θr (t) ≥ θr−1(t). The induction hypothesisvr−1(t) ∈Wdart(v0(t)) givesθr−1(t) ≥ 0.
Henceθr (t) ≥ 0.

The inequalityθr (t) < θk−1(t) holds att = 0 and by continuity for smallt.
We obtain

0 ≤ θr (t) ≤ θk−1(t).

This is precisely the desired relationvr (t) ∈Wdart(v0(t)), expressed in spherical
coordinates. �

7.2.2 slicing

This subsection shows that a nonreflexive local fan can be sliced along a inter-
nal blade to divide it into two nonreflexive local fans.

Lemma 7.27 [PGSQVBL] [formal proof by Nguyen Quang Truong].
Let (V,E, F) be a nonreflexive local fan. Ifv,w ∈ V are nonparallel, then
C{v,w} ⊂Wdart(x) for any dart x∈ F.

Proof This is an elementary consequence of the cone shape ofWdart(x), the
condition thatV ⊂Wdart(x), and definitions. �

Definition 7.28 (slice) [CNAQAAA] Let (V,E, F) be a nonreflexive local fan.
Assume thatv,w ∈ V are nonparallel and that (V,E′) = (V,E ∪ {{v,w}}) is a
fan. LetF′ be the face of hyp(V,E′) containing the dart (w, v). Write

(V[v,w],E[v,w], F[v,w])

for the localization of (V,E′) alongF′, where

V[v,w] = {v, ρv, ρ2v, . . . ,w},
E[v,w] = {{v, ρv}, . . . , {ρ−1w,w}, {w, v}},
F[v,w] = {(v, ρv), (ρv, ρ2v), . . . , (ρ−1w,w), (w, v)}.
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The triple (V[v,w],E[v,w], F[v,w]) is called thesliceof (V,E, F) along (v,w).
See Figure 7.4.

v

w

(V,E, F)

v

w

(V[v,w],E[v,w], F[v,w])

Figure 7.4[SXYGYPC] A slice of a fan along (v,w).

To allow contexts with more than one nonreflexive local fan (V,E, F), we
extend the notation, writing∠(H, v) for ∠(v) in the hypermapH. Similarly, we
write W0

dart(H, v) for W0
dart(x) and so forth.

Lemma 7.29(slicing) [EJRCFJD] Let (V,E, F) be a nonreflexive local fan.
Selectv,w ∈ V such thatv is not parallel withw. Assume that C0{v,w} ⊂
W0

dart(x) for all darts x∈ F. Then

1. (V[v,w],E[v,w], F[v,w]) and (V[w, v],E[w, v], F[w, v]) are nonreflexive
local fans.

2. Let H[v,w] and H[w, v] be the hypermaps of these two nonreflexive local
fans, respectively. Let g: V → R be any function. Then

∑

v∈V
g(v)∠(H, v) =

∑

v∈V[v,w]

g(v)∠(H[v,w], v)+
∑

v∈V[w,v]

g(v)∠(H[w, v], v).

Proof For eachu ∈ {v,w}, the nodeu is not parallel with any element of
V \ {u}. Otherwise, say thatu andv are parallel. Then the fan is circular or
lunar with pole{u, v}. By Lemmas 7.17 and 7.18,

w ∈ aff+({0, v}, ρv) ∪ aff+({0, v}, ρ−1v).

This givesC0{v,w} 1 W0
dart(x), wherex is the dart ofF at v. This contradicts

an assumption.
(V,E′) is a fan, where E′ = E ∪ {{v,w}}. Indeed, except for the intersection

property, all of the properties of a fan follow trivially from the fact that (V,E) is
a fan and thatv andw are nonparallel. (Note the similarity with Lemma 5.22.)
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The intersection property also is trivial except in the caseε = {v,w} andε′ \ε ,
∅. Selectu ∈ ε′ \ ε. It follows from the node partition of Lemma 5.15 that

C(ε) ∩C(ε′) = (C(v) ∩C(ε′)) ∪ (C(w) ∩C(ε′))

= C({v} ∩ ε′) ∪C({w} ∩ ε′)
= C({v,w} ∩ ε′).

The intersection property thus holds and (V,E′) is a fan.
It follows by Lemma 7.8 that (V[v,w],E[v,w], F[v,w]) is a local fan.
The second conclusion of the lemma follows from the following identities.

If u , v,w with u ∈ V[v,w], thenu < V[w, v] and

W0
dart(H, u) =W0

dart(H[v,w], u), ∠(H, u) = ∠(H[v,w], u). (7.30)

If u ∈ {v,w}, then∠(H, u) = ∠(H[v,w], u) + ∠(H[w, v], u).
Finally, it remains to be shown that the local fan is nonreflexive. The conclu-

sionV[v,w] ⊂Wdart(x) follows from the fact that the anglesβ(i) are increasing
in Lemma 7.19. �

Definition 7.31 [CFAYDJM] [sol ! sol local fan]When (V,E, F) is a
local fan, set

sol(V,E, F) = 2π +
∑

x∈F
(azim(x) − π) = 2π +

∑

v∈V
(∠(v) − π).

When card(V) = 3, this definition reduces to Girard’s formula for the solid
angle of a triangle. For conforming fans, the definition reduces to the (solid
angle) formula of UF for conforming fans (page 129). However, we cannot
apply the results from Chapter 5 directly, because a local fan is not conforming:
(V,E) is not fully surrounded. Instead, we rely on the following lemma.

Lemma 7.32 [NKEZBFC] Let (V,E, F) be a generic nonreflexive local fan.
Then

sol(V,E, F) ≥ 0.

Proof We argue by complete induction onk = card(V). The base case of
the induction isk = 3. In this case, the formula reduces to Girard’s formula
(Lemma 3.23) for the solid angle of the triangle aff0

+(0,V), which is certainly
nonnegative.

Whenk ≥ 4, if we can find distinctv,w ∈ V such thatC0{v,w} ⊂ W0
dart(x),

then we may apply Lemma 7.29 and use the induction hypothesisto write
sol(V,E, F) as the sum of two nonnegative terms, to obtain the lemma. We
may therefore assume that for allv,w ∈ V, C0{v,w} 1W0

dart(x).
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We may assume that somev ∈ V is not straight.Otherwise, it follows triv-
ially from definitions that sol(V,E, F) = 2π > 0.

Select anyv ∈ V that is not straight, and writevi = ρiv. By Lemma 7.19
and the assumptions, it follows that there is somei : 1 ≤ i ≤ k − 2 such
that v j is straight, for all j , 0, i, i + 1. In particular, there are at most three
unstraightened elements ofV. By Girard’s formula, the value of sol(V,E, F) is
equal to the solid angle of

aff0
+(0, {v0, vi, vi+1}),

which is nonnegative. �

7.3 Polarity

7.3.1 construction

This section constructs a polar fan (V′,E′, F′) from a local fan (V,E, F).

Definition 7.33(polar) [JNVXCRC][polar fan ! polar fan] Let (V,E, F)
be a local fan, with permutationρ = ρV,E,F : V → V. Define a map (′) : V → R3

by v 7→ v′ = v × ρv. Set

V′ = {v′ : v ∈ V}
E′ = {{v′, (ρv)′} : v ∈ V}
F′ = {(v′, (ρv)′) : v ∈ V}.

The triple (V′,E′, F′) is called thepolar of (V,E, F). See Figure 7.5.

Figure 7.5[HEABLRG] A quadrilateral and its polar.

The properties of the polar are established in the followinglemma.
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Lemma 7.34 [BGMIFTE] Let (V,E, F) be a generic nonreflexive local fan.
Assume that∠(v) < π for everyv ∈ V. Then(V′,E′, F′) is a generic nonreflex-
ive local fan satisfyingcard(V′) = card(V). Moreover, for everyv ∈ V,

arcV(0, {v′, (ρv)′}) = π − ∠(ρv) ∈ (0, π),

arcV(0, {v, ρv}) = π − ∠′(v′) ∈ (0, π),

where∠′ is the azimuth angle function on the nodes of the polar fan(V′,E′, F′).

Proof Fix v ∈ V and writevi = ρiv andwi = vi × vi+1. In a generic fan,
{0, vi, ρvi} is not collinear. By Lemma 2.64,wi , 0.

The proof makes repeated use of the cross product identitiesof Lemmas 2.65
and 2.81, without further mention. Recall that (∼) is the equivalence relation
on R given by x ∼ y when there existst > 0 such thatx = ty. Abbreviate
(u × v) · w to [u, v,w].

The sign of sin(azim(0,wi,wi+1,w j)), when j , i, i + 1, is determined by a
calculation:

sin(azim(0,wi,wi+1,w j)) ∼ (wi × wi+1) · w j

= ((vi × vi+1) × (vi+1 × vi+2)) · w j

= (vi+1[vi, vi+1, vi+2]) · (v j × v j+1)

= [vi, vi+1, vi+2][v j, v j+1, vi+1]

∼ sin(azim(0, vi+1, vi+2, vi)) sin(azim(0, v j, v j+1, vi+1))

∼ sin∠(vi+1) sin(azim(0, v j, v j+1, vi+1))

∼ sin(azim(0, v j, v j+1, vi+1)).

By Lemma 7.19, this final term is positive. We conclude by Lemma 2.80 that

0 < azim(0,wi,wi+1,w j) = dihV({0,wi}, {wi+1,w j}) < π.

When j , i −1, i, we have similar inequalities in whichi is replaced withi −1.
This implies that

w j ∈W0(0,wi,wi+1,wi−1), j , i − 1, i, i + 1. (7.35)

We claim that

{0,wi,w j} is not collinear, wheni , j. (7.36)

Indeed, by Lemma 2.64, it is enough to show thatwi × w j , 0. We compute

wi × w j = (vi × vi+1) × (v j × v j+1) = [vi , v j, v j+1]vi+1 − [vi+1, v j, v j+1]vi.

The coefficients [vi, v j, v j+1] and [vi+1, v j, v j+1] are nonzero by the preceding
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calculations. Ifwi × w j = 0, then{0, vi, vi+1} is collinear. This contradicts the
defining properties of the fan (V,E, F). This establishes the claim.

The calculation of arcV(0, {wi ,wi+1}) relies on Lemma 2.68:

arcV(0, {wi,wi+1}) = arcV(0, {vi × vi+1, vi+1 × vi+2})
= π − arcv(0, {vi+1 × vi , vi+1 × vi+2})
= π − dihV({0, vi+1}, {vi , vi+1})
= π − ∠(vi+1).

The calculation of∠′(wi+1) also relies on Lemma 2.68:

∠
′(wi+1) = dihV({0,wi+1}, {wi ,wi+2})

= arcV(0, {wi+1 × wi ,wi+1 × wi+2})
= arcV(0, {(vi+1 × vi+2) × (vi × vi+1), (vi+1 × vi+2) × (vi+2 × vi+3)})
= arcV(0, {−vi+1[vi, vi+1, vi+2], vi+2[vi+1, vi+2, vi+3]})
= arcV(0, {−vi+1, vi+2})
= π − arcV(0, {vi+1, vi+2}).

It is a routine verification to check that (V′,E′, F′) is a local fan. The verifi-
cation uses the calculations (7.35) and (7.36) to give the separation properties
(origin), (nonparallel), and (intersection) in the definition of fan. This fan
cannot be lunar, because (7.35) precludes poles. It cannot be circular because
the azimuth angles∠′(v′) are less thanπ. It must be generic. We leave the
remaining verifications to the reader. �

7.3.2 perimeter

The perimeter bound of 2π for convex spherical polygons is classical [37,
p. 100]. This section proves the bound 2π on the perimeter of a nonreflex-
ive local fan (Lemma 7.38). A great circle has perimeter 2π. The proof shows
that the perimeter of the fan is related to the solid angle of the polar fan by
duality. The upper bound on the perimeter is equivalent to the nonnegativity of
the solid angle of the polar.

Definition 7.37(perimeter) [IQCPCGW] Let (V,E, F) be a nonreflexive local
fan. Set

per(V,E, F) =
k−1
∑

i=0

arcV(0, {ρiv, ρi+1v}),



i

i

7.3 Polarity 229

wherek = card(F). The right-hand side of this formula is easily seen to be
independent of the choice ofv ∈ V. Call per theperimeterof the nonreflexive
local fan. Ifv,w ∈ V are distinct nodes, define thepartial perimeter

per(V,E, F, v,w) =
r−1
∑

i=0

arcV(0, {ρiv, ρi+1v}),

wherer is chosen so thatw = ρrv and 0< r ≤ k− 1.

Lemma 7.38(perimeter majorization) [WSEWPCH] The perimeter of every
nonreflexive local fan is at most2π.

Proof If the nonreflexive local fan(V,E, F) is circular, then its perimeter is
per(V,E, F) = 2π. Indeed, by Lemma 7.17, the arcs making up the perimeter
all lie in a common plane. The azimuth cycle onV coincides withρ : V → V.
The sum of the terms in the formula defining the perimeter is the sum of the
azimuth angles in the azimuth cycle. The sum is 2π by Lemma 2.94.

If the nonreflexive local fan is lunar, then its perimeter isper(V,E, F) = 2π.
Indeed, by Lemma 7.18, the setV is contained in the union of two half-planes.
The perimeter is the sum of arcs in a half-circle in the first half-plane plus the
sum of arcs in a half-circle in the second half-plane. This sum is 2π.

Finally, assume that the nonreflexive local fan is generic. Suppose for a con-
tradiction that the lemma is false. Consider all counterexamples that minimize
the cardinality ofV.

A nonreflexive local fan (V,E, F) is determined byV and the cyclic permu-
tationρ : V → V: E = {{v, ρv} : v ∈ V} andF = {(v, ρv) : v ∈ V}.

In such a counterexample, if there is any straight dartx = (v,w) ∈ F, then
there is a new nonreflexive local fan (V′,E′, F′) with V′ = V \ {v} andρ′ :
V′ → V′ given by

ρ′(u) =















ρ(u), if ρ(u) , v,

ρ(v), if ρ(u) = v.

This is a nonreflexive local fan with the same perimeter, contrary to the pre-
sumed minimality of the counterexample. Thus, in the minimal counterexam-
ple azim(x) < π for all x ∈ F.

Let (V′,E′, F′) be the polar fan. Its solid angle, which is nonnegative, is
given by Lemma 7.32. We find by Lemma 7.34 and the definition of perimeter
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that

0 ≤ sol(V′,E′, F′)

= 2π +
∑

v′∈V′
(∠′(v′) − π)

= 2π −
∑

v∈V
arcV(0, {v, ρv})

= 2π − per(V,E, F).

The lemma ensues. �

7.4 Main Estimate

Our aim becomes single-minded throughout the rest of the chapter; we wish
to give a proof of the main estimate (Theorem 7.43). This, themost intricate
proof in the book, requires substantial preparation. Assuming the existence of
some counterexample to the main estimate, a compactness argument gives the
existence of a minimal counterexample. The properties of minimal counter-
examples are developed in a long sequence of lemmas. Eventually, enough
properties of a minimal counterexample are established to conclude that it can-
not exist.

7.4.1 statement of results

This subsection states the main results of the chapter.

Definition 7.39 (h0, τ, dihi) [CUFCNHB] [ρ0 ! rho fun] [ρ0 ! rho]

[τ ! tau fun] [sol0 ! sol0] [azim ! azim in fan] [τtri ! taum]

Let (V,E, F) be a nonreflexive local fan. Recall thath0 = 1.26 andL(h) =
(h0 − h)/(h0 − 1), whenh ≤ h0. Set

ρ0(y) = 1+
sol0
π
· y− 2

2h0 − 2
= 1+

sol0
π

(1− L(y/2)),

τ(V,E, F) =
∑

x∈F
ρ0( ||node(x) ||)azim(x) + (π + sol0) (2− k(F)),

where sol0 = 3 arccos(1/3)− π ≈ 0.551 is the solid angle of a spherical equi-
lateral triangle of sideπ/3, andk(F) is the cardinality ofF. Let

τtri (y1, y2, y3, y4, y5, y6) =
3

∑

i=1

ρ0(yi) dihi(y1, . . . , y6) − (π + sol0) , (7.40)
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where

dih1(y1, y2, y3, y4, y5, y6) = dih(y1, y2, y3, y4, y5, y6),

dih2(y1, y2, y3, y4, y5, y6) = dih(y2, y3, y1, y5, y6, y4), and

dih3(y1, y2, y3, y4, y5, y6) = dih(y3, y1, y2, y6, y4, y5). (7.41)

Definition 7.42(standard, protracted, diagonal)[KRACSCQ] [standard !
standard] [protracted ! protracted] [diagonal ! diagonal0]

Let (V,E) be a fan. We write||ε || for ||v − w || , whenε = {v,w} ⊂ V. We say
thatε is standardif

2 ≤ ||ε || ≤ 2h0.

We say thatε is protractedif

2h0 ≤ ||ε || ≤
√

8.

If v,w ∈ V are distinct, andε = {v,w} is not an edge inE, then we callε a
diagonalof the fan.

Theorem 7.43(main estimate) [JEJTVGB][main estimate ! main estimate]

[(annulus) ! ball annulus] [(diagonal) ! diagonal1] Let (V,E, F)
be a nonreflexive local fan (Definition 7.2). We make the following additional
assumptions on(V,E, F).

1. (packing) V is a packing.
2. (annulus) V ⊂ B.
3. (diagonal) For all distinct elementsv,w ∈ V, if {v,w} < E, then

||v − w || ≥ 2h0.

4. (card) Let k= card(E) = card(F). Then3 ≤ k ≤ 6.

In this context, we have the following conclusions.

1. Assume k≥ 4. If every edge of E is standard, then

τ(V,E, F) ≥ d(k), where d(k) =



























0.206, if k = 4,

0.4819, if k = 5,

0.712, if k = 6.

2. Assume k= 5. Assume that every edge of E is standard. Assume that every
diagonalε of the fan satisfies||ε || ≥

√
8. Then

τ(V,E, F) ≥ 0.616.
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3. Assume k= 5. Assume there exists some protracted edge in E and that the
other four are standard. Then

τ(V,E, F) ≥ 0.616.

4. Finally, assume that k= 4. Assume that there exists some protracted edge
in E and that the other three are standard. Assume that both diagonalsε of
the fan satisfy||ε || ≥

√
8. Then

τ(V,E, F) ≥ 0.477.

There are two related inequalities that we will prove separately. For that
reason, we state them as a separate lemma.

Lemma 7.44 [HGDRXAN] Let (V,E, F) be a nonreflexive local fan. Under the
same hypotheses on(V,E, F) as in Theorem 7.43,

1. Assume k= 3. Assume that every edge of E is standard. Then

τ(V,E, F) ≥ 0.

2. Assume k= 4. Assume that every edge of E is standard. Assume that both
diagonalsε of the fan satisfy||ε || ≥ 3. Then

τ(V,E, F) ≥ 0.467.

The proof of the main estimate occupies the rest of the chapter. We refer to
the first conclusion of the theorem as thestandard main estimate.

The main estimate and Lemma 7.44 are obtained by computer calculation,
proving nonlinear inequalities by interval arithmetic. Two difficulties arise in
the proof of the main estimate. First, nonlinear optimization is in general NP
hard; and our calculations in particular rapidly become more difficult to carry
out as the dimension increases. Whenk = 3, the setV = {v1, v2, v3} is six-
dimensional (nine spacial coordinates minus a three-dimensional group of ro-
tational symmetries). These calculations in six dimensions are relatively sim-
ple. However, by the timek = 6, the dimension ofV has reached fifteen, which
is beyond our computational capacity. We are forced to provea sequence of
lemmas, showing that any configuration (V,E, F) that minimizesτ lies in an
explicit low-dimensional subset of this set of local nonreflexive fans, where
low-dimensional means anything small enough to be treated directly by a com-
puter calculation.

The second source of difficulty comes from numerical instabilities. For nu-
merical stability, we insist on using analytic functions oncompact domains.
One of our favorite strategies is to slice along internal blades to cut local
fans into smaller fans, and inductively build up the desiredestimates from
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the smaller fans. However, when we slice along an internal blade, it is very
difficult to avoid computations on simplices that flatten into simplices of zero
volume. The functions definingτ are not analytic at flat simplices. They be-
have as

√
∆, with ∆ tending to 0 from above. Concerns such as these force us

to use relatively short diagonals when we slice. The generalheuristic we use is
that degeneracies are avoided when||ε || < 3.106. . ., and calculations become
stable when||ε || < 3.01 (see the proof of Lemma 7.52).

We do not present a complete proof of the main estimate in the text, because
much of it is done by computer. In the rest of this chapter, we describe how
the local fans of large dimension (especially, the casek = 6) can be reduced
to much lower dimension. From there, the reader must trust that the small cal-
culations have been executed, or turn directly to the computer implementation
for details.

7.4.2 constraints

Let (V,E, F) be a nonreflexive local fan that satisfies all the assumptions of the
main estimate. The main estimate takes the form of a collection of bounds

τ(V,E, F) > d, (7.45)

assuming various length constraints on the edges and diagonals of the fan.
In building up these estimates inductively (by slicing intosmaller fans), we
will need to consider further estimates of the same general form (7.45), under
many different length constraints on edges and diagonals. With that in mind,
we introduce aconstraint system.

Definition 7.46(torsor, adjacent) [cstab ! cstab] [torsor ! torsor]

Let k > 1 be an integer. Atorsor is a setI with a given simply transitive action
of Z/kZ on I . We write the application ofj ∈ Z/kZ to i ∈ I as j + i or i + j.
We also writej + i for the application of the image ofj ∈ Z in Z/kZ to i ∈ I .
Note that each choice of base pointi0 ∈ I gives a bijectioni 7→ i + i0 between
Z/kZ andI . We say thati and j are notadjacentif i , j ± 1. An isomorphism
of torsorsis a bijection that respects the action.

We use the constantcstab= 3.01 to make the constraint systems numerically
stable. Its use will become apparent in Lemma 7.52.

Definition 7.47(constraint system, stable)[ZGFHNKX] [constraint system
! constraint system] [stable ! stable system]A constraint sys-
tem sconsists of the following data:

1. a natural numberk ∈ {3, 4, 5, 6},
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2. aZ/kZ-torsorI ,
3. a real numberd,
4. real constantsai j , bi j , satisfyingai j = a ji , bi j = b ji , ai j ≤ bi j , for i, j ∈ I ,

and
5. a subsetJ ⊂ {{i, 1+ i} : i ∈ I }, such that card(J) + k ≤ 6.

We say that a constraint systems is stableif the following additional properties
hold.

1.

0 = aii and 2≤ ai j for all i, j ∈ I such thati , j.

2. Also,

bi,i+1 ≤ cstab.

3. If {i, j} ∈ J, then [ai j , bi j ] = [
√

8, cstab].

Remark7.48 [XUHUBYO] The numberk represents the number of edges in
a given local fan. In practice, the setI is an indexing set for the set of nodes
V = {vi : i ∈ I } of a local fan (V,E, F), indexed such thatρV,E,Fvi = vi+1. The
constantsai j andbi j prescribe the lower and upper bounds on the edges and
diagonals of a fan (V,E, F) with V:

ai j ≤ ||vi − v j || ≤ bi j .

A constantd appears in (7.45). The setJ is used to make minor adjustments to
the estimates, and will be explained later. In most cases, wecan takeJ = ∅.

For each constraint systems, we writek(s), d(s), I (s), ai j (s), and so forth
for the associated parameters.

Example 7.49 The constants in the conclusions of the main estimate (The-
orem 7.43) can be packaged into stable constraint systems. For example, the
standard main estimate for k= 6 gives the constraint system d= 0.712, J = ∅,
I an indexing set of cardinality six, and

ai j =



























0, i = j,

2, j = i ± 1,

2h0, otherwise,

bi j =



























0, i = j,

2h0, j = i ± 1,

4h+0 , otherwise,

where h+0 is any constant greater than h0. The upper bound4h0 on any diagonal
comes from the triangle inequality:||vi − v j || ≤ ||vi || + ||v j || ≤ 4h0.

We write Sinit for the set of stable constraint systems s, with a fixed choice
of torsor for each k, for all cases of the main estimate.
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Example 7.50 (ear) We have a stable constraint system s given by k=
card(I ) = 3, d = 0.11, J a singleton, and

[ai j , bi j ] =



























[0, 0], if i = j,

[
√

8, cstab], if {i, j} ∈ J,

[2, 2h0], otherwise.

We call s an ear (by analogy with an ear in a triangulation of a polygon, which
is a triangle that has two of its edges in common with the polygon).

Next we associate a setBs with each constraint systems.

Definition 7.51 (Bs) [KTFVGXF] For every constraint systems, and every
functionv : I (s) → B, let Vv ⊂ B be the image ofv. Let Ev be the image of
i 7→ {vi , vi+1}. Let Fv be the image ofi 7→ (vi , vi+1). Let Bs be the set of all
functionsv that have the following properties.

1. ai j (s) ≤ ||vi − v j || ≤ bi j (s), for all i, j ∈ I (s).
2. (Vv,Ev, Fv) is a nonreflexive local fan.

Lemma 7.52 [WJSCPRO] [formal proof by Hoang Le Truong]. Let
s be a stable constraint system. ThenBs is compact (as a subset ofBk ⊂ R3k).

Proof The setB is defined as a closed subset of a closed ball inR3. It is
compact. By taking products of a compact set,Bk is compact. The setBs is
defined by two conditions. The first enumerated condition in the definition of
Bs is a closed constraint. It is enough to check that the condition the second
condition is also a closed constraint. That is, it is enough to show that the set
of functionsv such that (Vv,Ev, Fv) is a nonreflexive local fan is closed inBk.

For this, we run through each defining property of fan, local,and nonre-
flexive in turn, and check that they are all closed conditions. For that purpose,
consider a function

v : {1, . . . , k} → B.

that lies in the closure of functions inBs. We show that the limit (Vv,Ev, Fv)
is also a nonreflexive local fan. By the stability condition 2≤ ||vi − v j || , when
i , j, we see thatv is an injective function on the domain{1, . . . , k}. We find
thatVv is a subset ofB of cardinalityk. In particular, it is a nonempty finite set
such that0 < Vv. This verifies the first two defining properties of a fan.

The condition (nonparallel) of a fan follows from the estimates based on
stability.

2 ≤ ||vi − vi+1 || ≤ cstab,
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If vi andvi+1 are parallel, we get a contradiction:

||vi − vi+1 || = | ||vi || ± ||vi+1 || |

which is at least 4> cstabor no greater than 2h0 − 2 < 2.
We turn to the condition (intersection). This is the most tedious part of the

proof, because there are several cases involved in showing that for all ε, ε′ ∈
E ∪ {{w} : w ∈ V},

C(ε) ∩C(ε′) = C(ε ∩ ε′).

We leave most of these routine verifications to the reader. Two cases are note-
worthy. (1) Suppose thatε andε′ are disjoint sets of cardinality two, such that
the data forv gives a nonempty intersectionC0(ε) ∩C0(ε′) , ∅. The intersec-
tion of these two blades is an open condition, so that this failure to satisfy the
fan constraint is open, and satisfaction of the constraint is therefore closed. (2)
Suppose thatε = {u} andε′ ∈ Ev is disjoint fromε. Suppose for a contradiction
thatC0(ε′) meetsC(ε). We obtain a planar quadrilateral with diagonalsε′ and
{0, u}. By contracting the diagonalε′, we obtain a rhombus of side 2. By vector
geometry, the two diagonalsd1 andd2 of the rhombus satisfy

d2
1 = 16− d2

2. (7.53)

We haved2 ≤ 2h0 becauseu is an element of the annulusB, andε′ satisfies an
upper bound coming from the stability conditions:

d2
1 = ||ε′ ||

2 ≤ c2
stab< 3.1062 < 16− (2h0)2 ≤ 16− d2

2 = d2
1. (7.54)

This is a contradiction.
The defining properties of local fan are combinatorial, and depend only on

s. In the definition of nonreflexive, the condition (angle) is given as a closed
condition on the azimuth angle. The condition (wedge) is also given as a closed
condition. This completes the proof. �

The following lemma is based on the same methods as the previous lemma.
It tells us that sufficiently short blades are necessarily internal.

Lemma 7.55 [TECOXBM] [formal proof by Hoang Le Truong]. Let
s be a stable constraint system, and letv ∈ Bs. Let u,w ∈ Vv satisfy2 ≤
||u − w || ≤ cstab where{u,w} < Ev. Thenu andw are nonparallel. Moreover,
C0{u,w} ⊂W0

dart(x) for all x ∈ F.

Proof The proof thatu andw are nonparallel is identical to the proof in the
previous lemma that showedvi andvi+1 are not parallel.

We turn to the second conclusion of the lemma. Assume for a contradiction
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that the second conclusion of the lemma is false. We can find anedge{u1, u2} ∈
Ev such that

C0{u,w} ∩C{u1, u2} , ∅.

Moreover,C0{u,w} lies in a half-space with boundary aff{0, u1, u2}. This forces

C0{u,w} ∩ {u1, u2} , ∅.

To be definite, assume thatu1 ∈ C0{u,w}. We obtain a planar quadrilateral
with diagonals{0, u1} and{u,w}. We obtain the same contradiction as in the
proof of case (2) of (intersection) in the previous lemma, by deforming the
quadrilateral to a rhombus. �

The setJ is used to make a small correctiond(s, v) to the constantd(s).

Definition 7.56(d(s, v)) [TPLCZFL] Setσ(s) = 1 whens is an ear;σ = −1,
otherwise. LetV = {vi : i ∈ I (s)} be a set of points inR3. Write

d(s, v) = d(s) + 0.1σ(s)
∑

{i, j}∈J(s)

(cstab− ||vi − v j ||). (7.57)

This correction tod(s) makes it a bit easier to prove inequalities when
σ(s) = −1, at the cost of slightly more difficult inequalities for ears. The set
J(s) is empty fors ∈ Sinit , so this correction does not directly affect the main
estimates:

d(s, v) = d(s), for all s ∈ Sinit .

Definition 7.58(τ∗) [BGCEUKP] Let sbe a stable constraint system. Define

τ∗ : {(s, v) : v ∈ Bs} → R

by

(s, v) 7→ τ(Vv,Ev, Fv) − d(s, v).

Lemma 7.59(continuity) [HDPLYGY][formal proof by Hoang Le Truong].
Let s be a stable constraint system. Then the function

v 7→ τ∗(s, v)

is a continuous function onBs. Moreover, ifBs is nonempty, then the function
attains a minimum.

Proof The functionτ∗ is a polynomial in||vi || and azim(0, vi, vi+1, vi−1). The
norm and azimuth angle are both continuous functions ofv. Moreover, a con-
tinuous function on a compact space attains its minimum. �



i

i

238 Local Fan

The largest constantd(s) that arises in our calculations will bed(s) = 0.712
(in the standard main estimate fork = 6). In particular, the following lemma
allows us to assume in all that follows that the fan of a counterexample is not
circular.

Lemma 7.60 [GBYCPXS] [formal proof by Hoang Le Truong]. Let
s be a stable constraint system. Letv ∈ Bs. Suppose that

d(s) ≤ 0.9 and sol(Vv,Ev, Fv) ≥ π.

Thenτ∗(s, v) > 0. In particular, if d(s) ≤ 0.9 andτ∗(s, v) ≤ 0, then(Vv,Ev, Fv)
is not a circular local fan.

Proof We have

τ(V,E, F) = (π + sol0) (2− k) +
∑

x∈F
azim(x)

(

1+
sol0
π

||v|| − 2
2h0 − 2

)

≥ (π + sol0) (2− k) +
∑

x∈F
azim(x)

= sol(Vv,Ev, Fv) + (2− k) sol0

≥ π + (2− 6) sol0

> 0.92.

d(s, v) = d(s) + 0.1σ
∑

{i, j}∈J(s)

(cstab− ||vi − v j ||)

≤ d(s) + 0.1(cstab−
√

8)

≤ d(s) + 0.02

≤ 0.92.

Henceτ∗(s, v) = τ(V,E, F) − d(s, v) > 0. When the fan is circular,

sol(Vv,Ev, Fv) = 2π.

The result ensues. �

7.4.3 minimality

We slice torsors as we did earlier with local fans (Figure 7.11).

Definition 7.61(slice) [ZTBHGMO] Let I be aZ/kZ-torsor, with action given
by ( j, i) 7→ j + i, for i ∈ I . Let p, q ∈ I that are not adjacent. Set

I [p, q] = {p, 1+ p, 2+ p, . . . , q} ⊂ I .
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Note that the cardinality ofI [p, q] is

m= 1+min{m ∈ N : m+ p = q}.

We makeI [p, q] into a Z/mZ-torsor with action (j, i) 7→ j +′ i, given by the
iterates of

1+′ i =















1+ i if i , q,

p if i = q.

TheZ/mZ-torsorI [p, q] is called thesliceof I along (p, q).

p

1+ p2+ p

3+ p

4+ p 5+ p

I

p

1+ p2+ p

3+ p

4+ p

I [p,4+ p]

Figure 7.6[WKUYEXM] Given p,q ∈ I , the sliceI [p,q] follows the cyclic
order throughI from p to q, then returns directly fromq to p.

To prove the main estimate, we use a finite setS of constraint systems that
includesSinit . To obtain the main estimate by induction by slicing fans into
pieces, the constraint systems must be compatible. We use the following co-
herence conditions.

Definition 7.62(diagonal cover) [YCFMXRF]Let sbe a constraint system and
let p, q ∈ I (s) wherep andq are not adjacent. (In particular,k(s) = card(I (s)) >
3.) We say that a pair{s′, s′′} of constraint systemscoversthe diagonal{p, q}
of s, if the following conditions hold.

1. I (s′) = I [p, q] and I (s′′) = I [q, p], up to isomorphisms of torsors.
2. d(s) ≤ d(s′) + d(s′′).
3. J(t) ⊂ J(s) ∪ {{p, q}}, for t = s′, s′′. Also, {p, q} ∈ J(s′) if and only if
{p, q} ∈ J(s′′), if and only if s′ or s′′ is an ear.

4. Fort = s′, s′′,

ai j (t) = ai j (s) and bi j (t) = bi j (s),

wheni, j ∈ I (t), provided{i, j} , {p, q}.
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5. Fort = s′, s′′,

apq(s), bpq(s) ∈ [apq(t), bpq(t)].

A cover of a diagonal{p, q} is used when we slice a fan of cardinalityk into
two smaller fans with cardinalitiesk(s′) andk(s′′). All of the edge length con-
straints are to be preserved under slicing, with a mild compatibility condition
on the new edge created by the slice.

If {s′, s′′} covers a diagonal{p, q}, then we can use the inclusionsI (s′) ⊂ I (s)
and I (s′′) ⊂ I (s) to restrict an elementv : I (s) → B to v′ : I (s′) → B and
v′′ : I (s′′) → B. The inequalityd(s) ≤ d(s′) + d(s′′) of a covered diagonal
implies a related inequality.

Lemma 7.63 [MTUWLUN] [formal proof by Hoang Le Truong]. Let
s be a stable constraint system with diagonal{p, q} that is covered by a pair of
stable constraint systems{s′, s′′}. Letv ∈ Bs and letv′ andv′′ be constructed
from v as above. Assume that if{i, j} ∈ J(s) ∪ J(s′) ∪ J(s′′), then ||vi − v j || ≤
cstab. Then

d(s, v) ≤ d(s′, v′) + d(s′′, v′′) (7.64)

and

τ∗(s, v) ≥ τ∗(s, v′) + τ∗(s, v′′). (7.65)

Moreover,v′ ∈ Bs′ andv′′ ∈ Bs′′ .

Proof The existence of a diagonal forcesk(s) > 3. In particular,s is not an
ear, so thatσ(s) = −1. Every element ofJ(s), by the definition of a constraint
system has the form{i, i + 1}. In particular,{p, q} < J(s). Let δ = 1 if {p, q} ∈
J(s′) andδ = 0, otherwise. By covering properties,{p, q} ∈ J(s′), if and only
if {p, q} ∈ J(s′′). If δ = 1, then at least one ofσ(s′), σ(s′′) is 1. Abbreviate
ci j (v) = cstab− ||vi − v j || , for {i, j} ∈ J(s) ∪ {{p, q}}. We haveci j (v) ≥ 0, for all
{i, j} ∈ J(s) ∪ J(s′) ∪ J(s′′), by assumption. The setsJ(s′) J(s′′) are disjoint if
δ = 0 and meet in the singleton set{{p, q}} if δ = 1. These observations give

d(s′, v′) + d(s′′, v′′) − d(s, v)

≥ (d(s′) + d(s′′) − d(s)) + 0.1(σ(s′) + σ(s′′)) δ cpq(v) + 0.1
∑

{i, j}∈J(s)\(J(s′)∪J(s′′))

ci j (v)

≥ 0+ 0+ 0.

The statement aboutτ∗ follows from Lemma 7.29. �

The proof of the main estimate has the following structure. In an iterative
process, we construct an explicit finite setS of constraint systems that includes
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the setSinit of constraint systems appearing in the main estimate. We give a
proof that for everys ∈ S and everyv ∈ Bs

τ∗(s, v) > 0. (7.66)

Definition 7.67(level function, minimal counterexample)[WNUGMSE] Let S
be a set of constraint systems. We say thatℓ : S→ N is alevelfunction onS if
for everys, s′ ∈ S, k(s′) < k(s) impliesℓ(s′) < ℓ(s). We say that (s, v) ∈ S×Bs

is a minimal counterexamplerelative toS and ℓ if the following conditions
hold.

1. v minimizes the functionv 7→ τ∗(s, v) overBs.
2. τ∗(s, v) ≤ 0.
3. If s′ ∈ S is any constraint system such thatℓ(s′) < ℓ(s), then for allv′ ∈ Bs′,

we haveτ∗(s′, v′) > 0.

Lemma 7.68 [ESMGBKI] Let S be a set of constraint systems with level
functionℓ. Assume thatτ∗ attains its minimum on each nonemptyBs, s∈ S . If
(7.66)fails to hold for some s∈ S , then there exists a minimal counterexample
relative to S andℓ.

Proof Select somes that minimizesℓ(s), from the setS1 ⊂ S of constraint
systemss, such thatBs contains points violating (7.66). Letv minimizeτ∗ on
Bs. By construction, it satisfies the defining properties of a minimal counterex-
ample. �

Lemma 7.69(minimality criteria) [YPKHQKB] Let S be a set of constraint
systems. Let s∈ S . Suppose that for everyw ∈ Bs, one of the following criteria
holds.

1. (numerical positivity) A calculation3 showsτ∗(s,w) > 0.
2. (deformation) For someǫ > 0, there exists a continuous functionv :

[0, ǫ)→ Bs such thatv(0) = w and

τ(s, v(t)) < τ(s,w),

for all sufficiently small positive numbers t.
3. (diagonal) The system s is stable. Also, there exist p, q ∈ I (s) and stable

s′, s′′ ∈ S such that{s′, s′′} covers the diagonal{p, q} and such that

||vp − vq || ≤ min(bpq(s′), bpq(s′′)),

4. (transfer) The constraint system s is not an ear, and there exists s′ ∈ S
such that the following conditions hold.

3 In practice, these are computer calculations.
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a. w ∈ Bs′ ;
b. ℓ(s′) < ℓ(s);
c. I(s′) = I (s) (up to isomorphism);
d. d(s′) ≥ d(s); and
e. J(s′) ⊂ J(s).

Then there does not exist an elementw ∈ Bs such that(s,w) is a minimal
counterexample relative to S andℓ.

Proof The first two criteria are clearly incompatible with minimality. The
third is incompatible with minimality by Lemma 7.63. If the final criterion
holds atw, thenk(s) = k(s′), andτ(Vw,Ew, Fw) is the same for boths and
s′. Also, d(s′,w) ≥ d(s,w) andτ∗(s′,w) ≤ τ∗(s,w). Then (s′,w) certifies that
(s,w) is not minimal. �

7.4.4 reducing dimension

As we pointed out at the beginning of this section, the dimension of Bs is so
large that it gives computational difficulties. The dimension ofBs is 3k − 3 ≤
15, and to obtain reasonable performance, we prefer to restrict our computer
calculations to at most six or seven dimensions. This subsection gives a col-
lection of lemmas that show that some minimal counterexample (for suitable
S) must lie in a subset ofBs of small dimension. This will allow us to use
computers to complete the verifications of the main estimate.

Throughout this subsection we examine a constraint systems. With the (de-
formation) criterion of Lemma 7.69 in mind, we specifically avoid minimal
counterexamples that will be treated later with the (diagonal) criterion of the
same lemma. We say that (s, v) is free, if ai j (s) < ||vi − v j || < bi j (s) for all
diagonals{i, j} < Ev. We limit our discussion in this section to free pairs (s, v).

We consider differentiable curves

v : (−ǫ, ǫ)→ Bk(s).

If we show thatτ∗(s, v(t)) < τ∗(s, v(0)) andv(t) ∈ Bs, whenevert is posi-
tive and sufficiently small, then (s, v(0)) is not a minimal counterexample. For
simplicity, we will start our study with curves that move a single point:

v j(t) = w j if j , i, vi(0) = wi , (7.70)

for some indexi ∈ I (s) and some fixedw ∈ Bs.
In the next three lemmas, we make the implicit assumption that the local fan

(Vw,Ew, Fw) is generic, or that it is a lunar fan satisfying the assumptions of
Lemma 7.24.
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Lemma 7.71 [ODXLSTC] If (s,w) is a free minimal counterexample relative
to S andℓ, then for all i, one of the following constraints hold.

1. ||wi − wi+1 || attains its lower bound ai,i+1(s).
2. ||wi − wi−1 || attains its lower bound ai,i−1(s).
3. ||wi || attains its lower bound2.
4. There exists j adjacent to i such that{i, j} ∈ J(s).

Proof Fix i. Assume for a contradiction that none of the constraints hold.
The functionτ∗ is decreasing along the curve of the form (7.70) such that
vi(t) = (1 − t)wi . That is, we push the pointwi radially towards the origin.
Explicitly, along this deformation, up to a constant,τ∗ is equal to a positive
constant times||vi(t) || . If none of the constraints of the lemma are satisfied,
thenv(t) ∈ Bs for all t positive and sufficiently small. �

Recall that we callwi straight if ∠(wi) = π in the local fan (Vw,Ew, Fw).

Lemma 7.72 [IMJXPHR] Let (s,w) be a free minimal counterexample rel-
ative to S andℓ, and let i ∈ I (s). If wi is straight, then one of the following
constraints hold.

1. ||wi − wi+1 || attains its lower bound ai,i+1(s), and ||wi − wi−1 || attains its
lower bound ai,i−1(s).

2. ||wi || attains its lower bound2.
3. There exists j adjacent to i such that{i, j} ∈ J(s).

Proof The set{0,wi−1,wi ,wi+1} lies in a planeA. Assume for a contradiction
that none of the constraints holds. By the previous lemma oneof the norm
constraints is satisfied, say

||wi − wi+1 || = ai,i+1(s).

We consider a curvev of the form (7.70). We let the curvevi describes a circle
throughwi with centerwi+1 in the planeA. Parameterize the curve so that ast
increases, the norm||vi(t) || decreases. The functionτ∗(s, v) is decreasing int.
Explicitly, the function again depends linearly on||vi(t) || , because the azimuth
angles remain fixed. The result ensues. �

The following lemma allows us to propagate a lower bound constraint from
one edge to an adjacent one.

Lemma 7.73 [NUXCOEA] Let S be a set of constraint systems andℓ a level
function. Let s∈ S , and let i∈ I (s). Assume that(s,w) is a free minimal
counterexample relative to S andℓ such thatwi is straight and||wi − wi+1 || =
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ai,i+1(s). Assume ai,i+1(s) < bi,i+1(s). Then one of the following conclusions
hold.

1. There exists j adjacent to i such that{i, j} ∈ J(s).
2. ||wi − wi−1 || = ai,i−1(s).
3. There exists a free minimal counterexample(s, u) relative to S andℓ that

differs fromw only at index i, such thatui is straight, and such that

||ui − ui−1 || > ai,i−1(s) and ||ui − ui+1 || > ai,i+1(s).

Moreover, the corresponding result holds with i+ 1 and i− 1 interchanged.

Proof Let (s,w) be a free minimal counterexample as described. Assume that
neither of the first two conclusions hold. In particular,||wi − wi−1 || > ai,i−1(s).
We consider a curvev of the form (7.70) that movesvi in a circular arc with
center0 through the pointwi and in the fixed plane determined by{0,wi,wi+1}.
The functionτ∗ is constant along this curve. We orient the curve to increase
||wi − wi+1 || . For sufficiently, smallt, we find thatv(t) ∈ Bs satisfies the third
conclusion. �

Remark7.74 (lateral motion) We continue to study curvesv of the form
(7.70), with motion confined to a single indexi ∈ I . Let j, k ∈ I be the two
indices adjacent toi, so that{ j, k} = {i − 1, i + 1}. We consider a curvevi in
R

3 with parametert that describes the circle throughwi at fixed distance from
0 andw j (Figure 7.7). By Lemma 7.29 applied toτ∗, up to a term that is con-
stant along the curve, the functionτ∗(s, v) depends onv only through the three
pointsw j , vi , andwk. The functionτ∗ is invariant under orthogonal transfor-
mations. The dependence onv can be expressed through the functionτtri in
Definition 7.85, evaluated at the six edge lengths of the simplex {0,w j, vi ,wk}.
The derivative ofτ∗ along the curve is given by the partial derivative ofτtri

with respect to a single variable, sayy4 = ||vi(t) − wk || :
∂τ∗(s, v(t))

∂t
=
∂τtri

∂y4

∂y4

∂t
. (7.75)

Even when the dimension ofBs is large, the right-hand side of this equation is a
function of just six variables, and can be estimated by computer. By acomputer
calculation4 [21] we can show that under rather general conditions ons, the
functionτtri is increasing iny4. More generally, when the partial derivative of
τtri of y4 vanishes, computer calculations of the second derivative show that
theτtri has a local maximum (again under mild restrictions on the domain), so
that there are no interior point local minima as a function ofy4. By applying

4 [UPONLFY]
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lateral motions at one index after another, the dimension ofthe configuration
space can be significantly reduced.

0

w j

wi

Figure 7.7[GJBTZJI] A lateral motion ofwi follows a circular path at fixed
distance from0 andw j , for some pair of adjacent indicesi and j.

Remark7.76 (straight node strategies) A complication occurs in lateral mo-
tions. Consider the lateral motion ofwi at fixed distance fromw j and0, where
j andk are the indices adjacent toi. The curvev is required to remain insideBs

for t sufficiently small and positive. But whenwi , w j , orwk is straight, the curve
does not generally remain insideBs: nonreflexivity can fail. We use three dif-
ferent strategies to get around this complication. In practice, these three strate-
gies are sufficient to handle all the situations that arise.

First, we can try a lateral motion for a different ordered triple of pairs (i, j, k),
such as a different indexi altogether, or the triple (i, k, j), which interchanges
the roles ofj andk.

Second, we can restrict the direction of the lateral motion to decrease the
angle at the straight node(s). Sometimes a computer calculation shows that
for a givens, the azimuth angle ofwi is obtuse. When the azimuth angle at
wi is obtuse, basic trigonometry shows that if the lateral motion is directed to
decrease the angle atw j , then it also decreases the angle atwk, and the curve
remains initially insideBs.

Finally, to be concrete assume that (j, k) = (i − 1, i + 1). Selectℓ so that
wi−1,wi−2, . . . ,wℓ+1 are straight, butwℓ is not. The point0 and collectionW =
{wi , . . . ,wℓ} lie in a common planeA. We consider a curvev that fixes all
coordinates, except those inW, and isometrically moves the setW by a rotation
of the planeA about the line through{0,wℓ}. (This is the one place where we
consider a curvev that moves more that one componentvi at once.) In this
case, the dependence ofτ∗ on the curve factors through the six edges of the
simplex{0, vi ,wi+1,wℓ}. The local minima of this function can be studied by
computer by using the right-hand side of (7.75).
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Remark7.77 (radial motion) We continue to study curvesv of the form
(7.70), with motion confined to a single indexi. We consider a curvevi in
B ⊂ R3 with parametert that describes the circle throughwi at fixed distance
from wi−1 andwi+1 (Figure 7.8). Up to a term that is constant along the curve,
the functionτ∗(s, v) again reduces toτtri and the derivative with respect tot is
given by the partial derivative ofτtri with respect toy1 = ||vi || , provided we
use parameterizationt = y1. Whenever we use this radial motion, we impose
the following preconditions.

1. ||wi−1 − wi || = ||wi − wi+1 || = 2, and
2. ||wi−1 − wi+1 || ≥ cstab.

Under these conditions a computer calculation of the first and second deriva-
tives of τtri shows that it has no local minimum, providedwi is not straight.
To maintain nonreflexivity along the curve, we must also assume that neither
of wi−1,wi+1 is straight, As a consequence of radial motion, any free minimal
counterexample (s,w) that satisfies this and the preconditions must have an
extremal norm:

||wi || = 2, or ||wi || = 2h0, or wi is straight. (7.78)

wi−1 wi+1

wi

0

Figure 7.8[MVFCDJQ] A radial motion ofwi towards or away from0 follows
a circular path at fixed distance fromwi−1 andwi+1.

7.4.5 computer proof of main estimate

In this subsection, we sketch the computer proof of the main estimate. Before
turning to the general case, we illustrate the methods, by proving Lemma 7.44.



i

i

7.4 Main Estimate 247

computer proof (7.44) Whenk = 3, the space of configurations has six di-
mensions. The inequalityτ(V,E, F) ≥ 0 is a simple direct computer calcu-
lation. Whenk = 4, the assumptions of the lemma give that both diagonals
have length at least 3. By a rigorous computer estimate of dihedral angles, all
nodes of a quadrilateral with diagonals at least 3 must have azimuth angle less
thanπ. We laterally contract edges (by Remark 7.74) until both diagonals are
precisely 3 or all four edges reach the lower bound 2. However, the rhombus
diagonal inequality (7.53) shows that both diagonals become 3 before the four
edges reach the lower bound 2. Thus, it is enough to consider the case when
both diagonals are 3. By adding these two constraints, we have reduced the di-
mension from nine to seven. This seven-dimensional inequality is within reach
of direct computer calculation. �

construction of S
We now sketch the proof of the main estimate, and describe theconstruction of
setS of constraint systems and level set5 ℓ, starting withSinit . We always wish
to slice along diagonals of length at mostcstab. We saturateS by adding diag-
onal covers in all possible ways, up to symmetry, of slicing systemss ∈ Sinit

along diagonals of length at mostcstab. (By Lemma 7.55, the corresponding
blades are necessarily internal, and can be used to slice thelocal fan.) For
example, whenk = 5, we need to add two additional constraint systems, one
corresponding to a single diagonal (which partitions the pentagon into a quadri-
lateral and triangle), and two diagonals (which triangulates the pentagon). For
these additional constraint systems, the constantsd have been determined ex-
perimentally, and satisfy the required diagonal covering conditions. We do not
list all the constants here. They are available in the computer code. We define
J(s) to be as large as possible, subject to the diagonal coveringconditions.

For everys in this setSinit , we add a constraint systems′ to S, wheres′ has
the same parameters ass, except that for all non-adjacent indicesi and j, we
set

ai j (s
′) = max(ai j (s), cstab), bi j (s

′) = max(bi j (s), cstab). (7.79)

so that

cstab≤ ai j (s′) ≤ bi j (s′). (7.80)

At this point, a minimal counterexample necessarily has diagonals greater than

5 We may replace the range ofℓ with any well-ordered set that has the same ordinal asN. In
particular, it is more convenient to use a lexicographic order onN × Z, for some fixed finite
ordered setZ, with the property that the first coordinate of the pair isk(s) and the second
coordinate orders constraint systems with givenk however we please in the construction that
follows.



i

i

248 Local Fan

cstab. By a transfer to new constraint systems′ with these parameters, and
choosingℓ(s′) < ℓ(s), we may assume that if (s′, v) is a minimal counterexam-
ple, then the systems′ satisfies (7.80).

In general, whenever we add any constraint system toS, we recursively
add further constraint systems, corresponding to slicing along diagonals, to
maintain the diagonal covering properties. We assume this is done in what
follows, without further mention.

Whens ∈ S satisfiesk(s) > 3, andJ(s) , ∅, we transfer to an additional
s′ ∈ S that is identical tos, except thatJ(s′) = ∅ andℓ(s′) < ℓ(s).

triangles and quadrilaterals
The computer proof that there are no minimal counterexamples (s, v) with
k(s) = 3 goes as follows. Up to rotational invariance, the functionτ∗ can be
expressed in terms of the functionτtri of six variables. The rigorous nonlinear
minimization ofτ∗ is easily done by computer, and we find that for eachs ∈ S,
and everyv ∈ Bs, we haveτ∗(s, v) > 0.

The computer proof that there are no minimal counterexamples (s, v) with
k(s) = 4 is not much more difficult.

pentagons
We consider a transfer that combines all the cases withk = 5 (with diagonals
greater thancstab) into a single additional constraint systems of level lower
than any other pentagon. For this we put the standard constraint on all edges
but one

(ai,i+1(s), bi,i+1(s)) =















(2, 2h0), if i , 0

(2, cstab), if i = 0,

whereI (s) = Z/5Z. We use the usual modified constraint on all diagonals:

(ai j (s), bi j (s)) = (cstab, 4h0), if i and j are not adjacent.

For the constantd(s) we take the maximum of the constantd(s′) ass′ runs over
cases withk(s′) = 5.

By combining all pentagonal cases into one, we may give a uniform proof.
By lateral motions (Remark 7.74), a computer assisted argument shows that
every minimal counterexample (s,w) satisfies

||wi − wi+1 || = 2,

for all i. We use the following lemma.
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Lemma 7.81 [VPWSHTO][formal proof by Hoang Le Truong]. Con-
sider any skew pentagon inR3 whose five edges equal2. Then there are two
diagonals of the pentagon with a common endpoint whose lengths are at most

1+
√

5 ≈ 3.23607.

Proof Cut the pentagon into a triangle and skew quadrilateral along the short-
est diagonal, of lengtht. By the triangle inequalityt ≤ 4. The shortest diagonal
of the skew quadrilateral is maximized, when the quadrilateral is planar, with
equal diagonals. The length of this diagonal is given by the largest rootu of

∆(u2, 4, 4, u2, 4, t2) = 0.

Solve foru in terms oft to obtain

u =
√

4+ 2t.

If t > 1+
√

5, this gives a contradictionu < t. Sot ≤ 1+
√

5. Then also

u =
√

4+ 2t ≤ 1+
√

5.

�

w0

w1

w2

w3

w4

Figure 7.9[LZBQINL] A pentagon is triangulated by two diagonals of length
at most 1+

√
5 as shown. The peripheral nodesw1 andw4 are rigidly deter-

mined up to finite ambiguity by the simplex with extreme points 0, w0, w2,
andw3.

We assume that indexing is chosen so thatI = Z/5Z and (s,w) is a minimal
counterexample with two chosen diagonals (Figure 7.9).

cstab< ||w0 − wi || ≤ 1+
√

5, i = 2, 3.

Dihedral angle computer calculations show that under theseconstraints, none
of {w0,w2,w3} is straight. This allows us to apply radial motion (Remark 7.77),
to show thatw1 andw4 are extremal, in the sense of (7.78). This determinesw1

andw4 (up to three cases each) as a function ofw0, w2, w3. The calculations
reduce in this way to a single simplex{0,w0,w2,w3}, which have been carried
out by computer.
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hexagons
Only one of the inequalities in the main estimate hask = 6. It asserts that
τ(V,E, F) > 0.712. By adding an additional hexagon of lower level, we may
transfer to a constraint system whose diagonals satisfy

ai j (s) = cstab. (7.82)

We assume that our constraint system has this property. By lateral motions, we
reduce to the case

||wi − wi+1 || = 2,

for all i. We may assume that the indexing setI is Z/6Z. We triangulate with
three blades{w2i ,w2i+2}, for i = 0, 2, 4. See Figure 7.10.

w0

w1w2

w3

w4 w5

Figure 7.10[ARTLHOI] A hexagon is triangulated as shown. The peripheral
nodesw1, w3, andw5 are rigidly determined up to finite ambiguity by the
simplex with extreme points0, w0, w2, andw4.

Lemma 7.83 [LFJCIXP] [formal proof by Hoang Le Truong]. Let
{v1, v2, v3} ⊂ B be a packing of cardinality three. Assume that

||v1 − v2 || = ||v2 − v3 || = 2.

Then ||v1 − v3 || ≤ 3.915.

Proof By Lemma 2.48, the squares of the edgesxi j of the simplex{0, v1, v2, v3}
give a nonnegative value

∆(xi j ) ≥ 0.

However, this polynomial is negative when||v1 − v3 || > 3.915. �

By radial motion, we may assume that (7.78) holds at each odd indexw2i+1.
We warn that these contraction arguments may produce nonreflexivity in the
local fan at some of the even indicesv2i . At this final stage, we abandon the
nonreflexive condition. In fact, at this stage, we may abandon the geometry
altogether, and viewτ∗ analytically as a sum of four termsτtri , indexed by
the four triangles in the triangulation of the hexagon. After radial motion, the
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pointsv2i+1 are rigidly determined, up to three cases (7.78), in terms ofthe
simplex{0, v2, v4, v6}. We have reduced the calculations fork = 6 to a single
simplex, which have been carried out by computer.

instabilities
We add a final lemma that we used to deal with the issue of numerical instabil-
ity in the calculations when one of the simplices{0,w2i ,w2i+1,w2i+2} is close
to being planar.

Lemma 7.84 [OWZLKVY]Consider the functionτtri on the domain

y1, y2, y3 ∈ [2, 2h0], y4 ∈ [cstab, 3.915], y5 = y6 = 2, ∆(y2
1, . . . , y

2
6) ≥ 0.

Thenτtri has the following properties.

1. If y1 = 2, thenτtri (y1, y2, y3, y4, y5, y6) ≥ − sol0.
2. If y1 = 2h0, thenτtri (y1, y2, y3, y4, y5, y6) ≥ 0.
3. If dih1(y1, y2, y3, y4, y5, y6) = π, then

τtri (y1, y2, y3, y4, y5, y6) = sol0
y1 − 2h0

2h0 − 2
.

Proof The first claim is the trivial lower bound that we obtain by replacing
ρ0(y) with 1, and the solid angle−π+∑3

i=1 dihi with zero in the Definition 7.85
of τtri . The proof does not use the assumption thaty1 = 2.

To establish the second claim, we write each of the three terms

π − dih1, dih2, dih3 .

in the form fi
√
∆, for i = 1, 2, 3. The explicit formulas for dihedral angles show

that fi is an analytic function ofy1, . . . , y6. Wheny1 = 2h0, we obtain a formula
for τtri of the general form

τtri (y1, . . . , y6) = f (y1, . . . , y6)
√

∆(y2
1, . . . , y

2
6)

for some analytic functionf . A computer calculation6 [21] shows thatf ≥ 0
on the domain given in the lemma. Henceτtri is also nonnegative.

We turn to the third claim. If dih1 = π, then dih2 = dih3 = 0. If we make
these substitutions into the formula forτtri , then the claim ensues. �

The lemma is used to avoid numerical instabilities as follows. The three
statements of the lemma correspond to the three cases given by (7.78). We
may assume that the simplex{0,w2i ,w2i+1,w2i+2} falls into one these cases.
When the simplex approaches a planar configuration, that is as∆ approaches

6 [5202826650 a]
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zero, we replace the termτtri with the lower bound given by the lemma, to
avoid computing a nonanalytic term directly. By doing this,all of the computer
calculations go through without trouble.
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7.5 Appendix on the main estimate

This appendix gives further details about the proof of the main estimate. It con-
tains numerous improvements over the published text ofDense Sphere Pack-
ings.

The verification of the main estimate can now largely be viewed as a com-
binatorial proof thatSinit ⇒ Sterm. This appendix documents the program
check_completeness.hl.

7.5.1 statement of results

This appendix largely replaces Section 7.4. For completeness, we repeat a few
definitions and results.

Definition 7.85(h0, τ) [CUFCNHB] [ρ0 ! rho fun] [ρ0 ! rho] [τ !

tau fun] [sol0 ! sol0] [h0 ! h0] [azim ! azim in fan] Let (V,E, F)
be a nonreflexive local fan. Recall thath0 = 1.26 andL(h) = (h0 − h)/(h0 − 1),
whenh ≤ h0. Set

ρ0(y) = 1+
sol0
π
· y− 2

2h0 − 2
= 1+

sol0
π

(1− L(y/2))

τ(V,E, F) =
∑

x∈F
ρ0( ||node(x) ||)azim(x) + (π + sol0) (2− k(F))

=
∑

v∈V
ρ0( ||v ||)∠(v) + (π + sol0) (2− card(V)),

where sol0 = 3 arccos(1/3)− π ≈ 0.551 is the solid angle of a spherical equi-
lateral triangle of sideπ/3, andk(F) is the cardinality ofF.

Definition 7.86 (τtri , τ3, , dihi) [τtri ! taum]We define additional func-
tions in the casek = 3. If card(V) = 3, then writeV = {v1, v2, v3}. Set

τ3(V) =
3

∑

i=1

ρ0( ||vi ||) dihV{0, vi}{vi+1, vi+2} − (π + sol0).

Let

τtri (y1, y2, y3, y4, y5, y6) =
3

∑

i=1

ρ0(yi) dihi(y1, . . . , y6) − (π + sol0) , (7.87)



i

i

254 Local Fan

where

dih1(y1, y2, y3, y4, y5, y6) = dih(y1, y2, y3, y4, y5, y6),

dih2(y1, y2, y3, y4, y5, y6) = dih(y2, y3, y1, y5, y6, y4), and

dih3(y1, y2, y3, y4, y5, y6) = dih(y3, y1, y2, y6, y4, y5). (7.88)

Definition 7.89(standard, protracted, diagonal)[KRACSCQ] [standard !
standard (deprecated)][protracted ! protracted (deprecated)]

[diagonal ! diagonal0 (deprecated)] Let (V,E) be a fan. We write
||ε || for ||v − w || , whenε = {v,w} ⊂ V. We say thatε is standardif

2 ≤ ||ε || ≤ 2h0.

We say thatε is protractedif

2h0 ≤ ||ε || ≤
√

8.

If v,w ∈ V are distinct, andε = {v,w} is not an edge inE, then we callε a
diagonalof the fan.

Theorem 7.90(main estimate) [JEJTVGB][(annulus) ! ball annulus]

[main estimate ! main estimate (deprecated)][(diagonal) ! diagonal1

(deprecated)][* ! check:quad std cs, pent std cs, hex st cs,

pent diag cs, pent pro cs, ] Let (V,E, F) be a nonreflexive local fan
(Definition 7.2). We make the following additional assumptions on(V,E, F).

1. (packing) V is a packing.
2. (annulus) V ⊂ B.
3. (diagonal) If {v,w} is a diagonal, then

||v − w || ≥ 2h0.

4. (card) Let k= card(E) = card(F). Then3 ≤ k ≤ 6.

In this context, we have the following conclusions.

1. Assume k≥ 3. If every edge of E is standard, then

τ(V,E, F) ≥











































0.0, if k = 3,

0.206, if k = 4,

0.4819, if k = 5,

0.712, if k = 6.
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2. Assume k= 5. Assume that every edge of E is standard. Assume that every
diagonalε of the fan satisfies||ε || ≥

√
8. Then

τ(V,E, F) ≥ 0.616. (check:pentdiag cs)

3. Assume k= 5. Assume there exists some protracted edge in E and that the
other four edges are standard. Then

τ(V,E, F) ≥ 0.616. (check:pentpro cs)

4. Assume that k= 4. Assume that there exists some protracted edge in E and
that the other three edges are standard. Assume that both diagonalsε of the
fan satisfy||ε || ≥

√
8. Then

τ(V,E, F) ≥ 0.477. (check:quadpro cs)

5. Assume k= 4. Assume that every edge of E is standard. Assume that both
diagonalsε of the fan satisfy||ε || ≥ 3. Then

τ(V,E, F) ≥ 0.467. (check:quaddiag cs)

7.5.2 definitions

Definition 7.91 (torsor, adjacent) [XCZLSVS] [torsor ! torsor] Let
k > 1 be an integer. Atorsor is a setI with a given simply transitive action of
Z/kZ on I . We write the application ofj ∈ Z/kZ to i ∈ I as j + i or i + j. We
also write j + i for the application of the image ofj ∈ Z in Z/kZ to i ∈ I . Note
that each choice of base pointi0 ∈ I gives a bijectioni 7→ i + i0 betweenZ/kZ
andI . We say thati and j areadjacentif i = j + 1 or j = i + 1. Wheni and j
are adjacent, we call{i, j} an edge ofI . A diagonalis a pair{i, j} ⊂ I such that
{i, j} is not a singleton and not an edge.

Definition 7.92 [TEQQCLX]Theopposite I′ of a torsorI is the torsor with the
same underlying set and the action is composed with the groupautomorphism
Z/kZ → Z/kZ, sendingi 7→ −i. An isomorphism of torsorsis a bijection that
respects the action. Two torsors areequivalentif they are isomorphic or if one
is isomorphic to the opposite of the other.

Example 7.93 If H = (D, e, n, f ) is a hypermap with face F, then F is a
torsor under the action x7→ f x. If H is isomorphic toDih2k and has vertex set
V, then V is a torsor under the action of x7→ ρx, for someρ similar toρ(V,E,F).
We may mostly restrict our attention to these instances of torsors.

Recall thatcstab= 3.01.
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Definition 7.94(stable constraint system)[ZGFHNKX][constraint system
! constraint system] [stable constraint system ! stable system]

[(k, a, b, d, I , J,+1) ! (k sy,a sy,b sy,d sy,I sy,J sy,f sy)] [tri-stable

! tri stable] [(a, b, d, k, I , J,+1) ! (a ts, b ts, d ts, k ts, I ts, J ts, f ts)]
[substandard (stable) ! augmented constraint system1][substandard

(tri-stable) ! augmented constraint system2]A stable constraint
system s(or SCSfor short) consists of the following data subject to conditions
listed below.

1. a natural numberk ∈ {3, 4, 5, 6},
2. aZ/kZ-torsorI ,
3. a real numberd,
4. real constantsai j , bi j , αi j , βi j , for i, j ∈ I .
5. a set of edgesJ ⊂ I {{i, 1+ i} : i ∈ I },
6. subsetsI lo, Ihi, Istr ⊂ I .

The data is subject to the following conditions.

1. d < 0.9,
2. ai j = a ji , bi j = b ji , αi j = α ji , βi j = β ji , for i, j ∈ I .
3. ai j ≤ αi j ≤ βi j ≤ bi j , for i, j ∈ I ,
4.

0 = aii and 2≤ ai j for all i, j ∈ I such thati , j.

5. Also,














bi,i+1 < 4, if k = 3

bi,i+1 ≤ cstab, if k > 3.

6. If {i, j} ∈ J, then [ai j , bi j ] = [
√

8, cstab].
7. m+k ≤ 6, wherem is the number of edges{i, i+1} ⊂ I such thatbi,i+1 > 2h0

or ai,i+1 > 2. In particular, card(J) + k ≤ 6.

For each SCSs, we writek(s), d(s), I (s), ai j (s), and so forth for the associ-
ated parameters. We simply writek, d, and so forth when there is a single SCS
s in a given context.

Definition 7.95 (unadorned) [SDJTENL]We say that a SCSs is unadorned
if the following additional properties hold (with established notation):

1. For alli, j ∈ I (s), ai j (s) = αi j (s) andbi j (s) = βi j (s).
2. I lo(s) = Ihi = Istr(s) = ∅.
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Intuitively, we think of the SCS as involving bothhard andsoftconstraints.
The soft constraints are those that involve the adornmentsαi j , βi j , I lo, Ihi, Istr.

Example 7.96 We may always transform a SCS s into another s′ that is un-
adorned by settingαi j (s′) = ai j (s), βi j (s′) = bi j (s), Ilo(s′) = Ihi(s′) = Istr(s′) =
∅, and keeping the rest of the data the same.

Definition 7.97(ear) [HVFQIBQ] [ai j ! a ear0] [bi j ! b ear0] [ear

! ear sy] We have an unadorned SCSs given byk = 3, d = 0.11, J a
singleton, and

[ai j , bi j ] =



























[0, 0], if i = j,

[
√

8, cstab], if {i, j} ∈ J,

[2, 2h0], otherwise.

We callsanear (by analogy with an ear in a triangulation of a polygon, which
is a triangle that has two of its edges in common with the polygon).

Next we associate a setBs with each SCSs.

Definition 7.98 (Bs) [KTFVGXF] For every SCSs, and every functionv :
I (s)→ R3, letVv ⊂ R3 be the image ofv. Let Ev be the image ofi 7→ {vi , vi+1}.
Let Fv be the image ofi 7→ (vi , vi+1). LetBs be the set of all functionsv that
have the following properties.

1. Vv ⊂ B.
2. ai j (s) ≤ ||vi − v j || ≤ bi j (s), for all i, j ∈ I (s).
3. if k(s) > 3, then (Vv,Ev, Fv) is a nonreflexive local fan.

Note thatBs does not depend on the dataαi j , βi j , J, Istr, I lo, Ihi, andd. The
setJ is used to make a small correctiond(s, v) to the constantd(s).

Definition 7.99(d(s, v)) [TPLCZFL] [σ ! sigma sy] Let sbe a SCS. Set
σ(s) = 1 whens is an ear;σ = −1, otherwise. Write

d(s, v) = d(s) + 0.1σ(s)
∑

{i, j}∈J(s)

(cstab− ||vi − v j ||). (7.100)

This correction tod(s) makes it a bit easier to prove inequalities whenσ(s) =
−1, at the cost of slightly more difficult inequalities for ears.

Whenk(s) = 3 andv ∈ Bs, the setVv = {vi : i ∈ I (s)} may degenerate
to planar configurations, because the local fan constraint in Definition 7.98 is
not imposed in this case. Nevertheless, by the constraintbi j (s) < 4, the tetra-
hedron{0, v1, v2, v3} has well-defined dihedral angles dihV{0, vi}{vi+1, vi+2}, so
thatτ3(Vv) is defined.
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Definition 7.101(τ∗) [BGCEUKP] Let sbe a SCS. Define

τ∗ : {(s, v) : v ∈ Bs} → R

by

τ∗(s, v) =















τ(Vv,Ev, Fv) − d(s, v), if k(s) > 3

τ3(Vv) − d(s, v), if k(s) = 3.

Definition 7.102(Sinit) [XOSFOMP] The constants in the conclusions of the
main estimate (Theorem 7.90) can be packaged into unadornedSCSs. For ex-
ample, the standard main estimate fork = 6 gives the SCS data:d = 0.712,
J = ∅, I an indexing set of cardinality six, and

ai j =



























0, i = j,

2, j = i ± 1,

2h0, otherwise,

bi j =



























0, i = j,

2h0, j = i ± 1,

4h+0 , otherwise,

whereh+0 is any constant greater thanh0. The upper bound 4h0 on any diagonal
comes from the triangle inequality:||vi − v j || ≤ ||vi || + ||v j || ≤ 4h0. We write
Sinit for the set of SCSss, for all cases of the main estimate.

Lemma 7.103 [ZITHLQN][formal proof by Hoang Le Truong]. The
main estimate holds if and only if for every s∈ Sinit and for everyv ∈ Bs, we
haveτ∗(s, v) ≥ 0.

Proof This follows by expanding the definition ofSinit andBs. Note that the
setJ(s) is empty fors ∈ Sinit , so

d(s, v) = d(s), for all s ∈ Sinit .

�

7.5.3 minimization

Definition 7.104(index,ι,Ms) [FNUEPJW] Let sbe a SCS. Let

Ms ⊂ B′′s ⊂ B′s ⊂ Bs

be defined as follows. LetB′s be the set of allv ∈ Bs such that

1. τ∗(s, v) is equal to the minimum ofτ∗(s, ∗) overBs.
2. τ∗(s, v) < 0.
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Define theindexι(s, v) of v ∈ Bs to be the number of edges{i, j} of I (s) for
which ai j (s) = ||vi − v j || . Let ι(s) be the minimum of the index ofv asv runs
overB′s. We letB′′s be the set ofv ∈ B′s that attain the smallest possible index
ι(s), and letMs ⊂ B′′s be the subset of allv satisfying the additional soft
constraints.

1. If i ∈ Istr, thenvi is straight.
2. If i ∈ I lo, then ||vi || = 2.
3. If i ∈ Ihi, then ||vi || = 2h0.
4. αi j (s) ≤ ||vi − v j || ≤ βi j (s) for all i, j.

Note that ifs is unadorned, thenMs = B′′s .

Lemma 7.105 [GKFMJLC] s is a SCS for every s∈ Sinit .

Proof This is a direct result of definitions. �

Lemma 7.106 [UXCKFPE][old:XWITCCN]Let s be a SCS, and assume that

τ∗(s, v) < 0.

for somev ∈ Bs. ThenB′s is nonempty.

Proof Let sbe a SCS. Then by DSP,Bs is compact (as a subset ofBk ⊂ R3k).
The function

v 7→ τ∗(s, v)

is a continuous function onBs. Moreover, ifBs is nonempty, then the function
attains a minimum. This follows from Lemma 7.59 and Lemma??. The set of
minima is then nonempty. �

Lemma 7.107 [SGTRNAF][old:AYQJTMD]Let s be an unadorned SCS, and
assume that

τ∗(s, v) < 0.

for somev ∈ Bs. ThenMs is nonempty.

Proof By Lemma 7.106, the setB′s of minimizers is nonempty. The subset
B′′s on which the index is as small as possible is then also nonempty. By as-
sumption,s is unadorned, andB′′s =Ms. �

Lemma 7.108 [EAPGLEJ][formal proof by Hoang Le Truong]. The
main estimate holds if and only ifMs = ∅ for all s ∈ Sinit .

Proof By Lemma 7.107 and Lemma 7.103. �
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Lemma 7.109 [JKQEWGV]Let s be a SCS. Letv ∈ Bs. Suppose thatτ∗(s, v) <
0 and k(s) > 3. Thensol(Vv,Ev, Fv) < π. Furthermore, the local fan is not
circular, and the local fan can be lunar only when the pole hasacute interior
angle.

Proof By the definition of SCS, we haved(s) < 0.9. The proof of Lemma 7.60
extends readily to this context. The solid angle of a lune is less thanπ if and
only if the pole has acute interior angle. �

7.5.4 operations

This section describes some operations on SCSs. The first of these, a restric-
tion, is ahardeningof some of the soft constraints.

Definition 7.110(restriction) [PFEOBSC] Let sbe a SCS. We say thats′ is a
restrictionof sof thefirst typeif I (s) = I (s′) and

bi j (s
′) = βi j (s), i, j ∈ I (s).

and all other parametersk, d, J, a, α, β, etc. are the same forsands′.
We say thats′ is arestrictionof sof thesecond typeif

1. I (s) = I (s′),
2. αi j (s) = βi j (s) for all i, j ∈ I (s),
3. ai j (s′) = bi j (s′) = αi j (s), and
4. all other parametersk, d, etc. are the same forsands′.

We say thats′ is a restriction ofs if it is a restriction of the first or second type.

Definition 7.111 (subdivision) [YYKMEWW] Let s be a SCS, and letp, q ∈
I (s), with p , q. Let c ∈ R. Define constantsβ0 = min(bpq(s), c) andα0 =

max(apq(s), c). Defines1 to be the same assexcept that

βpq(s1) = β0, bpq(s1) = c.

Defines2 to be the same ass except that

apq(s2) = c, αpq(s2) = α0.
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Define the subdivision ofs to be the following list of one or two SCSs, accord-
ing to the case.























































c ≤ apq(s), [s]

apq(s) < c ≤ αpq(s), [s2]

αpq(s) < c < βpq(s), [s1; s2]

βpq(s) ≤ c < bpq(s), [s1]

bpq(s) ≤ c, [s]

The subdivision thus corresponds to splitting an interval [apq, bpq] into

[apq, c] ∪ [c, bpq].

Definition 7.112 [LCTBALA]We say that a SCSs transfersto a SCSs′ if

1. If s is an ear, thens= s′.
2. s′ is unadorned.
3. I (s) = I (s′).
4. d(s) ≤ d(s′).
5. For alli, j, we haveai j (s′) ≤ ai j (s) ≤ bi j (s) ≤ bi j (s′).
6. J(s′) ⊂ J(s).

Definition 7.113 (equivalent SCS) Ifs is a SCS with torsorI (s), and if I ′

is any equivalent torsor, then we can use the bijection between I (s) and I ′ to
obtain a SCSs′ with I ′ = I (s′). An SCSs′ related in this way tos is said to be
equivalentto s. An equi-transferof s to s′ is a transfer froms to a SCS that is
equivalent tos′.

Definition 7.114(torsor slice) [ZTBHGMO]Let I be aZ/kZ-torsor, with action
given by (j, i) 7→ j + i, for i ∈ I . Let p, q ∈ I be non-adjacent. Set

I [p, q] = {p, 1+ p, 2+ p, . . . , q} ⊂ I .

Note that the cardinality ofI [p, q] is

m= 1+min{ j ∈ N : j + p = q}.

We makeI [p, q] into a Z/mZ-torsor with action (j, i) 7→ j +′ i, given by the
iterates of

1+′ i =















1+ i if i , q,

p if i = q.

TheZ/mZ-torsorI [p, q] is called thesliceof I along (p, q).



i

i

262 Local Fan

p

1+ p2+ p

3+ p

4+ p 5+ p

I

p

1+ p2+ p

3+ p

4+ p

I [p,4+ p]

Figure 7.11[WKUYEXM] Given p,q ∈ I , the sliceI [p,q] follows the cyclic
order throughI from p to q, then returns directly fromq to p.

Definition 7.115(SCS slice) [CJMHFAT] Let sbe a SCS and let{p, q} ⊂ I (s)
be a diagonal. (In particular,k(s) > 3.) We say that a pair{s′, s′′} is a slice
along the diagonal{p, q} of s, if the following conditions hold.

1. s′ ands′′ are unadorned SCSs.
2. I (s′) = I [p, q] and I (s′′) = I [q, p].
3. d(s) ≤ d(s′) + d(s′′).
4. J(t) ⊂ J(s) ∪ {{p, q}}, for t = s′, s′′.
5. {p, q} ∈ J(s′) iff {p, q} ∈ J(s′′).
6. {p, q} ∈ J(s′) iff s′ or s′′ is an ear.
7.

ai j (t) = ai j (s), andbi j (t) = bi j (s),

for t = s′, s′′ and alli, j ∈ I (t) except the given diagonal{i, j} = {p, q}.
8. apq(t) = αpq(s), bpq(t) = βpq(s), t = s′, s′′.
9. βpq(s) < 4.

10. k(s) = 4 orβpq(s) ≤ cstab.

The wordslice is used for related operations on the indexing set, the local
fan, and the SCS. A slice of a SCS is used in parallel with the slice a fan of
cardinalityk(s) into two smaller fans with cardinalitiesk(s′) andk(s′′). All of
the edge length constraints are to be preserved under slicing.

If {s′, s′′} is an slice of a diagonal{p, q}, then we can use the inclusions
of setsI (s′) ⊂ I (s) and I (s′′) ⊂ I (s) to restrict an elementv : I (s) → B to
v′ : I (s′)→ B andv′′ : I (s′′)→ B.

Lemma 7.116 [QKNVMLB] Let s be a SCS with diagonal{p, q} and slice
{s′, s′′} along {p, q}. Let v ∈ Ms and letv′ and v′′ be constructed fromv as
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above. Thenv′ ∈ Bs′ andv′′ ∈ Bs′′ . Moreover,

d(s, v) ≤ d(s′, v′) + d(s′′, v′′) (7.117)

and

τ∗(s, v) ≥ τ∗(s, v′) + τ∗(s, v′′). (7.118)

Proof See Lemma 7.63. �

7.5.5 propagation

The proof of the main lemma consists in showing that the nonemptiness of
Ms propagates in an orderly way under the operations of restriction, slicing,
equivalence, subdivision, and deformation.

Definition 7.119(⇒) [AZGJNZO] [⇒ ! scs arrow...] Let SCSbe the
set of SCSs and letP(SCS) be the powerset ofSCS. We define a binary relation
(⇒) on P(SCS). WhenS,T ⊂ SCS, we write S ⇒ T to mean either that
Ms = ∅ for all s ∈ S, or that there existst ∈ T such thatMt , ∅.

Lemma 7.120 [FZIOTEF] The relation(⇒) is reflexive and transitive.

Proof Clearly,{s} ⇒ {s}, and this implies reflexivity. Transitivity is a simple
matter. AssumeS1 ⇒ S2 andS2 ⇒ S3. Assumes1 ∈ S1, withMs1 , ∅.
Then selects2 ∈ S2 such thatMs2 , ∅, ands3 ∈ S3 such thatMs3 , ∅. Then
{s1} ⇒ {s3}. SoS1 ⇒ S3. �

Lemma 7.121(restriction) [EQTTNZI] Let s be a SCS, and let t be a restric-
tion of s. When t has the first type, assume also that for all{i, j} ∈ J, we have
βi j (s) = bi j (s). Assume further for this type that J(s) = ∅ or k(s) > 3. When t
has the second type, assume also that J(s) = ∅ and m(t) + k(t) ≤ 6, with m as
in the definition of SCS. Then{s} ⇒ {t}.

Proof Bt ⊂ Bs. Assumew ∈ Ms. The assumptions according to the type give
w ∈ Bt.

Assume the restriction has the first type. Then a global minimizer w also
minimizes on a subset, and the index does not change. Hencew ∈ Mt and
{s} ⇒ {t}.

Assume that the restriction has the second type. Thenαi j (s) = βi j (s). We
haveBt ⊂ Bs. For everyv ∈ B′t , the index ofv is k: every edge is fixed at its
lower bound. HenceB′t = B′′t , andw ∈ Mt. �

Lemma 7.122(subdivision) [UAGHHBM] Let s be a SCS and let Let{s1, s2}
be a subdivision of s along{i, j} ⊂ I (s). Then{s} ⇒ {s1, s2}.
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Proof Let c denote the constant used for the subdivision. We haveBs = Bs1∪
Bs2. If w ∈ Ms, thenw ∈ B′s1

∪ B′s2
.

Assume first that there existsw ∈ Ms such thatc < ||wi − w j || . We claim
thatι(s) ≤ ι(s2). In fact,

ι(s) = min
v∈B′s

ι(s, v)

≤ min
v∈B′s2

ι(s, v)

≤ min
v∈B′s2

ι(s2, v)

= ι(s2).

We havew ∈ B′s2
andB′s2

= B′s∩ Bs2. Also,

ι(s2) ≥ ι(s) = ι(s,w) = ι(s2,w) ≥ ι(s2)

so thatw ∈ B′′s2
andw ∈ Ms2.

Finally, assume that everyw ∈ Ms has ||wi − w j || ≤ c. This meansMs ⊂
Bs1. Let w ∈ Ms. We claim thatι(s) = ι(s1). In fact,

ι(s) = min
v∈B′s

ι(s, v)

≤ min
v∈B′s1

ι(s, v)

= min
v∈B′s1

ι(s1, v)

= ι(s1).

Also,

ι(s) = ι(s,w) = ι(s1,w) ≥ ι(s1).

We havew ∈ Ms ⊂ B′s∩Bs1 = B′s1
. Sinceι(s) = ι(s1), we also havew ∈ B′′s1

.
Sow ∈ Ms1. �

Lemma 7.123(transfer, equivalence)[YXIONXL] Let s be a SCS and let t be
a transfer or equivalent of s. Then{s} ⇒ {t}.

Proof We treat transfer first. Assume thatw ∈ Ms. We havew ∈ Bs ⊂ Bt,
andd(t,w) ≥ d(s,w), as well asτ∗(t,w) ≤ τ∗(t,w) < 0. By Lemma 7.106,
there exists a global minimizer of smallest indexv ∈ B′′t , ∅. It satisfies
τ∗(t, v) ≤ τ∗(t,w) < 0. By the definition of transfer,t is unadorned, so that
B′′t = Mt. (Note thatMs andMt might not be directly related.) This shows
thatMt , ∅. Hence{s} ⇒ {t}. Similarly, if t is equivalent tos, then we again
have{s} ⇒ {t}. �
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Lemma 7.124(slice) [LKGRQUI] Let {s′, s′′} be a slice of a SCS s along a
diagonal{p, q}. Then{s} ⇒ {s′, s′′}.

Proof Assume thatw ∈ Ms. Let w′ ∈ Bs′ and w′′ ∈ Bs′′ be obtained
by restriction of parameters. From Lemma 7.116, we haveτ∗(s′,w′) < 0 or
τ∗(s′′,w′′) < 0. To be concrete, sayτ∗(s′,w′) < 0. A global minimizerv′ ∈ Bs′

of smallest index then also satisfiesτ∗(s′, v′) < 0. By the definition of slice,s′

is unadorned, so thatB′′s′ =Ms′ andv′ ∈ Ms′ . Hence{s} ⇒ {s′, s′′}. �

7.5.6 deformation

This section proves some deformation results and implements them as arrows
{s} ⇒ T.

Lemma 7.125 [HXHYTIJ] Let s be a SCS, and letv ∈ B′′s . For Let w :
I (s)→ R3. Then one of the following holds:

1. w < Bs.
2. τ∗(s,w) > τ∗(s, v).
3. τ∗(s,w) = τ∗(s, v) and the index ofw is at least that ofv.

Proof If the first two conclusions fail, thenw ∈ B′s. Sincev ∈ B′′s , it must
minimize the index overB′s. Hence the third conclusion holds. �

Lemma 7.126 [ODXLSTCv2] Let s be a SCS and letw ∈ Ms. Fix ℓ ∈ I (s).
Assume thatwℓ is not the pole of a lunar local fan(Vw,Ew, Fw). Assume that
4h0 < bℓi(s) for every diagonal{ℓ, i} at ℓ. Then one of the following hard
constraints hold at indexℓ.

1. ||wℓ − wi || attains its lower bound aℓi(s), for some i, ℓ.
2. ||wℓ || attains its lower bound2.
3. There exists i adjacent toℓ such that{ℓ, i} ∈ J(s).

Proof For a contradiction, assume that none of the enumerated constraints
hold. By Lemma 7.109, the fan is not circular. The hypothesesallow us to use
Lemmas 7.24 and 7.25 to deformw at wℓ.

The functionτ∗ is decreasing along the curve of the form (7.70) such that
wℓ(t) = (1 − t)wℓ. That is, we push the pointwℓ radially towards the origin.
Explicitly,

τ∗(s,w) = c1 + c2 ||wℓ(t) ||

for somec2 > 0 andc1. We havew(t) ∈ Bs for all t positive and sufficiently
small. This contradicts the minimality properties ofMs. �
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Lemma 7.127 [IMJXPHRv2] Let s be a SCS,w ∈ Ms, and ℓ ∈ Istr(s).
Assume thatwℓ is not the pole of a lunar local fan(Vw,Ew, Fw). Assume that
4h0 < bℓi(s) for every diagonal{ℓ, i} at ℓ. Then one of the following hard
constraints holds atℓ.

1. ||wℓ − wℓ+1 || attains its lower bound aℓ,ℓ+1(s), and ||wℓ − wℓ−1 || attains its
lower bound aℓ,ℓ−1(s).

2. ||wℓ || attains its lower bound2.
3. There exists i adjacent toℓ such that{ℓ, i} ∈ J(s).
4. Some diagonal{ℓ, i} ⊂ I (s) at ℓ satisfies||wℓ − wi || = aℓi(s).

Proof For a contradiction, assume that none of the enumerated constraints
hold. By Lemma 7.109, the fan is not circular. The hypothesesallow us to use
Lemmas 7.24 and 7.25 to deformw at wℓ.

The set{0,wℓ−1,wℓ,wℓ+1} lies in a planeA. By the previous lemma one of
the norm constraints is satisfied, say

||wℓ − wℓ+1 || = aℓ,ℓ+1(s).

We consider a deformation ofw that moveswℓ(t) along a circle throughwℓ

with centerwℓ+1 in the planeA. Parameterize the curve so that ast increases,
the norm||wℓ(t) || decreases. The functionτ∗(s,w) is decreasing int. Explicitly,
the function again depends linearly on||wℓ(t) || , because the angle atℓ remains
straight. This contradicts the minimality ofMs. The result ensues. �

Lemma 7.128 [NUXCOEAv2] Let s be a SCS and letw ∈ Ms. Fix ℓ ∈ Istr(s)
Assume j is an index adjacent toℓ such that||wℓ − w j || = aℓ j(s). Assume that
wℓ is not the pole of a lunar local fan(Vw,Ew, Fw). Assume that4h0 < bℓi(s)
for every diagonal{ℓ, i} at ℓ. Then one of the following hard conditions holds
at indexℓ.

1. We have||wℓ − wi || = aℓk(s) for both choices of i∈ I (s) adjacent toℓ.
2. There exists i adjacent toℓ such that{ℓ, i} ∈ J(s).
3. Some diagonal{ℓ, i} ⊂ I (s) at ℓ satisfies||wℓ − wi || = aℓi(s).

Proof The lemma is a special case of the previous lemma, unless||wℓ || = 2,
which we assume. Leti , j be the other index adjacent toℓ. Assume that the
three enumerated parts of the conclusion fail.

We consider a deformation ofw that only moveswℓ. We take the motion of
wℓ to be in a circular arc with center0 through the pointwℓ and in the fixed
plane determined by{0,wℓ,w j,wi}. The functionτ∗(s, ∗) is constant along this
curve. We orient the curve to be increasing in||wℓ − w j || . For sufficiently, small
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t, we find thatw(t) ∈ B′s has smaller index thanw. This is contrary to the
minimizing properties ofw ∈ Ms.

As in the proofs of the previous lemmas, the fan is not circular, and the
constraints on generic and local fans allow us to use Lemmas 7.24 and 7.25,
showing that fan conditions are preserved. �

In the preceding three lemmas, we specifically allow the deformationsv(t)
to occur within a lunar fan, moving a single node that is not a pole of the lunar
fan, as given by Lemma 7.24.

The deformation lemmas can be expresed relational arrows{s} ⇒ T. The
codecheck completeness.hl implements numerous arrows{s} ⇒ T, based
on deformations.7 The following lemma shows how this goes for the first de-
formation lemma, Lemma 7.126, implemented asdeform ODXLSTC cs.

Lemma 7.129(deformODXLSTC cs) [KESHTYS] Let s be a SCS, with
Ms , ∅. Letℓ ∈ I (s). We make the following assumptions.

1. Assume that for both indices j adjacent toℓ, we have{ℓ, j} < J(s).
2. Assume thatℓ < I lo(s).
3. Assume that aℓ j(s) < βℓ j(s) for all j , ℓ.
4. Assume that4h0 < bℓ j(s) for every diagonal{ℓ, j} at ℓ.

Let s′ be a SCS with all parameters the same as s, except that Ilo(s′) = {ℓ} ∪
I lo(s). Keepingℓ fixed, we let Iℓ ⊂ I (s) be the set of j, ℓ such thatαℓ j(s) =
aℓ j(s). Let S be the set of SCSs indexed by j∈ Iℓ, obtained by modifying s,
settingβℓ j(s) = aℓ j(s), with other parameters unchanged. Then there is an
arrow {s} ⇒ {s′} ∪ S .

Proof Indeed, letw ∈ Ms. For it to be minimal, there must be a constraint
that blocks the deformation described in the proof of Lemma 7.126. According
to the lemma, this forces||wℓ || = 2 or ||wℓ − w j || = aℓ j(s) for some j , ℓ.
This latter condition is incompatible withw ∈ Ms, unlessj ∈ Iℓ. The result
follows. �

In a similar way, we implement Lemmas 7.127 and 7.128 in termsof arrows
{s} ⇒ T, as well as the others appearing in the footnote. We state theresults
without proof.

7 deform ODXLSTC cs, deform IMJXPHR cs, deform NUXCOEA cs,

deform 1834976373 A1 single, deform 1834976373 A1 double,

deform 4828966562, deform 4828966562A, deform 4828966562B,

deform 4828966562 obtuse, deform 4828966562A obtuse,

deform 4828966562B obtuse, deform 6843920790, deform 6843920790 quad,

deform 6843920790 tri, deform 684 quadA, deform 684 quadB
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Lemma 7.130(deformIMJXPHR cs) Let s be a SCS, and p0, p = p1 =

1+ p0, p2 = 2+ p0 ∈ I (s). Assume p1 ∈ Istr(s), {p0, p1} < J(s), {p1, p2} < J(s),
p1 < I lo(s). Assume that for each diagonal of the form{p1, j} we have4h0 <

bp1 j . Assume that for each diagonal of the form{p1, j} we have ap1 j , βp1 j .
Assume that exactly one j∈ {p0, p2} satisfies ap1 j = βp1 j . Let s1 be the SCS
obtained by modifying Ilo(s1) = {p} ∪ I lo(s) and keeping the other fields the
same as s. Let I′ = { j ∈ I (s) : αp j(s) = ap j(s)}. For j ∈ I ′, let s′j be the the
SCS obtained by modifyingβp j(s′j) = ap j(s) and leaving the other fields alone.
Then{s} ⇒ {s1} ∪ {s′j : j ∈ I ′}.

Lemma 7.131(deformNUXCOEA cs) Let s be a SCS, and p0, p = p1 =

1+ p0, p2 = 2+ p0 ∈ I (s). Assume p1 ∈ Istr(s), {p0, p1} < J(s), {p1, p2} < J(s),
Assume that for each diagonal of the form{p1, j} we have4h0 < bp1 j . Assume
that for each diagonal of the form{p1, j} we have ap1 j , βp1 j . Assume that
exactly one j∈ {p0, p2} satisfies ap1 j = βp1 j . Let p′ ∈ {p0, p2} denote the
one that satisfies this. Let I′ = { j ∈ I (s) : j , p, p′, ap j = αp j}. Then
{s} ⇒ {s′j : j ∈ I ′}, where s′j is the SCS obtained by modifyingβp j(s′j) = ap j(s)
and leaving the other fields alone.

7.5.7 proof outline

Remark7.132 [YYUNZBF]We have specified a setSinit of initial SCSs. We
specify a second setSterm = {s(6), s(5), . . .} of terminal SCSs, wheres(k), for
k = 5, 6, are given by

I = Z/kZ, J = I lo = Ihi = Istr = ∅, d(s(5)) = 0.616, d(s(6)) = 0.712,

andai j = bi j = 2 for all edges, andai j = cstab, bi j = 6 for all diagonals.
We do not list all of the elements ofSterm. There are about twenty elements

of Sterm with k = 3 and four elements withk = 4. The elementss(5) ands(6)

are the only two withk ≥ 5. They are list explicitly in the computer code
(check_completeness.hl).

Lemma 7.133

Sinit ⇒ Sterm. (7.134)

Proof We prove this lemma by computer search. By the definition of this
relation in terms of minimization problems over the compactsetsBs, it appears
that some analysis might be required in the proof of this lemma. However, this
is not the case. The preceding examples show how to constructmany relational
arrowsS1⇒ S2 from operations of transfer, equivalence, subdivision, slicing,
and deformation. We know that the relation is symmetric and transitive. The
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computer program makes a purely combinatorial search for the arrow (7.134)
as a transitive composition of these operations. Hence no further nonlinear
optimization is required beyond what has already been presented in this text.

There is a trivial amount of real arithmetic in the code that comes from the
triangle inequality. (If the constraintsαi j , βi j are such that the triangle inequal-
ity cannot hold, we can conclude thatMs = ∅.) Similarly, we use the spher-
ical triangle inequality and the inequality∆ ≥ 0 in a few places to conlude
thatMs = ∅. But we insist that the proof of (7.134) is essentially a combi-
natorial search. The computer code makes no reference to local fans, working
consistently at the level of abstraction of SCSs. �

Lemma 7.135 [OCBICBY]

Ms = ∅,

for all s ∈ Sterm.

Proof When s ∈ Sterm with k(s) ≤ 4, by acomputer calculation8 [21], we
show thatτ∗(s, v) ≥ 0 for all v ∈ Bs. This implies for suchs thatMs = ∅.
The two casess(5) ands(6) remain. They are treated in Secton 7.4.5, where it
is shown thatMs = ∅ for s = s(5) ands(6). This shows thatMs = ∅ for all
s ∈ Sterm. �

Remark7.136 (Proof outline of main estimate) The verification of Theo-
rem 7.90 can now be carried out as follows. We assume for a contradiction that
one of the cases of these theorems is false. By Lemma 7.107, wehaveMs , ∅

for somes ∈ Sinit . By Lemma 7.133, we haveMs , ∅ for somes ∈ Sterm.
This contradicts Lemma 7.135, giving the main estimate.

The main point is thatBs, for s ∈ Sinit are spaces of relatively large dimen-
sion, butBs, for s ∈ Sterm have relatively small dimension and can be treated
directly by computer.

We remark that the verifications of different cases inSinit become highly in-
tertwined through the relation (⇒). Each SCS inSterm contributes to the proof
of many different cases of the main estimate.

7.5.8 geometric lemmas

Lemma 7.137 [SYNQIWN] Let {w0,w1,w2,w3} be a packing of cardinality
four. Assume that d(w0,w2) = 2 or d(w2,w1) = 2. Assume that d(w0,w3) = 2
or d(w3,w1) = 2. Assume that cstab≤ ||w2 − w3 || . Thenπ/2 ≤ dihV{w0,w1}{w2,w3}.
8 [various inequalities]
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Proof This is acomputer calculation9 [21]. �

The following lemma does not need to be formalized. Something equivalent
to this is accomplished by the computer code.

Lemma 7.138 [BJOQBJU] Let s be a SCS. Assume that k(s) > 3. If k(s) = 6,
then assume additionally that cstab ≤ ai j (s) and4h0 < bi j , for every diagonal
{i, j} ⊂ I (s). Then for everyw ∈ Ms, the local fan(Vw,Ew, Fw) is generic.

Proof By the definition of SCS, 4≤ k(s) implies that for every edge{i, j} ⊂ I ,
we havebi j (s) ≤ cstab.

Let w ∈ Ms. By Lemma 7.60, the local fan ofw is not circular. To show that
the local fan is generic, it is enough to show that it is not lunar. We assume for
a contradiction that{wi ,w j} is the pole of a lunar fan.

We first treat the case 4≤ k(s) ≤ 5, and afterward we will return to the case
k(s) = 6. Assuming thatk(s) ≤ 5, the indicesi, j differ by at most two. Also,
the definition of SCS givesm ≤ 6 − k(s) ≤ 2, so there is a path fromi to j
involving at most one edge withbi j (s) > 2h0. Then by the spherical triangle
inequality (Lemma 2.95),

arcV(0,wi,w j) ≤ arc(2, 2, 2h0) + arc(2, 2, cstab) < π, (7.139)

showing that{wi ,w j} is not parallel and not a pole.
Now consider the casek(s) = 6. Here,m = 0, so thatbℓ,ℓ+1(s) ≤ 2h0 and

aℓ,ℓ+1(s) = 2 for every edge. By the definition of SCS, we haveJ(s) = ∅.
Equation 7.139 shows that the indicesi and j must be opposite in the hexagon:
j = i + 3. By the structure of lunar fans (Lemma 7.18),wℓ is straight for
ℓ , i, j. Without loss of generality, we may modify the soft constraints to pass
to a stricter SCSs′ such thatMs = Ms′ andℓ ∈ Istr(s′), for ℓ , i, j. We then
havew ∈ Ms′ .

Recall thati is fixed at a pole.We claim that for any edge{i, ℓ}, if ||wℓ − wi || >
aik(s) = 2, then ||wℓ || = 2. Indeed, this follows directly from the preceding
deformation lemmas. The conditions of Lemma 7.137 are met. Hence, the az-
imuth angle at the polei is at leastπ/2, and the solid angle of the lune is at least
π. By Lemma 7.60, we haveτ∗(s′,w) ≥ 0, which contradictsw ∈ Ms′ . �

Lemma 7.140 [TECOXBM][formal proof by Hoang Le Truong]. Let
s be a SCS, and letv ∈ Bs. Let u,w ∈ Vv satisfy2 ≤ ||u − w || ≤ cstab where
{u,w} < Ev. Thenu andw are nonparallel. Moreover, C0{u,w} ⊂ W0

dart(x) for
all x ∈ F.

Proof This is a repetition of Lemma 7.55. �

9 [1117202051 4559601669]
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7.5.9 Sterm

Here are a few issues that still need to be developed.

• The treatment of lunes in the code should not be done as a separate case, but
included with the deformation lemmas. What terminal SCSs correspond to
lunes, if any?s(6)?



i

i

272 Local Fan

7.6 Appendix on deformations of local fans

This is an appendix to Section 7.2 of Dense Sphere Packings. This appendix
gives further details about the proof of the wedge property in Lemma 7.25
(ZLZTHIC).

Lemma 7.141 [FSQKWKK] If azim(0, v1, v2, v3) ≤ π thenazim(0, v2, v3, v1) ≤
π.

Proof azim(0, v1, v2, v3) ≤ π iff 0 ≤ sin(azim(0, v1, v2, v3)) iff 0 ≤ (v1 × v2) ·
v3. The final condition is invariant under even permutations ofthe subscripts.

�

Recall that if we have azim(0, v1, v2, v3) ≤ π and appropriate noncollinearity
constraints, then azim(0, v1, v2, v3) = dihV(0, v1, v2, v3).

Lemma 7.142 [MKIFWJT] Let v,w1,w2,w3 ∈ R3. Assume that none of the
sets{0, v,wi} are collinear and thatazim(0, v,w1,w2) + azim(0, v,w2,w3) <
2π. Then

azim(0, v,w1,w2) + azim(0, v,w2,w3) = azim(0, v,w1,w3).

Proof This is (Fan.sum3azim fan). �

Lemma 7.143(deform-wedge) [XIVPHKS][formal proof by John Harrison].
Let w0, . . . ,wn ∈ R3, for some n≥ 1. Assume that i, j implies {0,wi ,w j} is
not collinear. Let r= n− 1. Set

d(i, j, k) = dihV(0,wi,w j ,wk) and a(i, j, k) = azim(0,wi,w j ,wk).

Introduce abbreviations for wedges W(i) = W(0,wi ,wi+1,wi−1). Let ǫ ∈ R
satisfy0 < 2ǫ < a(i, i + 1, i − 1), for i = 1, . . . , r. Assume a(i, i + 1, i − 1) ≤ π
for i = 1, . . . , r. Assume that d(p, q, q + 1) < ǫ for all sets of three distinct
elements{p, q, q+ 1} ⊂ {0, . . . , r}. Assume that d(p, p+ 1, q) < ǫ for all sets
of three distinct elements{p, p+ 1, q} ⊂ {0, . . . , r} with q> p+ 1. Assume that
d(p+ 1, p, q) < ǫ for all sets of three distinct elements{p+ 1, p, q} ⊂ {0, . . . , r}
with q< p.

Then for all k we have the statement Sk: for all j ≤ r − k we havew j ∈
W( j + k) andw j+k ∈W( j).

Proof We proveSk by induction onk. The casesk = 0, 1 are trivially satis-
fied. Assume thatSk, for somek ≥ 1. We showSk+1. Fix j ≤ r − (k+ 1).

By induction,w j ∈W( j + k), giving

a( j + k, j + k+ 1, j) ≤ a( j + k, j + k+ 1, j + k− 1) ≤ π.
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By Lemma 7.141,a( j, j + k, j + k+ 1) ≤ π, and converting to dihedral,a( j, j +
k, j + k+ 1) < ǫ.

By induction,w j+k ∈W( j), giving

a( j, j + 1, j + k) ≤ a( j, j + 1, j − 1) ≤ π,

and converting to dihedral,a( j, j + 1, j + k) < ǫ.
Since 2ǫ < 2π, we can add the angles (Lemma 7.142),

a( j, j+1, j+k)+a( j, j+k, j+k+1) = a( j, j+1, j+k+1) < 2ǫ < a( j, j+1, j−1).

This says thatw j+k+1 ∈W( j).
The proof thatw j ∈W( j + k+ 1) is similar.
By induction,w j+k+1 ∈W( j + 1), giving

a( j + 1, j + k+ 1, j) ≤ a( j + 1, j + 2, j) ≤ π.

By Lemma 7.141,a( j + k + 1, j, j + 1) ≤ π, and converting to dihedrala( j +
k+ 1, j, j + 1) < ǫ.

By induction,w j+1 ∈W( j + k+ 1), giving

a( j + k+ 1, j + 1, j + k) ≤ a( j + k+ 1, j + k+ 2, j + k) ≤ π,

and converting to dihedrala( j + k+ 1, j + 1, j + k) < ǫ.
Since 2ǫ < 2π, we can add angles,

a( j+k+1, j, j+1)+a( j+k+1, j+1, j+k) = a( j+k+1, j, j+k) < 2ǫ < a( j+k+1, j+k+2, j+k).

This says thatw j ∈W( j + k+ 1). �

We apply this lemma to prove the wedge property in ZLZTHIC (Dense
Sphere Packings Lemma 7.25). We return to the context and notation of that
lemma.

Corollary 7.144 Let (ϕ,V, I ) be a deformation of a generic local fan(V,E, F)
over an interval I. Assume that the azimuth angle ofvi(t) is at mostπ for all
t ∈ I, whenevervi is straight. Assume that(V(t),E(t), F(t)) is a generic fan for
all t ∈ I. Then for all sufficiently small t∈ I, we have that(V(t),E(t), F(t))
satisfies the wedge property of local fans. That is, V(t) ⊂ Wdart(x(t)) for all
x(t) ∈ F(t).

Proof As in the proof in Dense Sphere Packings, by continuity, the proof of
the wedge property reduces to the casew ∈Wdart(u) \W0

dart(u). We may prove
the more symmetrical statement

u(t) ∈Wdart(w(t)) andw(t) ∈Wdart(u(t)).



i

i

274 Local Fan

Exchangingu andw as needed, we have a sequenceu = v0, . . . , vr = w, with
vi = ρ

iv, where all of the termsvi (i = 1, . . . , r − 1) are straight. Pickǫ such
that 0< 2ǫ < azim(vi , vi+1, vi−1) for i = 0, . . . , r. By continuity, there is some
ǫ > 0 such that 2ǫ < azim(vi(t), vi+1(t), vi−1(t)) for i = 0, . . . , r when|t| < ǫ.

Whent = 0, the straight conditions give

dih(0, vp, vq, vq+1) = 0,

for distinct triples{p, q, q+ 1} ⊂ {0, . . . , r}, and

dih(0, vp, vp+1, vq) = 0,

for distinct triples{p, p+1, q} ⊂ {0, . . . , r} with p+1 < q. (In fact, the dihedral
angle of a coplanar set will always be 0 orπ and by picking inequalities on
indices as we have, all of the indicated dihedral angles are 0.) By continuity,
shrinkingǫ as needed, we may assume the corresponding dihedral angles are
less thanǫ, when evaluated atvi(t), for |t| < ǫ.

All of the conditions of Lemma 7.143 are satisfied for vectorsvi(t) for any
|t| < ǫ. Hence for alli and all j such thati, j ≤ r, we have

vi(t) ∈Wdart(v j(t), v j+1(t)) andv j(t) ∈Wdart(vi(t), vi+1(t)).

If we takei = 0 and j = r, this is the desired wedge condition. �
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7.7 Appendix on explicit deformations

This is an appendix to Section 7.2 of Dense Sphere Packings. This appendix
gives the explicit construction of particular deformations.

The first lemma constructs a simplex{v0, v1, v2, v3} ⊂ R3 on a given base
triangle{v0, v1, v2}. Our intention is to define a new constant to equal the right-
hand side of Equation 7.146. The variablex5 will run over an interval to define
a continuous deformation of a local fan (V,E, F).

Lemma 7.145 [PQCSXWG] Let {v0, v1, v2} ⊂ R3. Assume that{v0, v1, v2} is
not collinear. Let x1, . . . , x6 ∈ R3 be given with xi > 0 and

x1 = ||v1 − v0 ||2, x2 = ||v2 − v0 ||2, x6 = ||v1 − v2 ||2.

Assume that∆(x1, . . . , x6) > 0 (that is,delta x x1 x2 ...). Then there ex-
istsv3 such that

• x3 = ||v3 − v0 ||2, x5 = ||v3 − v1 ||2, x4 = ||v3 − v2 ||2, and
• (v1 − v0) · (v2 − v0) × (v3 − v0) > 0.

Explicitly, the following vector works:

v3 = v0 +
2
√
∆(v1 − v0) × (v2 − v0) + ∆5(v1 − v0) + ∆6(v2 − v0)

υ(x1, x2, x6)
, (7.146)

with subscripts on∆ indicating partial derivatives andυ = ups x, the upsilon
function. Moreover, fixingv0, v1, v2 and fixing all the variables xi except x5, the
vectorv3 ∈ R3 in Equation 7.146 depends continuously on x5 on the domain

{x5 : x5 > 0, ∆(x1, . . . , x6) > 0}.

Remark7.147 There is a symmetry to the data fixingv0, x2, x5, υ(x1, x2, x6)
and swappingv1↔ v2, x3↔ x4, x1 ↔ x6,∆5 ↔ ∆6. Under this symmetry, the
vectorv3 is given by the same formula, except that

√
∆ is replaced with−

√
∆,

and the sign of the triple product is reversed.

Proof It can be shown by direct computation that the vectorv3 works. This
proof gives details about howv3 is found.

Without loss of generality, we may movev0 to the origin. Explicitly, we
let wi = vi − v0. We will construct a uniquew3 (for w0 = 0) and then set
v3 = v0 + w3.

Note that the non-collinearity condition on{v0, v1, v2} givesw1 × w2 , 0.
We may writew3 in terms of the basisw1 × w2, w1, andw2:

w3 = α(w1 × w2) + βw1 + γw2.
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We compute the norms ofw3, w3 − w1 andw3 − w2 in this basis:

||w3 ||2 = x3 = α
2 ||w1 × w2 ||2 + ||βw1 + γw2 ||2

||w3 − w1 ||2 = x5 = α
2 ||w1 × w2 ||2 + ||(β − 1)w1 + γw2 ||2

||w3 − w2 ||2 = x4 = α
2 ||w1 × w2 ||2 + ||βw1 + (γ − 1)w2 ||2.

We eliminateα2 from the equations and write the resulting equations forβ and
γ as a linear system:

(

||w1 ||2 w1 · w2

w1 · w2 ||w2 ||

) (

β

γ

)

=

(

(x1 + x3 − x5)/2
(x2 + x3 − x4)/2

)

.

The determinant of the system is

||w1 ||2 ||w2 ||2 − (w1 · w2)2 = ||w1 × w2 ||2 > 0.

By the law of sines or cosines (Lemma 2.59), this determinantcan also be
written in terms ofxi :

x1x2 − ((x6 − x1 − x2)/2)2 = υ(x1, x2, x6)/4 > 0.

Thus, there are unique solutionsβ andγ as functions of the variablesxi . Ex-
plicitly,

b = ∆5/υ(x1, x2, x6), c = ∆4/υ(x1, x2, x6),

where∆i = ∆i(x1, . . . , x6) is theith partial derivative of∆.
With β andγ in hand, we solve forα using the equation:

x3 − ||βw1 + γw2 ||2 = α2 ||w1 × w2 ||2.

The left-hand side of this equation, expressed in terms of the variablesxi is
precisely∆/υ(x1, x2, x6) > 0. Hence

α = ±2

√
∆(x1, . . . , x6)
υ(x1, x2, x6)

.

The triple product is

((v1 − v0) × (v2 − v0)) · (v3 − v0) = (w1 × w2) · w3 = α|w1 × w2|2.

This is positive exactly whenα is chosen to be positive. This shows the exis-
tence of a unique vectorw3 subject to the given conditions.

Continuity follows from the continuous dependence ofα, β, andγ on x5. In
fact, β andγ are polynomials inx5 andα requires the extraction of a square
root of a positive polynomial inx5. �
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We will need a second lemma for deformations that occur within a plane.
Our intention is to define a new constant to equal the right-hand side of Equa-
tion 7.149. It will be used in two contexts. Sometimes, the variablex3 will run
over an interval to define a continuous deformation of a localfan (V,E, F). At
other times, the vectorv2 will vary in a continuous deformation constructed in
the previous lemma, andv3 will be carried continuously along in the plane of
{v0, v1, v2(t)} by the construction of this lemma.

Lemma 7.148 [EYYPQDW] Let {v0, v1, v2} ⊂ R3. Assume that{v0, v1, v2} is
not collinear. Let x1, x2, x3, x5, x6 ∈ R3 be given with xi > 0 and

x1 = ||v1 − v0 ||2, x2 = ||v2 − v0 ||2, x6 = ||v1 − v2 ||2.

Assume thatυ(x1, x3, x5) > 0. Letσ ∈ {±1} be a choice of sign. Then there
existsv3 such that

• {v0, v1, v2, v3} is coplanar.
• x3 = ||v3 − v0 ||2, x5 = ||v3 − v1 ||2, and
• (v3 − v0) × (v1 − v0) is a positive scalar timesσ(v1 − v0) × (v2 − v0).

Explicitly, the following vector works:

v3 = v0+
x1 + x3 − x5

2x1
(v1−v0)+

σ

x1

√

υ(x1, x3, x5)
υ(x1, x2, x6)

(v1−v0)×((v1−v0)×(v2−v0)).

(7.149)
Moreover, fixingv0, v1, v2 and fixing all the variables xi except x3, the vector
v3 ∈ R3 depends continuously on x3 on the domain

{x3 : x3 > 0, υ(x1, x3, x5) > 0}.

Moreover, fixingv0, v1 and fixing all the variables xi , the vectorv3 ∈ R3 de-
pends continuously onv2 on the domain

{v2 ∈ R3 : v2 is not on the line throughv0 and v1}.

Remark7.150 There is a symmetry in the datav0 ↔ v1, x3 ↔ x5, x2 ↔ x6

fixing v2 andx1. The symmetry preserves the solutionv3.

Proof Without loss of generality, we may movev0 to the origin. Explicitly,
we letwi = vi − v0. We will construct a uniquew3 (for w0 = 0) and then set
v3 = v0 + w3.

Letn = w1×(w1×w2). By the non-collinearity assumption and the positivity
of xi , we haven , 0. In fact,w1 aren are orthogonal and span aff{0,w1,w2}.
The norm ofn is computed as in the previous lemma by the law of cosiines:

||n ||2 = ||w1 ||2 ||w1 × w2 ||2 = x1υ(x1, x2, x6)/4 > 0.



i

i

278 Local Fan

We solve forw3 as a combination ofw1 andn:

w3 = αw1 + βn.

The norms ofw3 andw3 − w1 are computed as

||w3 ||2 = x3 = α
2 ||w1 ||2 + β2 ||n ||

||w3 − w1 ||2 = x5 = α
2 ||w1 ||2 + β2 ||n ||

Eliminateβ and solve the resulting linear equation uniquely forα:

α = (x1 + x3 − x5)/(2x1).

The right-hand side ofβ2 ||n ||2 = x3− α2x1, expressed in terms of the variables
xi is υ(x1, x3, x5)/(4x1). Hence,

β = ± 1
x1

√

υ(x1, x3, x5)
υ(x1, x2, x6)

.

To compute the sign ofβ, we examine the cross-product condition.

w3 × w1 = (αw1 + βn) × w1

= β(w1 × (w1 × w2)) × w1

= β(w1 × w2)(w1 · w1)

= βx1(w1 × w2).

This is a positive multiple ofσw1×w2 whenβ has signσ. This establishes the
unique existence ofw3.

Continuity follows from the explicit formulas forα andβ. �
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7.8 Appendix on the proof of BGMIFTE

This is an appendix to Section 7.3 of Dense Sphere Packings.
This page contains some notes on the verification that the polar (V′,E′, F′)

is a local fan. This is an expanded version of the last paragraph of the proof
of Lemma 7.34 (BGMIFTE). We check the intersection propertyof fans, the
dihedral property of local fans, and the face property of local fans.

Since we are treating the last paragraph of the proof, we may assume that all
the other parts of that lemma dealing with arcs and azimuth angles have been
established.

We place ourselves in the context of Lemma BGMIFTE, adoptingthe nota-
tion from that lemma. In particular,vi = ρ

iv andwi = vi × vi+1. We take the
indices modulok = card(V), so thatvi+k = vi . By earlier parts of the proof, we
have

w j ∈W0(0,wi,wi+1,wi−1), j , i − 1, i, i + 1 (7.151)

and

{0,wi,w j} is not collinear, wheni , j (7.152)

and

arcV(0, {wi ,wi+1}) = π − ∠(vi+1) > 0 (7.153)

and

∠
′(wi+1) = π − arcV(0, {vi+1, vi+2}) ∈ (0, π). (7.154)

We verify the fan intersection property of (V′,E′, F′). Remark GMLWKPK
gives some hints about verifying the intersection property, and notes that it
comes down to two cases:

1. ε ∩ ε′ = ∅ impliesC(ε) ∩C(ε′) = ∅.
2. ε ∩ ε′ = {v} impliesC(ε) ∩C(ε′) = C{v}.

If ε and ε′ are both singletons then the intersection property followsfrom
(7.152). Without loss of generality assume thatε is not a singleton. By the
definition ofE′, we haveε = {wi ,wi+1}, for somei. We may partitionC(ε) as

C(ε) = C0(ε) ∪C0(wi) ∪C0(wi+1) ∪ {0}.

Since we know the intersection property for singletons, we are reduced to
showing the following.

1. if ε′ = {w j ,w j+1} , ε is also an edge, thenC0(ε) ∩C0(ε′) = ∅.
2. for everyw j ∈ V′, we haveC0(ε) ∩C0(w j) = ∅.
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Consider the first of these two enumerated cases. Exhangingi with j if nec-
essary, we may assume thatj , i, i + 1. Setα(p) = azim(0,wi,wi+1, p). For
every pointp in C0(ε) we haveα(p) = 0 andC0(ε) ⊂ A := aff{0,wi ,wi+1}. We
separate this fromC0(ε′) by showing thatC0(ε′) ⊂ A0

+ := aff0
+({0,wi,wi+1}, {wi−1}),

and using the disjointness of this open half-spaceA0
+ from its bounding plane

A.
If j = i − 1, then by (7.154), for everyq ∈ C0(ε′), we have

α(q) = α(w j) = α(wi−1) ∈ (0, π).

The values ofα separateC0(ε) from C0(ε′). Note also that this gives

wi−1 ∈ A0
+ (7.155)

If ℓ , i, i + 1, then by (7.151) and (7.155), we havewℓ ∈ A0
+. From this, we

obtainε′ ⊂ A0
+ and from the conic structure of the halfspaceA0

+, it follows that
C0(ε′) ⊂ A0

+.
The second enumerated case is similar, ifj ∈ {i, i + 1}, then the empty inter-

section propertyC0{wi ,wi+1}∩C0(w j) = ∅ follows from the strict inequality in
the definition ofC0 and the linear independence ofwi andwi+1. For example,

t0wi + t1wi+1 = swi ,

has no solution in positive real numberst0, t1, s. Otherwise, ifj < {i, i + 1}, we
separateC0(ε) fromC0(w j) by the disjointness ofA0

+ andA, as in the first case.
This completes the proof of the intersection property of fans for the polar.

Next we verify the dihedral property of local fans.
For this, we review how a hypermap is attached to the fan (V′,E′, F′). We

have sets (V′,E′, F′) defined to be

V′ = {wi = vi × vi+1 : i},

E′ = {{wi ,wi+1} : i},

F′ = {(wi ,wi+1) : i}.

The set of darts of the hypermap consists of all orderings of edges:

D = {(wi ,wi+1) : i} ∪ {(wi+1,wi) : i} = F′ ∪ F′′ say.

The setE′(wi), with overloaded notation, is defined as the set

{w ∈ V′ : {w,wi} ∈ E′},

which in this situation reduces to

E′(wi) = {wi−1,wi+1}.
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The permutationσ(wi) of E′(wi) is defined as the azimuth cycle on this set.
Since the set has only two elements, the permutation is forced to swapwi−1

andwi+1. The hypermap is a tuple (D, e, n, f ), where the permutations ofD are
generally defined as follows.

n(v,w) = (v, σ(v,w)),

f (v,w) = (w, σ(w)−1v),

e(v,w) = (w, v).

In the present context, this reduces to

n(wi ,wi±1) = (wi ,wi∓1),

f (wi ,wi±1) = (wi±1,wi±2),

e(wi ,wi±1) = (wi±1,wi).

To prove the dihedral property, by Lemma QQYVCFM, it is enough to prove
the following properties

1. the hypermap is connected.
2. the number of darts is 2k.
3. the orders off , n, earek, 2, 2, respectively.

We have

f j(wi ,wi±1) = (wi± j ,wi±( j+1)).

Note that the orbit off on (wi,wi±1) is F′ or F′′ ⊂ D. (This proves in particular
the face property of local fans:F′ is a face of the hypermap.) andn exchanges
darts inF′ andF′′. Hence the hypermap is connected.

The setsF′ andF′′ are disjoint and each containk darts. Hence the number
of darts is 2k.

The smallest positivej such thatf j(wi ,wi±1) = (wi ,wi±1) is k. Hence f
has orderk. The orders ofe and n are 2 by inspection. This completes the
verification of the dihedral property of local fans.

While proving the dihedral property, the face property fellout as well.
This completes the verification of properties intersection, fan, and dihedral.
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Tame Hypermap

Summary. This chapter is the last of the three core chapters on the proof
of the Kepler conjecture. If V is a finite set of vectors inR3, let

L(V) =
∑

v∈V
L( ||v ||/2).

LetB be the annulus̄B(0, 2h0) \B(0, 2), whereB̄(0, r) is the closed ball of
radius r. By Corollary 6.100, the Kepler conjecture holds ifevery packing
V contained inB satisfies

L(V) ≤ 12. (8.1)

In this chapter, we assume that there exists a counterexample V to this
inequality and reach a contradiction. A subset of extremal counterexam-
ples is selected that is particularly well-suited for further analysis. Every
extremal counterexample gives rise to a fan and a corresponding hyper-
map. A detailed study of these hypermaps leads to a long list of proper-
ties that all such hypermaps must possess. A tame hypermap isdefined by
these properties. Tameness is thus an umbrella term that covers a long list
of loosely related properties.

An earlier chapter on hypermaps gives an algorithm that generates all
restricted hypermaps with a given bound on the number of nodes. Ev-
ery tame hypermap is restricted and has at most fifteen nodes.Hence, a
list of all tame hypermaps can be obtained by generating all restricted
hypermaps and filtering out those that are not tame. This algorithm has
been implemented and executed in computer code. The result is an explicit
list that classifies tame hypermaps up to isomorphism. This classification
solves a major step of the packing problem.
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Each tame hypermap H gives rise to a nonlinear optimization problem
to maximizeL(V) subject to the constraint that the hypermap associated
with V is isomorphic to H. This nonlinear optimization problem has a
relaxation in the form of a linear program with a maximum thatis at least
as large as the maximum of the nonlinear program. Each linearprogram
has been solved by computer. In every case, after branching into subcases,
the maximum is less than12. Hence, Inequality 8.1 always holds, so that
the Kepler conjecture is confirmed.

8.1 Definition

This section gives the definition of a tame hypermap, which isobject of study
in this chapter. The definition depends on a large set of parameters, which have
been determined by computer experimentation. On the one hand, the idea is to
define a class of hypermaps that is finite and small enough to classify without
much trouble. On the other hand, we have to prove that every counterexample
V of (8.1) has a hypermap that is tame. The smaller the class of hypermaps, the
more difficult it becomes to relate them to the counterexampleV. In the end,
we seek a balance between these contrary demands.

Definition 8.2 (triangle, quadrilateral) [HZQSLXI] Faces of cardinality three
in a hypermap are calledtriangles and those of cardinality four are called
quadrilaterals.

Definition 8.3 (type, (p, q, r)) [XOOBDFI][ ! set of triangles meeting node]

[ ! set of quadrilaterals meeting node] [ ! set of exceptional meeting node]

[(p, q, r) ! type of node] The typeof a node is defined to be a triple of
nonnegative integers (p, q, r), wherep is the number of triangles meeting the
node,q is the number of quadrilaterals meeting it, andr is the number of other
faces meeting it, so thatp+q+ r is the total number of faces meeting the node.

8.1.1 weight assignment

We call the constant tgt= 1.541, which arises repeatedly in this chapter, the
target. The constant’s name comes from its function as a measure of optimality.
Below, in the definition of a tame hypermap (Definition 8.7), any hypermap
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that overshoots the target is not tame. We define two tables ofconstants:b and
d. (There is noa or c.) [tgt ! tgt]

Definition 8.4 (b) [OOVCYPI] [b ! b tame] Define b : N2 → R by
b(p, q) = tgt, except for the values in the following table.

q = 0 1 2 3 4
p = 0 tgt tgt tgt 0.618 0.97

1 tgt tgt 0.656 0.618 tgt
2 tgt 0.797 0.412 1.2851 tgt
3 tgt 0.311 0.817 tgt tgt
4 0.347 0.366 tgt tgt tgt
5 0.04 1.136 tgt tgt tgt
6 0.686 tgt tgt tgt tgt
7 1.450 tgt tgt tgt tgt

Definition 8.5 (d) [BTDOPPJ] [d ! d tame] Defined : N→ R by

d(k) =























































0 k ≤ 3,

0.206 k = 4,

0.4819 k = 5,

0.712 k = 6,

tgt = 1.541 otherwise.

Definition 8.6 (weight assignment)[DUSOAYQ][admissible ! admissible weight]

[total weight ! total weight]A weight assignmentof a hypermapH
is a real-valued functionτ on the set of faces ofH. A weight assignmentτ is
admissibleif the following properties hold.

1. (bound a) [0.63 ! a tame] [ ! adm 3] Let v be any node of type
(5, 0, 1) and letA be the set of triangles meeting that node. Then

∑

F∈A
τ(F) ≥ 0.63.

2. (bound b) [ ! adm 2] If a nodev has type (p, q, 0), then
∑

F: v∩F,∅

τ(F) ≥ b(p, q).

3. (bound d) [ ! adm 1] If the faceF has cardinalityk, thenτ(F) ≥ d(k).

The sum
∑

F τ(F) (over all faces) is called thetotal weight.
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8.1.2 hypermap property

Definition 8.7 (tame) [YOHGLNA] [tame ! tame hypermap] A hyper-
map istame(Figure 8.1) if it satisfies the following conditions.

1. (planar) [ ! tame 1] The hypermap is plain and planar.
2. (simple) [ ! tame 2] The hypermap is connected and simple. In partic-

ular, each intersection of a face with a node contains at mostone dart.
3. (nondegenerate) [ ! tame 3] The edge mape has no fixed points.
4. (no loops) [ ! tame 4] The two darts of each edge lie in different nodes.
5. (no double joins) [ ! tame 5a] At most one edge meets any two (not

necessarily distinct) nodes.
6. (face count) [ ! tame 8] The hypermap has at least three faces.
7. (face size) [ ! tame 9a] The cardinality of each face is at least three and

at most six.
8. (node count) [ ! tame 10] There are thirteen, fourteen, or fifteen nodes.
9. (node size) [ ! tame 11a] The cardinality of every node is at least three

and at most seven.
10. (node types) [ ! tame 12o] If a node has type (p, q, r) with p+q+r ≥ 6

andr ≥ 1, then (p, q, r) = (5, 0, 1).
11. (weights) [ ! tame 13a] There exists an admissible weight assignment

of total weight less than tgt= 1.541.

8.2 Contravening Hypermap

8.2.1 standard fan

Let V ⊂ B be a packing. DefineEstd = Estd(V) andEctc = Ectc(V) by [Estd

! ESTD] [Ectc ! ECTC]

Estd = {{v,w} ⊂ V : 0 < ||v − w || ≤ 2h0}, (8.8)

Ectc = {{v,w} ⊂ V : ||v − w || = 2} ⊂ Estd. (8.9)

Lemma 8.10 [UBHDEUU] [formal proof by Solovyev]. Let V ⊂ B
be a packing. If E= Estd or E = Ectc, then(V,E) is a fan.

Definition 8.11 [SUZCOOW] The fans (V,Estd) and (V,Ectc) are called the
standard fanand thecontact fan, respectively.

Proof (V,Estd) is a fan by Lemma 8.12. SinceEctc ⊂ Estd, it follows from
Lemma 5.3 that (V,Ectc) is a fan. �
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Figure 8.1[HBMVLMY] Here are some of the tens of thousands of planar
graphs whose hypermaps are tame. The ones depicted here are the ones that
are the most difficult to eliminate through linear programming.

Lemma 8.12(standard fan) [CKQOWSA][formal proof by Alexey Solovyev].
Let V⊂ B be a packing. Then(V,Estd) is a fan.
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Proof The properties (cardinality), (origin), and (nonparallel) (on page 116)
follow by the methods of Remark 5.6.

(intersection) Some geometrical reasoning is required to establish the inter-
section property. The case

C{u} ∩C{v} = {0}

follows from the strict triangle inequality

||u || ≤ 2h0 < 4 ≤ ||v || + ||u − v || .

The other cases of the proof are based on the following two facts from Tarski
arithmetic.

1. (three points) Let {v1, v2, v3} ⊂ B be a packing of three points. Assume
that ||v1 − v3 || ≤ 2h0. Thenv2 < C{v1, v3}.

2. (four points) Let {v1, v2, v3, v4} ⊂ B be a packing of four points. Assume
that ||v1 − v3 || ≤ 2h0 and ||v4 − v2 || ≤ 2h0. ThenC{v1, v3}∩C{v4, v2} = {0}.

We give a proof of (three points) by contradiction, assuming that some con-
figuration exists withv2 ∈ C{v1, v3}. We consider two cases, depending on
whetherv2 lies in the convex hull of{v0, v1, v3}, wherev0 = 0. If it does lie in
this hull, then||v2 − vi || ≤ 2h0 for i = 1, 3 because every side of the triangle has
length at most 2h0. The proof then follows from acomputer calculation1 [21]
that∆(xi j ) > 0 for xi j = ||vi − v j ||2, which contradicts Remark 2.44, assert-
ing that the polynomial∆ vanishes on every planar arrangement of four points
{v0, v1, v3, v2}.

In the second case, the segment conv{v1, v3} meets conv{v0, v2}. We drop
the constraint||v1 − v3 || ≥ 2 and continuously deform the configuration to
contract the norm||v1 − v3 || as much as possible. When this norm is as small
as possible, the four points{v0, . . . , v3} are the extreme points of a rhombus of
side lengthr = 2. We reach the contradiction by calculating the squares of the
diagonals of the rhombus:

16= 4r2 = ||v0 − v2 ||2 + ||v1 − v3 ||2 ≤ (2h0)
2 + (2h0)

2 < 16.

The proof of (four points) is also a proof by contradiction, assuming as
we may by symmetry that conv{v1, v3} meets conv{v0, v4, v2}, wherev0 = 0.
Again, we drop the constraint||v1 − v3 || ≥ 2 and continuously deform the
configuration to contract the norm||v1 − v3 || as much as possible. By (three
points), the continuous contraction does not pass through any configurations in
which four of the points are coplanar. When the norm is as small as possible the

1 [TVAWGDR] A certain configuration of four points cannot be coplanar.
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lengths satisfy||vi − v j || = 2 for i = 0, 2, 4 and j = 1, 3. Letv∗0 be the reflection
of v0 through the circumcenter of{v0, v2, v4}. The four points{v1, v3, v0, v∗0} are
the extreme points of a rhombus of side lengthr = 2. We reach the following
contradiction by calculating the squares of the diagonals of the rhombus:

16= 4r2 = ||v0 − v∗0 ||
2 + ||v1 − v3 ||2 ≤ (2η(2h0, 2h0, 2h0))

2 + (2h0)
2 < 16,

whereη(a, b, c) is the circumradius of a triangle with sidesa, b, c. �

8.2.2 surrounded and isolated nodes

The purpose of this section is to select a special class of counterexamples to
Inequality 8.1.

Definition 8.13 (isolated, surrounded)[CWQEWTI] Let (V,E) be a fan. Say
thatv ∈ V is isolatedin the fan ifE(v) is empty. Say thatv ∈ V is surrounded
in the fan if the azimuth angles of all darts at the nodev are less thanπ. (In
particular, the cardinality ofE(v) is at least three.)

The following lemma appears in Schütte and van der Waerden [37].

Lemma∗ 8.14 [FATUGPD] [formal proof by Quyen]. Given any pack-
ing V ⊂ B, there exists a bijectionφ : V → V′ with a packing V′ such that
||v || = ||φ(v) || and such that every nodev′ in the contact fan of V′ is either
isolated or surrounded.

Proof Consider all finite packings in bijective correspondence with V such
that the bijection preserves distances to the origin. Amongthese packings, se-
lect one,V′, with the largest number of isolated points in the contact graph.

We assume for a contradiction that there is a pointv ∈ V′ that is not isolated
and not surrounded. It has a dart in the contact fan with angleat leastπ. Perturb
v away from the contacts, making it isolated, while preserving its distance from
the origin. The perturbed packingV′′ has at least one more isolated point than
V′, in violation of the supposed maximality ofV′. Hence, the conclusion of the
lemma holds forV′. �

The following lemma shows that the corresponding result holds for the stan-
dard fan. Beware! The set of isolated and surrounded nodes depends on a
choice of fan. The next proof makes frequent use of two different fans (V,Estd)
and (V,Ectc), which have different sets of isolated and surrounded nodes, even
though the setV is the same in both cases.
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Lemma 8.15 [FNJLBXS] Assume that there exists a counterexample to In-
equality 8.1. Then there also exists a counterexample V to the inequality with
the following properties.

1. V ⊂ B is a packing.
2. L(V) > 12, and no finite packing inB attains a value larger thanL(V).
3. The cardinality of V is thirteen, fourteen, or fifteen.
4. For everyv ∈ V, the nodev is surrounded or isolated in the standard fan

(V,Estd).

Proof The cardinality of a counterexample is between thirteen andfifteen,
by Lemma 6.110. The space of all packingsV ⊂ B of cardinality thirteen,
fourteen, or fifteen is a compact topological space. The function V 7→ L(V) is
continuous. Hence by real analysis, the maximum is achievedby someW ⊂ B.
The packingW has the first three properties of the lemma.

LetV be given by

V = {(V, φ) :

V ⊂ B is a packing,

φ : W→ V is a bijection, and

∀v ∈W. ||φ(v) || = ||v || .
}.

The norm condition givesL(W) = L(V) for all (V, φ) ∈ V. By fixing an
enumerationW = {v0, . . . , vk−1}, we identifyV with a compact subspace of
Bk ⊂ R3k. Also,V is nonempty, because it contains (W, IW). If (V, φ) ∈ V, then
V has the first three properties of the lemma.

For any pair (V, φ) inV andv ∈ V, let c(V, v) be the minimum distance from
v to a point inV \ {v}. For i = 0, . . . , k − 1 defineci = ci(V), by ordering the
real numbersc(V, v), v ∈ V, in increasing order:

c0 ≤ c1 ≤ c2 ≤ · · · ≤ ck−1.

The functionsci : V → R are continuous on the compact spaceV. There is
a nonempty compact subsetV0 of V on whichc0 attains its maximum value.
Continuing recursively, there is a nonempty compact subsetVi+1 of Vi on
whichci+1 attains its maximum value.

Any (V, φ) ∈ Vn has the fourth enumerated property of the lemma.Other-
wise, there exists some nodev ∈ V that is neither isolated nor surrounded in
the standard fan. There existi and j such that

{k : ck(V) = c(V, v)} = {k : i ≤ k ≤ j}.
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As v is not isolated in the standard fan, it follows thatc(V, v) ≤ 2h0. As v is not
surrounded in the standard fan in the cyclic order on

{w ∈ V : ||w − v || = c(V, v)},

some azimuth angle is at leastπ. Thus, there is a direction in whichv can be
perturbed that fixesc0, . . . , ci−1, does not decreaseci , . . . , c j−1, and increases
c j . This is contrary to the defining property of (V, φ) ∈ Vn ⊂ V j ⊂ Vi . This
establishes the claim. �

Lemma 8.16 [FCDJDOT] Assume that there exists a counterexample to In-
equality 8.1. Then there also exists a counterexample V to the inequality with
the following properties.

1. V ⊂ B is a packing.
2. L(V) > 12, and no finite packing inB attains a value larger thanL(V).
3. The cardinality of V is thirteen, fourteen, or fifteen.
4. Every nodev is surrounded in the standard fan(V,Estd).
5. Every nodev that is not surrounded in the contact fan(V,Ectc) satisfies
||v || = 2.

Proof By Lemma 8.15, some counterexampleV satisfies the first three prop-
erties and in which every node is surrounded or isolated in the standard fan.
By Lemma 6.112, if there are any isolated nodes in the standard fan, then it is
not a counterexample. Hence, every node is surrounded in thestandard fan.

A nodev that is not surrounded in the contact fan satisfies||v || = 2. Oth-
erwise, the counterexample does not maximizeL. In fact, the packing that
replacesv with (1− ǫ)v for sufficiently smallǫ > 0 does better. �

Definition 8.17(contravening) [YXISOKH][contravening ! contravening]

A finite packingV is a contraveningpacking if it satisfies the properties of
Lemma 8.16. The hypermap hyp(V,Estd) is also said to becontraveningwhen
V is contravening.

8.3 Contravention is Tame

This section and the next one prove that every contravening hypermap is tame.
Let V be a contravening packing with standard fan (V,E) = (V,Estd) and let

H = hyp(V,E) = (D, e, n, f ) be the hypermap attached to (V,E). The fan (V,E)
is fully surrounded and a conforming fan by Lemma 5.42. We recall some of
the properties of conforming fans from Section 5.3.2. The hypermapH is plain,
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planar, connected, and simple. The set of topological components ofY(V,E) is
in bijection with the set of faces ofH. For each face ofH, the corresponding
componentUF is eventually radial with solid angle

sol(UF) = 2π +
∑

x∈F
(azim(x) − π). (8.18)

Recall that
∑

F

sol(UF) = 4π. (8.19)

Set

h(x) = ||node(x) ||/2,

where as usual, node :F → V is given by

x 7→ node(x); x = (node(x), . . .).

[node! FST]

Define the weight function

τ(V,E, F) =
∑

x∈F
azim(x)

(

1+
sol0
π

(1− L(h(x)))

)

+ (π + sol0) (2− k(F))

= sol(UF) + (2− k(F)) sol0−
sol0
π

∑

x∈F
azim(x)(L(h(x)) − 1)

= sol(UF)

(

1+
sol0
π

)

− sol0
π

∑

x∈F
azim(x)(L(h(x))), (8.20)

where sol0 is the solid angle of a spherical equilateral triangle with aside of
arclengthπ/3, andk(F) is the cardinality ofF. These formulas are equivalent
by Equation 8.18. The first expression forτ(V,E, F) is particularly convenient
because it expressesτ as a sum of local contributions from each dart. The main
conjecture may be expressed in the following alternative form.

Lemma 8.21(target) [HRXEFDM] Let V be a contravening packing. Then
∑

F

τ(V,Estd, F) < 4π − 20 sol0 .

The sum runs over the faces F ofhyp(V,Estd).

Proof Use the formula (8.20). The sum of the solid anglesUF is 4π, and the
sum of the azimuth angles at each node is 2π. Thus,

∑

F

τ(V,Estd, F) = 4π

(

1+
sol0
π

)

−
(

sol0
π

)

2π
∑

V

L( ||v ||/2) (8.22)

= (4π − 20 sol0) + 2 sol0(12− L(V)). (8.23)
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In a contravening packing, 2 sol0(12− L(V)) < 0. The result ensues. �

Remark8.24 The significance of the constant tgt= 1.541 is that it is a con-
venient rational approximation to the constant 4π − 20 sol0 ≈ 1.54065, which
appears in Lemma 8.21.

The theorem that follows is one of the main results of this chapter. The
subsequent sections present the proof in a sequence of steps.

Theorem 8.25 [MQMSMAB]Let V be a contravening packing. Then the weight
assignment F7→ τ(V,Estd, F) on H = hyp(V,Estd) is admissible. Moreover, the
hypermap H is tame with weight assignmentτ(V,Estd, ∗).

8.3.1 general properties

Many of the properties of tameness are trivial or have been established in ear-
lier sections. The following lemma quickly disposes of manyof the properties
of tameness.

Lemma 8.26 [JGTDEBU] A contravening hypermap H satisfies properties
(planar), (simple), (nondegenerate), (no loops), (no double joins), (face count),
(node count), and the first part of(node size) of tameness on page 285.

Proof The hypermap is plain, planar, connected, and simple by the general
results established in the chapter on fan. That chapter alsoshows that the hy-
permap attached to a fan satisfies properties (nondegenerate), (no loops), and
(no double joins).

Properties(face count) and the first half of property(node size) hold. In-
deed, every node is surrounded, meaning that the azimuth angles of the darts
at the node are less thanπ. As the angles around the node sum to 2π, there
are at least three darts in the node. Each of the darts in the node leads into a
different face by property (simple).

Finally, property (node count) has already been established in Lemma 8.16.
�

We list the properties that remain and the lemma that proves them.

(node size) (Lemma 8.28, second part), (weights bound a) (Lemma 8.30),

(node types) (Lemma 8.30), (weights bound b) (Lemma 8.29),

(face size) (Lemma 8.31), (weights bound d) (Lemma 8.33).
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8.3.2 properties of nodes

Lemma 8.27 [CDTETAT] Let H be a contravening hypermap. For every dart
x in a triangular face of H,

0.852≤ azim(x) ≤ 1.9.

For every dart x in a nontriangular face of H,

1.15≤ azim(x) < π.

Consequently, if a nodev has type(p, q, r), then(p, q+ r) must be one of the
following pairs:

(0, 3), (0, 4), (0, 5), (1, 2), (1, 3), (1, 4), (2, 1), (2, 2), (2, 3),

(3, 1), (3, 2), (3, 3), (4, 0), (4, 1), (4, 2), (5, 0), (5, 1), (6, 0), (6, 1), (7, 0).

Proof The angle bounds are acomputer calculation2 [21]. The sum of the
azimuth angles around a node satisfies:

p(0.852)+ (q+ r)(1.15)≤ 2π < p(1.9)+ (q+ r)π,

and the pairs satisfying these constraints are listed. �

Lemma 8.28 [SZIPOAS] [formal proof by Vu Thanh]. Contraven-
ing hypermaps satisfy the second part of property(node size) of tameness.
That is, the cardinality of every node is at most seven.

Proof For every pair (p, q+ r) in the list of Lemma 8.27,p+ q+ r ≤ 7. �

Lemma 8.29 [KCBLRQC] Let v be a node of type(p, q, 0) in a contraven-
ing hypermap. Then the property(bound b) of a admissible weight assignment
holds:

∑

F∈A
τ(V,E, F) ≥ b(p, q),

where the sum runs over the set A of faces that meet the nodev.

Proof A computer calculation3 [21] gives a list of nonlinear inequalities for
τ(V,E, F) whenF is a triangle or quadrilateral. Each nonlinear inequality has
the form

τ(V,E, F) ≥ a azim(x) + b

for somea, b ∈ R, wherex is the uniquely determined dart at the nodev in the

2 [KCBLRQC]
3 [KCBLRQC]
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faceF. These nonlinear inequalities admit a linear relaxation asfollows. For
eacha, b, there is a corresponding linear inequality

t(F) ≥ a z(F) + b,

wheret(F) andz(F) are variables indexed byF ∈ A. The linear relaxation asks
for the minimum of

∑

F∈A
t(F)

subject to these linear inequalities and the constraint

2π =
∑

F∈A
z(F).

We have executed the linear program as acomputer calculation4 [21] for each
of the types (p, q, 0) of Lemma 8.27. The given constants are obtained from
the (downward rounded) solutions to these linear programs. �

Lemma 8.30 [BDJYFFB] Every contravening hypermap satisfies properties
(node types) and (weight bound A) of tameness: If a node has type(p, q, r)
with p+q+ r ≥ 6 and r≥ 1, then(p, q, r) = (5, 0, 1). Furthermore, assume the
type is(5, 0, 1) and let A be the set of five triangles at the nodev. Then

∑

F∈A
τ(V,E, F) > a,

where a= 0.63.

Proof We have also checked these conclusions by computer. The sameset of
nonlinear inequalities is used as in Lemma 8.29, and the linear relaxation is
constructed in the same way as the proof of that lemma. The linear program-
ming bounds exceed the constant tgt in the cases excluded in the conclusion
of the lemma. The constanta is the downward rounded solution to the linear
program for (5, 0, 1). �

8.3.3 faces

Lemma 8.31 [CRTTXAT] Property(face size) holds. That is, every face of a
contravening hypermaphyp(V,Estd) has cardinality at least three and at most
six.
4 [KCBLRQC]
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Proof The lower bound holds because the hypermap has no loops or double
joins. (See Lemma 4.55.)

Let F be a face of the hypermap of cardinalityk. The inequalitiesL(V) ≥ 12,
L(hi) ≤ 1, and card(V) ≤ 15 imply that

12≤ L(V)

=

k
∑

i=1

L(hi) +
card(V)
∑

i=k+1

L(hi)

≤
k

∑

i=1

L(hi) + (card(V) − k)

≤
k

∑

i=1

h0 − hi

h0 − 1
+ (15− k),

or
k

∑

i=1

hi ≤ −(h0 − 1)(k− 3)+ kh0.

By Lemma 7.38 and Lemma 6.107, the perimeterP of F satisfies

2π ≥ P ≥
k

∑

i=1

arc(2hi, 2hi+1, 2) ≥ 2
k

∑

i=1

g(hi)

whereg(h) = arccos(h/2)− π/6 and wherehi ∈ [1, h0].
A calculation of the second derivative shows that the functiong is concave.

Let g1(h) = ah+ b ≈ −0.61h+ 1.13 be the linear secant approximation tog1

on [1, h0]:

g1(1) = g(1), g1(h0) = g(h0).

Thena < 0 and

2π ≥ 2
k

∑

i=1

g1(hi)

≥ 2a
k

∑

i=1

hi + 2kb

≥ 2a [−(h0 − 1)(k− 3)+ kh0] + 2kb.

Solving fork, we getk < 7. �
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8.4 Admissibility

The main result (Lemma 8.33) of this section is a proof that for every con-
travening hypermapH = hyp(V,E), the functionτ(V,E, ∗) is an admissible
weight assignment onH.

Lemma 8.32 [GBMLQWW] Let V be a contravening packing, and let F be any
face ofhyp(V,Estd). Then

τ(V,Estd, F) = τ(V′,E′, F),

where(V′,E′, F) is the localization of(V,Estd) along the face F.

Proof The valueτ(V,E, F) is expressed entirely in terms of||v || for v ∈ V′ ⊂
V and in terms of azim(x) for x ∈ F. By Lemma 7.8, the terms azim(x) are the
same, whether calculated in terms of the hypermap of (V,Estd) or in terms of
that of (V′,E′). �

Lemma 8.33 [OLNSWLK] Let V0 be a contravening packing, and let F be any
face ofhyp(V0,Estd) of cardinality k. Then property(weight bound d) holds.
That is,τ(V0,Estd, F) ≥ d(k).

Proof Let V0 be a contravening packing. By Lemma 8.32,τ(V0,Estd, F) =
τ(V,E, F), where (V,E, F) is the localization of (V0,Estd) alongF.

The tuple(V,E, F) satisfies the conditions of Theorem 7.43.Indeed, every
property can be verified in turn. The properties (packing) and (annulus) result
from the assumption thatV is contravening packing.

(nonreflexive local fan) The localization (V,E, F) is a nonreflexive local
fan by Lemma 7.9. (diagonal) If ||v − w || < 2h0 andv , w, then{v,w} ∈ Estd.
(card) The bound 3≤ card(F) ≤ 6 follows from Lemma 8.31.

By Lemma 7.44 and Theorem 7.43,

τ(V0,Estd, F) = τ(V,E, F) ≥ d(k).

This completes the proof. �

Remark8.34 It is helpful to keep in mind the origin of the constantsd(k).
Although the proof of Lemma 8.33 does not produce sharp lowerbounds on
τ(V,E, F), the statement of the lemma is motivated by the configurations that
follow. Consider a nonplanar polygon whose vertices lie on asphere of radius
2, with k sides all of lengthyi,i+1 = 2, heightsyi = 2, andk − 3 diagonals of
length 2h0: y0, j = 2h0 for j = 2, . . . , k − 2 (Figure 8.2). LetV be the set of
vertices of the polygon, let (V,Ectc) be its contact fan, and letF be the face of
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hyp(V,Ectc) representing the “interior” of the polygon. Evaluatingτ on these
rigid configurations gives

τ(V,Ectc, F) ≈



























0.20612 k = 4

0.48356 k = 5

0.760993 k = 6.

These calculations suggested the values of constantsd(k). The constantsd(k)
are slightly smaller than these calculated values.5

d(6)d(5)d(4)

Figure 8.2[DEJKNQK] The fans associated with these spherical polygons
attain values ofτ close to the lower boundsd(k). The choice of constants
d(k) was based on these examples. The points lie on a sphere of radius 2. The
polygon is triangulated with diagonals of Euclidean length2h0.

Definition 8.35(opposite) [JABXMOS][opposite ! opposite hypermap]

Theoppositeof a hypermap (D, e, n, f ) is the hypermap (D, f n, n−1, f −1).

Lemma 8.36 [PPHEUFG] [formal proof by Diep Trieu Thi]. A hy-
permap is tame if and only if its opposite hypermap is tame as well.

Lemma 8.37 [RUNOQPQ] Every tame hypermap is a restricted hypermap.

Proof By definition, a tame hypermap is nonempty, connected, plain, planar,
and simple. The edge and node maps have no fixed points. The cardinality of
every face is at least three. These are also precisely the defining properties of
a restricted hypermap. �

8.5 Linear Programs

This is a short section, but it represents a major part of the proof of the Ke-
pler conjecture. It is short only because the calculations are better expressed

5 Noteτ(2.1028, 2,2, 2, 2.52, 2.52)≈ 0.275951< 0.277433≈ τ(2, 2,2, 2, 2.52, 2.52).
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as computer code than as published text. The code appears at the project web-
site [21].

The classification result in this section is one of the main results of this book.
All of the work to prove the classification algorithm has beencompleted in the
chapter on hypermaps. A list of hypermaps appears at [21]. The following
theorem has been established by executing a computer program that generates
tame hypermaps. The program generates restricted hypermaps and filters out
those that are not tame. About 25, 000 tame hypermaps occur in the output of
the program. Several examples appear in Figure 8.1.

Theorem 8.38 [WTEMDTA] Every tame hypermap is isomorphic to a hyper-
map in the list [21] or is isomorphic to the opposite of a hypermap in the list.

Because of this classification, we may attach an explicit linear program to
each tame hypermap. For each tame hypermapH there is a configuration space
VH of all contravening packingsV ⊂ B, whose standard fan is isomorphic to
H or to the opposite ofH.

A nonlinear optimization problem asks for the maximum of

L(V) =
∑

v∈V
L( ||v ||/2) (8.39)

over allV ∈ VH .

Theorem 8.40 Let H be a tame hypermap that appears in the explicit list [21].
Let V ∈ VH . Then

L(V) < 12.

Proof The linear program comes as a linear relaxation of this nonlinear op-
timization problem onVH . That is, the optimal solution of the linear program
has value at least as great as the corresponding nonlinear problem. When a
single linear program is not sufficient, branch and bound methods replace the
single linear program with a finite sequence of linear progams. About 50, 000
linear programs arise. By showing that the value of each linear program is less
than 12, we conclude that the maximum of (8.39) is less than 12. �

Theorem 8.41 The Kepler conjecture holds: no packing of congruent balls in
three-dimensional Euclidean space has density greater than the face-centered
cubic packing (of densityπ/

√
18).

Proof We take the precise meaning of the Kepler conjecture to be that given
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in Remark 6.16. We argue by contradiction. If the Kepler conjecture is false,
then by Lemma 6.100, there exists a finite packingV ⊂ B such that

L(V) > 12. (8.42)

By Lemma 8.16 and Definition 8.17, we may assume thatV is a contravening
packing. Let (V,Estd) be the standard fan ofV, and letH be the fan’s hypermap.
By Theorem 8.25, the hypermapH is tame. By Theorem 8.38, eitherH or its
opposite is isomorphic to a tame hypermap in the classification list. By the
definition ofVH , we haveV ∈ VH . By Theorem 8.40,

L(V) < 12, (8.43)

for all V ∈ VH . This contradicts Inequality 8.42. �

8.6 Strong Dodecahedral Theorem

The same methods that have been used to prove the Kepler conjecture can be
used to prove some other longstanding conjectures in discrete geometry. This
section gives a proof of the strong dodecahedral conjecture.

Earlier sections are written in a formal blueprint style. Complete proofs are
provided, even for statements that might be viewed as geometrically obvious.
In this section, we relax our standards of proof just a bit. What we write is
still a proof by traditional mathematical standards, but not as detailed as earlier
chapters.

Bezdek has conjectured that the Voronoi cell of smallest surface is the reg-
ular dodecahedron with unit inradius. This is thestrong dodecahedral conjec-
ture [4], [5].

Theorem 8.44(strong dodecahedral conjecture)[HKJSPQG]The surface area
of a Voronoi cell in a packing is at least the surface area of the regular dodec-
ahedron with unit inradius.

This section gives a proof of this theorem. We begin with somesimple ob-
servations.

Remark8.45 If a packing is saturated, then the surface area of a Voronoi
cell is finite. We may assume without loss of generality that the packing is
saturated.Indeed, consider a new facetF that is created on a Voronoi cell by
the addition of a new point to the packingV. Let X be the polygonal boundary
of the new facet. The area minimizing surface that hasX as a boundary is the
facetF. Thus the new facet replaces a surface of larger area with a surface of
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smaller area. That is, by saturating a packing, the surface area of a Voronoi cell
can only decrease.

Remark8.46 As in the proof of the Kepler conjecture, the truncationof a
Voronoi cell is easier to study than the Voronoi cell itself.In order to obtain
sharp bounds, the truncation must have no effect on the optimal Voronoi cell.
This constraint forces the truncation parameter to be at least the circumradius√

3 tanπ/5 ≈ 1.258 of the regular dodecahedron. The truncation parameter
√

2
that we use in the proof of the Kepler conjecture satisfies this constraint and is
therefore well-suited for the strong dodecahedral conjecture.

Lemma 8.47 [JXVEXYV] Let r0 ≥ 0. The surface area of the Voronoi cell
Ω(V, u0) is at least that ofΩ(V, u0) ∩ B(r0), where B(r0) is the ball of radius r0
centered atu0.

Proof The surface element for a parameterized surfacer(θ, φ) in spherical
coordinates is

r
√

r2
θ
+ (r2 + r2

φ) sin2 φ dθ dφ,

which is at least the surface elementr2
0 sinφ dθdφ of a sphere of radiusr0,

providedr(θ, φ) ≥ r0. Hence, projection of a surface outside sphere onto the
sphere is area decreasing. �

Fejes Tóth’s classical dodecahedral conjecture is the corresponding conjec-
ture about volumes rather than surface areas, asserting that the Voronoi cell
of smallest volume is the regular dodecahedron of unit inradius. The strong
dodecahedral conjecture yields the dodecahedral conjecture as a corollary.

Lemma 8.48 [QRBKJAW] If the surface area of a Voronoi cell is at least the
surface area of a regular dodecahedron with unit inradius, then its volume is
also at least that of a regular dodecahedron.

Proof Let A1, . . . ,An be the areas of the facets of a Voronoi cell. Leth1, . . . , hn

be the distances from the affine hulls of the facets to the center of the Voronoi
cell. Thenhi ≥ 1. Assume that

∑

Ai ≥ AD, whereAD is the surface area of a
regular dodecahedron. Then its volume is

vol =
∑

Aihi/3 ≥
∑

Ai/3 ≥ AD/3 = volD,

where volD is the volume of the regular dodecahedron. �
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8.6.1 D-cells

The notation follows Section 6.2. LetV be a saturated packing. LetΩ(V, u0)
be a Voronoi cell with Rogers’s partition

Ω(V, u0) =
⋃

{R(u) : u ∈ V(3), d0u = [u0]}.

Definition 8.49 (B, Dk-cell) Let B be the ball of radius
√

2 centered atu0.
We defineDk-cells fork = 1, 2, 3, 4 for eachu = [u0; . . . ; u3] ∈ V(3) by

Dk(u) = Ω(V, u0) ∩ cell(u, k),

where cell(u, k) is the Marchalk-cell of u.

A Dk-cell, which is a subset ofΩ(V, u0) ∩ B, is the adaptation of ak-cell to
the geometry of the strong dodecahedral conjecture.

Lemma 8.50 [ZERRZRM] Let V be a saturated packing and letu0 ∈ V. If the
intersection of a Di-cell with a Dj-cell is not a null set, then i= j and the two
cells are equal. The union of all the Dk-cells atu0 isΩ(V, u0) ∩ B.

Proof This follows from the corresponding facts for cells in Lemma6.61.
Each null set is in fact a subset of a plane. �

8.6.2 surface area and dihedral angle

Every cellDk(u) is eventually radial atu0 and has a solid angle sol(u0,Dk(u)).
Every cellDk(u) has anexposedsurface area surf(Dk(u)), the area of the in-
tersection ofDk(u) and the boundary ofΩ(V, u0) ∩ B. It consists of the sum of
the areas of the analytic facets (linear or spherical surfaces) that do not meet
the pointu0. The total surface area ofΩ(V, u0) ∩ B is the sum of the exposed
surface areas surf(Dk(u)).

We use the functions dihi in (7.88) to introduce a function of six variables
y = (y1, y2, . . . , y6):

soly(y) = dih1(y) + dih2(y) + dih3(y) − π.

By Girard’s formula for the solid angle of a simplex (Lemma 3.23),

soly(y1, y2, y3, y4, y5, y6) = sol(u0, conv{u0, u1, u2, u3})

when

yi =















||u0 − ui || , i ∈ {1, 2, 3},
||u j − uk || , i ∈ {4, 5, 6} and {i − 3, j, k} = {1, 2, 3}.
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Every cellDk(u) has a setE(k, u) of distinguished edges (that is, the edges
of the cell that extend fromu0 to a midpoint (u0 + ui)/2) and a dihedral angle
dih(e) for e ∈ E(k, u). Each edge has a lengthh(e) ∈ [1,

√
2].

8.6.3 local inequality

We reduce the strong dodecahedral conjecture to an estimatefrom an earlier
chapter (6.95) and a local inequality.

Definition 8.51 (aD, bD, yD, νD, f ) [TCOSFNQ]Define constantsaD, bD, yD,
and functionsνD, f as follows. LetyD ≈ 2.1029 be defined by the condition

soly(2, 2, 2, yD, yD, yD) = π/5.

For anyui ∈ R3, let g(u0, u1, u2, u3) be the volume of the intersection of the
convex hull ofS = {u0, . . . , u3} with set of points closer tou0 than to any other
point in S. When

||u0 − ui || = 2 and ||ui − u j || = y for i, j ≥ 1, (8.52)

this volume depends only ony. Write ν(y) = g(u0, . . . , u3). Set

f (y; a, b) = ν(y) + asoly(2, 2, 2, y, y, y)+ 3bdih(2, 2, 2, y, y, y).

The linear system

f (yD; a, b) = 0,
∂ f
∂y

(yD; a, b) = 0 (8.53)

has a unique solution ina, b with valuesa = aD ≈ −0.581,b = bD ≈ 0.0232.

Note that the regular dodecahedron has volume 20ν(yD) and surface area
60ν(yD). Also,

2 soly(2, 2, 2, yD, yD, yD) = dih(2, 2, 2, yD, yD, yD) = 2π/5. (8.54)

Lemma 8.55(local inequality) [PWVDMPT] For any cell Dk(u)

surf(Dk(u)) + 3aD sol(Dk(u)) + 3bD

∑

e∈E(k,u)

L(h(e)) dih(e) ≥ 0,

where L is the function of Definition 6.88. Equality holds precisely when the
cell is a null set or a4-cell with edges(2, 2, 2, yD, yD, yD).
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For a cellD4(u) with parameters of the form (8.52), the local inequality
reduces to the inequalityf (y; aD, bD) ≥ 0. The constantsaD andbD are chosen
so thaty = yD is a critical point off with value f (yD; aD, bD) = 0. In particular,
the local inequality asserts thatf has a local minimum aty = yD.

Proof The dimension of the set of allDk-cells up to rigid motion is
(

k
2

)

, which
is at most six. This cell inequality is a nonlinear inequality in a small number
of variables and is verified by acomputer calculation6 [21]. �

Lemma 8.56 [OIEKCEZ] The local inequality and the estimate(6.95)
∑

L(h) ≤ 12

imply the strong dodecahedral conjecture.

Proof Sum the local inequality over all theDk-cells in a Voronoi cell. The
solid angles sum to 4π and the dihedral angles around each edge sum to 2π:

surf(Ω) ≥ surf(Ω ∩ B)

=
∑

k,Dk-cell

surf(Dk(u))

≥ −12πaD − 6π bD

∑

L(h)

≥ −12πaD − 72π bD

= −60soly(2, 2, 2, yD, yD, yD)aD − 180 dih(2, 2, 2, yD, yD, yD)bD

= 60(ν(yD) − f (yD; aD, bD))

= 60ν(yD).

The final term is the surface area of a regular dodecahedron. �

The case of equality occurs only for the regular dodecahedron. We note that
the strong dodecahedral conjecture follows from the same estimate (6.96) that
is used to prove the Kepler conjecture.

Exercise8.57 Recently, Musin and Tarasov solved the Tammes problem for
k = 13 points on a sphere in dimensionn = 2 [32]. In parting, we leave it as
a challenging problem to adapt their solution to the framework of this book to
obtain an independent solution to the Tammes problem.

6 [TNVWUGK]
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Credits

This book is just a blueprint, which gives instructions about how to construct
the formal proof.Flyspeckis the name of an ongoing project to construct a
formal proof of the Kepler conjecture in the HOL Light proof assistant, along
the lines described in this book. The eventual aim of the project is to give a
formal verification of the computer portions of the proof as well as the standard
text portions of the proof. The project is about 80% completeas of May 2012.
The source code for the project and information about the current project status
are available at [21].

Here is the fine print about the current project status. (I hope that this status
report is out of date by the time this book is printed.) There are four com-
ponents to the formalization project (text, hypermaps, linear programs, and
nonlinear inequalities), at various stages of completion.

1. The English mathematical text in this book has been fully formalized, with
the following explicit omissions.

a. The formal proof does not include the parts of the text (such as remarks,
introductory passages, and auxiliary results in Section 8.6) that are not
strictly a part of the proof of the Kepler conjecture.

b. There are three specific sections of this book that describe the rela-
tionship between the text and the computer portions of the proof: Sec-
tion 4.7.4 (Hypermap Algorithm), Section 7.4 (Main Estimate), and Sec-
tion 8.5 (Linear Programs). They have not yet been formalized.

c. There are still a few lemmas scattered throughout in the book that re-
main to be formalized. These lemmas are listed at [21]. Combined, these
scattered lemmas amount to fewer than 300 lines of English proof text.

2. Formal verification of the hypermap generation program iscomplete [33].
3. Formal verification of linear programs is near completion[34] and [41].
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The technology to verify linear programs in HOL Light has been devel-
oped and an efficient implementation has been made, but the actual formal
verifications of the long list of linear programs remains to be made.

4. The technology to make formal verifications of nonlinear inequalities over
the field of real numbers has been designed and implemented. These are
slow verifications, and the software must be further optimized, before the
verification of large collections of inequalities can be considered practical.
This research will appear in a forthcoming doctoral thesis by A. Solovyev
at the University of Pittsburgh. Earlier work on formal proofs of nonlinear
inequalities is mentioned in [24].

The Flyspeck project has been a large team effort over a period of years, and
my contributions have been just a fraction of the whole. Thisappendix cites
their contributions. The principal formalizer of each chapter is indicated with
an asterisk.

Text Chapter Author of formalization work

Trigonometry Nguyen Quang Truong∗; Rute, Jason;
Harrison, John; Vu Khac Ky

Volume Harrison, John∗; Nguyen Tat Thang
Hypermap Tran Nam Trung∗

Fan Hoang Le Truong∗; Harrison, John
Packing Solovyev, Alexey∗; Vu Khac Ky∗;

Nguyen Tat Thang; Hales, Thomas
Local Fan Nguyen Quang Truong∗; Hoang Le Truong∗

Tame Hypermap Solovyev, Alexey∗; Dat Tat Dang; Trieu Thi Diep;
Vu Quang Thanh; Vuong Anh Quyen

Code-Verification Author of formalization work

Hypermap Generation Nipkow, Tobias∗; Bauer, Gertrud∗

Linear Programs Obua, Stephen∗; Solovyev, Alexey∗

Nonlinear Inequalities Solovyev, Alexey∗
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adapted, 51
adjacent, 216
adjusted, 149
admissible, 237
affine, 35, 36, 133

dimension, 133
hull, 35, 133
independence, 133, 157

algorithmically planar, 108
angle, 39, 55, 125

azimuth, 51, 52, 118, 241
dihedral, 43, 48, 52, 65, 176, 254
total solid, 175
zenith, 54

annulus, 184
apex, 66
arc, 39, 40

geodesic, 40
arccosine, 32
arclength, 39, 40
arctangent, 31

arctan2, 31
derivative, 31
near 0, 32

Aristotle, 150
azimuth, 51, 52, 57, 58, 118, 241
azimuth cycle, 51, 57, 58, 114

ball, 67
ball, open and closed, 63
Bezdek, K., 252
bisector, 147
blade, 37, 113
boundary

relative, 133

canonical function, 97

cardinality, 237, 241
finite, 70

carrier, 105
Cauchy–Schwarz inequality, 34, 39, 41
Cayley–Menger

determinant, 37, 68
cell, 167, 169
cell cluster, 181, 182
circular cone, 62
circular fan, 197, 198
circumcenter, 157
circumradius, 157
claim (italic format of small claims), xii
closed, 135
closed ball, 63
closure, 133
clusters, 181
codimension, 152
collinear, 37
combinatorial component, 77, 117
complement, 88
component

combinatorial, 77, 87, 127
topological, 126, 131, 138

computer calculation, 251
5202826650 a, 234
BIEFJHU, 191
KCBLRQC, 246, 247
OXLZLEZ, 183
TNVWUGK, 256
TSKAJXY, 182
TVAWGDR, 240
UKBRPFE, 192
UPONLFY, 227
WAZLDCD, 192
notation, xii
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cone
right-circular, 65

conforming, 126, 128, 243
conic cap, 66, 67
connected, 77, 117, 120, 127, 138

combinatorial component, 117
topological component, 117, 118, 120, 123,

124
constraint system, 216
contact fan, 238
contour

loop, 86
Moebius, 88
path, 86

contravening, 17, 20, 243
convex, 36, 126, 133, 188
convex hull, 36, 162, 255
coordinate systems, 52, 54, 55

cylindrical coordinates, 52
polar coordinates, 51
spherical coordinates, 54

coplanar, 37, 65
corrected volume, 149
correction term, xiii
cosine, 27

derivative, 28
law of cosines, 40
roots, 29
series definition, 27
spherical law of cosines, 45, 47

cover, 222
critical edge, 181
cross product, 42
cyclic

list, 86
permutation, 55, 57, 74, 196
set, 57, 58

cylindrical coordinates, 52

D-cell, 254
dart, 74, 116, 118, 119, 123, 138

degenerate, 77
isolated, 116
nondegenerate, 77
set, 76

decomposition
Delaunay, 15, 167
Marchal, 18, 167
Rogers, 150, 253
Voronoi, 9, 146, 167, 252

deformation, 203, 224
degenerate, 77, 79

Delaunay,seedecomposition
determinant, 38

Cayley–Menger, 37, 68
Dhammapada, 77
diagonal, 213
diagonal cover, 222, 224
dihedral, 94
dimension, 133
disjoint sum decomposition, 119
dodecahedral conjecture, 252
dot product, 34
double join, 93, 238

ear, 217
edge, 77, 133, 134

fan, 114
graph, 114
length, 38, 43, 254
map, 74
walkup, 79

equivalence relation, 76
Euclidean space, 33
Euler characteristic relation, 84
Euler’s formula for solid angle, 68
eventually,seeradial
exposed, 254
extension, 98
extremal edges, 175
extreme point, 133, 134, 175

face, 77, 133–135, 238
attribute, 128
map, 74
walkup, 79

face-centered cubic,seeFCC
facet, 133, 135
fan, 112, 113, 118, 124, 137

contact, 238, 241
local, 195, 198, 203, 206, 207, 211
standard, 238

fan, 113
FCC, 7, 10, 148

compatible, 149, 179
pattern, 10

Fejes Tóth, L., 253
final, 108
fixed point, 77
flag, 96, 97
Flyspeck, 257
frame, 51, 57
free, 225
frustum, 65, 67
fully surrounded, 121, 243
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generation, 95
generic fan, 197, 198
Girard’s formula, 48, 68, 125, 188
Google Code project hosting, xii
graph record, 107
great circle, 46
group, 164

half-plane, 37, 191
half-space, 37, 65, 125, 147, 191

open, 37
Harriot, T., 48
HCP, 10, 148

pattern, 10
Heron’s formula, 41
hexagonal layer, 11
hexagonal-close packing,seeHCP
HOL Light, xiii
hull

affine, 35, 133
hypermap, 72, 74, 112, 114, 118, 119, 123,

124, 127, 138
algorithm, 96
connected, 127
contravening, 241
dihedral, 94
opposite, 250
plain, 83
planar, 89, 192
planar index, 84
restricted, 96
simple, 127
subquotient, 92
tame, 235, 236

hyperplane , 133

I (use of personal pronoun), xii
interior, 196

point, 138
relative, 133

interior point, 133
Isabelle/HOL, 95
isolated, 116, 241
isomorphism

hypermap, 91
proper, 105
tame hypermap classification, 251
torsor, 216

Java, 95
Jordan curve theorem, 112

Kepler conjecture, 148, 150, 251

latitude, 54

lattices, x
law of cosines, 14, 40
law of sines, 42
lead into, 120
length, 152
level, 223
line, 37
linear stretch, 63
linearly independent, 158
list, 75
listing, 105
local fan, 195
local inequality, 255
localization, 194, 196
longitude, 26, 52
loop, 86, 238
lunar fan, 197, 198
lune, 64, 65

map, 105
Marchal cell, 18, 167
Marchal, C., 167
marked hypermap, 98
Mathematica, 95
measurable, 62
measure, 61, 62, 146

Lebesgue, 62
merge, 79, 81
metric space, 117
minimal counterexample, 223
ML, 95

named property
angle, 195
bijection, 126
bound a, 237
bound b, 237
bound d, 237
cardinality, 113
circular fan, 197
diagonal, 126
dihedral, 195
face, 195
face count, 238
face size, 238
fan, 195
generic fan, 197
half-space, 126
intersection, 113
linear stretch, 63
lunar fan, 197
no double joins, 238
no loops, 238
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node count, 238
node size, 238
node types, 238
nondegenerate, 238
nonnegative, 62
nonparallel, 113
null difference, 62
null set, 62
origin, 113
planar, 238
primitives, 63
simple, 238
solid angle, 126
surroundedness, 126
translation, 63
union, 62
wedge, 195
weights, 238

natural numbers, 26, 27
negligible, 148, 149, 179
node, 77, 134, 237

map, 74
properties, 245
type, 236
walkup, 79

nondegenerate, 77, 238
nonreflexive, 195

local fan, 198
norm, 34
normal family, 91, 92
null set, 62, 254

open ball, 63
open half-space, 37
opposite, 250
orbit, 77, 80
order, 74

lexicographic, 55
total, 55

orthogonal frame, 54
orthogonality, 43
overloaded, 151

packing, 112, 145, 146
finite, 241

parallel, 37
parallelepiped, 37
partial perimeter, 211
partition,seedecomposition
path, 75, 77, 86

injective, 76
maximal, 92

path connected, 118

pencil and pen heuristic, 96
perimeter, 211

nonreflexive local fan, 211
periodicity, 29
permutation, 73, 164
plain, 77
planar, 21, 83, 112, 114, 127, 238

algorithmic, 108
graph, 21, 72
index, 84
map, 72

plane, 37, 62, 77, 121
graph, 21, 72, 74

polar
coordinate, 120
coordinates, 51
cycle, 55, 57
fan, 209
triangle, 46

polygon, 185, 188
polyhedron, 134, 135, 137, 138, 189, 192
polysemes (face, edge, node), 134
positive, 51
primitive region, 62, 66
proper, 133
protracted, 213

quadrilateral, 236
quotient dart, 92

radial, 64
eventually, 63, 70
set, 61, 63

real analysis, 27
real arithmetic, 27
rearrangement, 164, 173
record, 108
rectangle, 67
reflex angle, 195
regular dodecahedron, 255

surface area, 255
volume, 253, 255

relative boundary, 133, 135
relative interior, 133
restricted hypermap, 96
right-circular cones, 65
Rogers,seedecomposition
rotation, 55

saturated, 15, 146
set (of a list), 105
simple, 77, 238
sine, 27
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law of sines, 42
series definition, 27

slice
fan, 206, 207
torsor, 221

solid angle, 63, 64
solid triangle, 65, 67
sphere, 62, 117
sphere packing problem, 150
spherical

coordinates, 54, 120
law of cosines, 45, 47
triangle, 45
triangle inequality, 59

split, 79
stable, 216
standard, 213
standard fan, 20, 238
standard main estimate, 215
steps, 75
straight fan node, 198, 226
strong dodecahedral conjecture, 252
sublist, 75, 86
subquotient, 91, 92
surface area, 253

exposed, 254
surrounded, 241
symmetric difference, 62

tame, 17, 21, 235, 238
contravention, 243
hypermap, 21, 236

tangent, 30
target, 236
Tarski arithmetic, 27, 66
tetrahedron, 43, 65, 67
topological component, 117
torsor, 216
total solid angle, 175
transfer, 224
transform, 101
translation, 63
triality relation, 75
triangle, 236

Euler, 49
spherical, 45, 48, 59

triangle attributes, 125
triangle inequality, 35, 41
trigonometry, 25

addition formula, 28
arccos, 33
arctan, 33

circle identity, 28
identities, 28
inverse, 32
law of cosines, 40
law of sines, 42
periodicity, 30
spherical, 45
tangent, 30

type, 236

unit list, 76

vector, 33
addition, 34
cross product, 42
dot product, 34
norm, 34
projection, 43, 57
scalar multiplication, 34
subtraction, 34
zero, 33

vector space, 34
vertices, 134
visits, 76
volume, 63

primitive, 63
Voronoi,seedecomposition

walkup, 78, 79, 83
degenerate, 79
double, 81

we (use of personal pronoun), xii
weakly saturated, 189
wedge, 64, 65, 67, 69, 118
weight, 182, 238

admissible assignment, 237
assignment, 236, 237
total, 237

zenith, 54
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∼ (equal up to positive scalar), 53, 209
∼ (equivalence relation), 76
(

n
k

)

(binomial coefficient), 175
[Y] (topological components), 118
[u, v,w] = (u × v) · w, 211
∗[v,w] (slicing a fan), 206
∠ (dart angle), 196, 206
#c (number of components), 77
#h (number of orbits), 77
· (dot product), 34
∗ (wildcard symbol), xii
∗′ (polar local fan (V′, E′, F′)), 209
∗c (complement), 88
× (cross product), 42
⊥, 159
dp (input-output hypermap-generating

relation), 108

A (Voronoi cell face area), 253
A (index set), 246
A (plane), 37
A (set of faces), 246
A (set of triangles), 237, 247
ABC (triangle), 46
A(u, v) (bisector), 147
A+(u, v) (half-space), 147
aff (affine hull), 133
aff±, aff0

±, 36, 65
a = 0.63 (tame parameter), 247
aD (dodecahedral parameter), 255
arc, 40
arccos, 32, 33
arctan, 31, 33
arctan2, 31
arcV , 39
azim, 52, 58, 118

azim(H, v), 206

B(v, r) (open ball), 17, 63, 146
B̄(v, r) (closed ball), 63
b (tame parameter), 237
bD (dodecahedral parameter), 255
B, 184
Bs, 217

C (set), 63
C (wedge), 69
C(S) (cell-like subset ofR3), 170
C±, C0

± (blade), 113
ci (ranking functions on a packing), 242
CAP, 66, 70
cstab= 3.01, 216
CL (cell cluster), 182
cl (closure), 133
cluster, 182
conv, 36
cos, 27

D (dart set), 74, 92, 116
D (determinant), 38
D (spherical disk), 190
Dk (D-cell), 254
d (real parameter), 237, 250
d(s, v), 220
d(u, v) (metric onR3), 59
dj (truncation of lists), 152
dih, 43, 52, 65, 70, 176, 254
dihi , 213
dihV, 43
dim aff (affine dimension), 133, 151

E (edge set of a fan), 113
EP (edge), 137
Ectc (edge set of contact fan), 238
Estd (edge set of standard fan), 238
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E′ (polar edge set), 209
E(v) (set of edges adjacent tov), 114, 241
E(X), 175
EC (critical edges), 182
E (frame), 51
equi (intersection of spheres), 170
e (edge map), 74
ei (orthonormal vectors), 52

F (hypermap face), 94, 125, 249
F (polygon), 246
F′ (polar face), 209
F (subquotient bijection), 92
f (function name), 57
f (face map), 74
FR (frustum), 65, 70

G (isomorphism of hypermaps), 91
G (negligible function), 149
g (function name), 183
g (graph record), 108
g (triangle area), 188

(H, τ), 245
H (hypermap), 84, 96, 243, 245, 246, 251
H/L (subquotient), 92
h (circumradius), 160
h (cylindrical coordinate), 52
h (half-edge length), 176
h (permutation), 77
h+ = 1.3254, 177
h− ≈ 1.23175, 181
h0 = 1.26, 181, 213
hyp (hypermap), 116, 238

I (identity map), 73
I (real interval), 203
I (torsor), 216
I [p, q] slice (of a torsor), 221

J, 216

k (cardinality of a face), 128, 249, 250

L (dart path), 76
L (linear function), 181, 213, 244
L (normal family of loops), 92
ℓ (level function), 223
L(V) (estimation of a packing), 17, 235, 243,

251
ℓH(x) (listing of dartx), 105

M (Marchal’s quartic), 177
m (face map exponent), 99
m1 ≈ 1.012, 177
m2 ≈ 0.0254, 177
map(φ, ℓ) (map of a function over a list), 105

N (integer invariant of a fan), 128
N = {0, 1, . . . , }, 27
n (integer variable), 58
node :D→ V (node of a dart), 119, 196
n (node map), 74

O (Landau’s big O), 180
O(h, x) (orbit of x underh), 80, 105

P (dart path), 76, 90
P (polyhedron), 135
p (Euler solid angle numerator), 49
p (face map exponent), 99
p (trigonometric expression), 47
p ∈ R3, 62
per (perimeter), 211
(p, q, r) (node parameters), 236, 246
pv, 236

R (Rogers simplex), 154
R (field of real numbers), 27
r (polar, cylindrical, and spherical radius), 32,

51, 52, 54, 65
rcone, rcone0, 65
R

N, 33
reg (area of regular spherical polygon), 191
ri (relative interior), 133

S (finite subset ofR3), 157
S (flag, set of darts), 97
S(H, L, x) (flag set), 97
S2(r) (sphere of radiusr), 117, 204
s (constraint system), 216
s (real variable), 124
seedp, 108
set (of a list), 105
sin, 27
Smain (main estimate constraint systems), 217
sol0 = 3 arccos(1/3)− π, 177, 213, 244
sol (solid angle), 64, 254
soly (solid angle as a function of edges), 254
sol(V, E, F) (formal solid angle), 208
splitc, splitf , 85
surf (surface area), 254
Sym (symmetric group), 164, 166

T (regular tetrahedron), 150
T (rotation), 56
T (transform), 101
Tv (linear stretch), 63
t (real variable), 246
tan, 30
TET (tetrahedron), 65
tgt = 1.541, 236, 244, 247
TRI (solid triangle), 65, 66
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tsol, 175

Ux (topological component), 120
UF (topological component), 123, 125, 243

(V,E) (fan), 113, 238
V (packing), 145, 149, 238
V (subscript marking vector functions), 40, 43
V′ (packing), 241
V′ (polar node set), 209
V(X) = V ∩ X, 175
V ⊂ Rn, 36
V(p, r) = V ∩ B(p, r), 146
V (configuration space), 242
VH (configuration space), 251
v ∈ R3, 37, 39, 65, 69, 237
v(t) (deformation ofv), 203, 225
vol, 62
volD (volume of dodecahedron), 253

W, W0 (wedge), 64, 65
WF (topological component of a facet), 138
W (walkup), 79, 85
W0

dart (wedge), 118, 120, 206
W0

dart(F, v), Wdart(F, v), 196
Wdart (closure ofW0

dart), 118
w ∈ R3, 39, 65
wt (weight), 182

X (measurable set), 62
X(V,E) ⊂ R3 (union of fan blades), 118
x (dart), 78, 79, 246
(x, y) (Cartesian point), 32

Y (measurable set), 62
Y(V, E) ⊂ R3 (fan complement), 118
y (dart), 99
yD (dodecahedral parameter), 255

z (dart), 99
z (real variable), 246

α (angle), 48, 70, 188
β (angle), 48, 188
β, β0 (bump), 182
Γ, 182
γ (angle), 40, 53, 188
γ (packing inequality), 178
∆, 37, 38, 47, 51
δ(V,p, r), 149
δ ∈ R, 123
δ ∈ {0, 1}, 223
ǫ ∈ R, 118, 123
ε (edge of a fan), 113
η (circumradius), 241

θ (polar, cylindrical, and spherical angle), 32,
51–54, 56, 69

ι (planar index), 84
νD (dodecahedral function), 255
ξ (cell parameter), 168
ρ (permutation on nodes of a local fan), 196
ρ (permutation), 164
ρ (rotation of lists), 106
ρ0 (real-valued function), 213
σ (azimuth and polar cycle), 55–58
σ = ±1, 220
τ (weight assignment), 213, 237, 244–246, 250
τ∗, 220
τtri , 213, 227, 228, 233
τ0 ≈ tgt, 177
υ (polynomial), 38, 41, 47
ϕ̌can (canonical function), 97
ϕ (path), 124
φ (proper isomorphism between sets of lists),

105
φ (zenith), 54
ψ, 52, 56
Ω (Voronoi cell), 146, 253
Ω(V,W) (intersection of Voronoi cells), 151
ω (extreme points of Rogers simplex), 154
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